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 Summary 
Unlike static loads, repeated loading actions on concrete structures can cause 
fatigue failure. Especially civil engineering structures, such as roads, (railway) 
bridges, beam cranes, marine and off-shore structures, are subjected to a large 
number of load cycles (millions or more), caused by traffic, waves or tidal 
currents. With each cycle, microscopic cracks are induced in the cement matrix, 
which gradually propagate during the further fatigue loading process until finally 
failure occurs. The more cycles a concrete structure has to sustain, the more the 
material irreversibly gets damaged and the less strength and stiffness remains. 
Hence, structural collapse may take place at a stress or strain level much lower 
than in case of a single static load. 
This well-known phenomenon is documented in literature for vibrated concrete, 
while this is not the case for self-compacting concrete. Because of its important 
advantages, this latter type of concrete is already used worldwide in many types 
of structures, including cyclically loaded ones, and its popularity is still growing. 
However, up to today, it is unsure whether self-compacting concrete performs 
better, worse, or equally under fatigue loading conditions, compared to 
conventional, vibrated concrete. The altered composition, affecting the whole 
microstructure, causes changes in the material characteristics, amongst which 
the crack resistance. Given the fact that fatigue damage is strongly related to 
crack propagation, a different response of self-compacting concrete to cyclic 
loading is not unrealistic. 
This study aims for a better understanding of the fatigue performance and failure 
mechanisms of self-compacting concrete, in comparison to vibrated concrete, in 
order to attain a correct and reliable application of the material. Both 
experimental and numerical research is performed, considering different 
concrete types. First, the fracture behaviour is investigated, and in a second part, 
the mechanical properties under diverse fatigue loading rates are examined. 
 
xiv 
1 Part I – Fracture Mechanics 
1.1 Experimental research 
For studying some important fracture mechanics aspects, numerous notched 
specimens, made from normal, vibrated concrete, self-compacting concrete with 
similar compressive strength, and self-compacting concrete with equal water-to-
cement ratio, have been subjected to three-point bending tests and wedge-
splitting tests. Continuously registering the applied load and the according crack 
mouth opening displacement at the notch, allows to determine softening curves 
through inverse analysis and to calculate several fracture parameters (such as 
the fracture energy, the critical stress intensity factor, and the characteristic 
length) for evaluating the toughness/brittleness of the applied materials. 
The results point out that the vibrated mixture is tougher than the self-
compacting concrete types. Furthermore, different crack resistance mechanisms 
are observed. In the vibrated concrete, the larger amount of coarse aggregates, 
causing interlock, affects the crack path by deflecting it around the aggregate 
particles. The longer and more complex crack propagation path thus enlarges the 
crack surface and the required fracture energy. On the other hand, the higher 
content of fine particles (limestone filler) and superplasticizer in the self-
compacting concretes, as well as the higher water-to-cement ratio of the self-
compacting concrete with similar strength, opposed to the vibrated type, 
contribute to a more brittle behaviour with cracking through the aggregates. 
Based on this more brittle nature of self-compacting concrete, a shorter fatigue 
life could be expected for this concrete type, opposed to vibrated concrete. 
Because during the fatigue failure mechanism of concrete a gradual strength and 
stiffness decrease takes place due to progressive growth of microcracks, the 
cracking resistance of concrete may be decisive for its fatigue performance.  
 
1.2 Numerical research 
The fracture mechanical behaviour of the studied concrete types is also modelled 
in ABAQUS by using a simple, linear elastic material approach in combination 
with a description of the post-peak damage evolution law, based on the 
experimentally determined tensile strength and fracture energy. A 2D finite 
element analysis is conducted, for it suffices to fully capture the behaviour of the 
specimens, both in the wedge-splitting and the three-point bending test setup. 
 xv 
Regarding the obtained crack patterns, a good agreement with the experimental 
observations is found, while the numerically generated load-displacement curves 
strongly deviate from the ones measured during the tests. However, it is proven 
that this is assigned to the fact that the constitutive model uses a linear softening 
diagram (instead of a bilinear one, as it is derived from the test results), thereby 
neglecting the long tail of the post-peak behaviour. 
 
2 Part II – Fatigue 
2.1 Experimental research 
The same concrete mixtures as applied in the fracture mechanics part of this 
work, have also been used to produce large, reinforced concrete beams for 
testing in a four-point bending rig. By designing an inversed T-shaped cross-
section and by overdimensioning the reinforcement steel, there is aimed for 
failure due to crushing of the concrete in the compression zone. Based on the 
examination of several mechanical properties, including failure mechanism, 
deflection, strain, and crack width evolution, under cyclic loading conditions with 
different stress ranges, a comparison is made between the vibrated and the self-
compacting concrete types. 
As intended, the most common failure mechanism during the cyclic tests is 
compressive fatigue failure, even though also rebar fracture occurs in some 
cases. The probability of these failure modes is shown to depend on the imposed 
loading interval (which is related to the amount of cycles). When upper load 
limits of 70% of the static bending strength or higher are applied, crushing of the 
concrete at midspan takes place, whereas less severe loading conditions rather 
cause rebar fatigue failure.  
When comparing the self-compacting concretes to the vibrated concrete type, 
no unique relationship, covering the full loading scope, can be found. Again, the 
loading range is crucial. Vibrated concrete demonstrates the largest fatigue 
resistance in case of lower loading levels (up to 70% of the static ultimate load), 
while both self-compacting concrete types perform best in the higher loading 
ranges. These findings only partly agree with the expectations, based on the 
outcome of the fracture mechanics experiments. Possibly, the cracking resistance 
of plain concrete specimens is not the only determinative factor for the fatigue 
performance in a reinforced structure. From the results of the cyclic four-point 
xvi 
bending tests, it appears that the concrete-rebar interaction is equally (or even 
more) important. 
Regarding the observed mechanical properties, some important differences are 
noticed. The vertical displacement and the concrete strain increase during the 
experiments with higher cyclic loading levels is larger for both self-compacting 
concrete types, with respect to the vibrated one. Furthermore, self-compacting 
concrete (especially the one with equal water-to-cement ratio, compared to the 
vibrated concrete) generated, on average, a larger amount of cracks with a 
smaller crack spacing, and the fatigue crack propagation took place at an 
accelerated level. 
Practically, the results of the experimental program indicate that fatigue of 
concrete is crucial in low-cycle fatigue situations, such as earthquakes and 
storms, characterized by high loading amplitudes and a small number of cycles. 
For airport and highway pavements, bridges, and wind power plants, which are 
subjected to high-cycle fatigue loading, there is a greater possibility of rebar 
fatigue. Moreover, in cases with greater risk for crushing of the concrete, caution 
is required when applying self-compacting concrete, given the faster 
deterioration process, opposed to vibrated concrete. 
 
2.2 Numerical research 
An attempt is made to develop a 3D numerical model (using the software 
ABAQUS) for assessing the fatigue life of the reinforced concrete beams in the 
four-point bending test setup. However, it needs to be mentioned that it is still in 
a preliminary stage, as it is only able to simulate a very small amount of load 
cycles. Nevertheless, for high loading intervals (e.g. between 10% and 85% of the 
static ultimate load), this restricted capability suffices to estimate the total 
number of cycles to failure by extrapolating the results of the initial period of 
rapidly increasing deformation. A fairly accurate agreement with the 
experimental data proves the correctness of this method. In case of lower load 
ranges, on the other hand, this technique cannot be applied yet, because the 
slower degradation process and the smaller deformation increments cause an 
unfeasibly large computation time with stability problems and convergence 
issues. 
 
 
  
 Samenvatting 
In tegenstelling tot statische belastingen, kunnen steeds weerkerende lasten tot 
vermoeiing van betonstructuren leiden. In het bijzonder civiele bouwwerken, 
zoals (spoor)wegen, bruggen, kraanbanen en off-shore constructies, hebben te 
lijden onder een groot aantal belastingscycli (miljoenen of zelfs meer), die 
teweeg gebracht worden door verkeer, golfwerking of stroming. Elk van deze 
cycli veroorzaakt microscopisch kleine scheurtjes in de cementmatrix, die 
geleidelijk aan propageren, dus hoe meer cycli er optreden, hoe meer het beton 
aan sterkte en stijfheid verliest. Bijgevolg kan bezwijken optreden bij een 
spanningsniveau dat veel lager ligt dan de statische bezwijkkracht. 
Dit fenomeen is niet nieuw en een uitgebreid aantal literatuurbijdragen is 
beschikbaar voor standaard, getrild beton. Voor zelfverdichtend beton, 
daarentegen, is dit niet het geval. Door de onmiskenbare voordelen kent het 
evenwel een grote populariteit en wordt het reeds wereldwijd voor verschillende 
soorten constructies aangewend, ook voor bouwwerken die onderworpen zijn 
aan cyclische lasten. Tot op heden is het echter niet geweten of de prestaties van 
zelfverdichtend beton onder vermoeiingsbelasting beter, slechter of dezelfde zijn 
als die van getrild beton. Aangezien de samenstelling en bijgevolg ook de 
microstructuur verschillend zijn, zijn ook sommige materiaaleigenschappen 
anders, waaronder bijvoorbeeld de weerstand tegen scheuren. Vermits schade 
door vermoeiing sterk gerelateerd is aan scheurpropagatie, is een gewijzigde 
reactie van zelfverdichtend beton op cyclische lasten niet onmogelijk. 
Deze studie beoogt een beter inzicht te verkrijgen in de vermoeiingsprestatie en 
de bezwijkmechanismen van zelfverdichtend beton, in vergelijking met 
traditioneel, getrild beton, om zo een correcte en betrouwbare toepassing van 
het betontype na te streven. Hiertoe worden zowel experimenteel als numeriek 
onderzoek uitgevoerd op de verschillende betonmengsels. Eerst wordt het 
breukgedrag bestudeerd en vervolgens worden de mechanische eigenschappen 
onder herhaalde belasting met verschillende amplitudes onderzocht. 
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1 Deel I – Breukmechanica 
1.1 Experimenteel onderzoek 
In dit deel van het experimenteel programma worden enkele breukmechanische 
aspecten van beton beschouwd. Talrijke proefstukken worden vervaardigd uit 
traditioneel, getrild beton, zelfverdichtend beton met vergelijkbare sterkte en 
zelfverdichtend beton met gelijke water-cement factor, en vervolgens 
onderworpen aan driepuntsbuigproeven en wedge-splitting tests. Door hierbij 
simultaan en continu de uitgeoefende belasting en de crack mouth opening 
displacement aan de voorziene zaagsnede op te meten, kunnen softening curves, 
die het gedrag na de pieklast weergeven, bepaald worden door middel van 
inverse analyse. Op basis hiervan kunnen bovendien verscheidene 
breukparameters (zoals de breukenergie, de kritische spanningsintensiteitsfactor 
en de karakteristieke lengte) berekend worden om zo de taaiheid/brosheid van 
de beproefde materialen te evalueren. 
De resultaten tonen aan dat het getrild beton taaier is dan de zelfverdichtende 
betonmengsels en dat deze scheurweerstand van de verschillende betontypes 
aan diverse mechanismen kan worden toegeschreven. Bij traditioneel beton 
speelt de interlock-werking van de grove granulaten de belangrijkste rol door de 
scheurvorming tegen te houden en om te leiden rond de granulaten heen. Op die 
manier wordt de scheur langer en grilliger van vorm, waardoor ook het 
breukoppervlak en de vereiste breukenergie toenemen. Bij beide 
zelfverdichtende betonsamenstellingen, daarentegen, zorgt het hogere gehalte 
aan fijne stoffen (kalksteenmeel) en superplastificeerder, alsook de hogere 
water-cement factor van het zelfverdichtend beton met dezelfde sterkte als het 
traditioneel beton, voor een brossere breuk doorheen de grove granulaten. 
Gezien het brosser karakter van zelfverdichtend beton, kan een verminderde 
vermoeiingsweerstand worden verwacht, in vergelijking met getrild beton. 
Gedurende het beschadigingsproces ten gevolge van vermoeiing, verliest het 
beton immers steeds meer sterkte en stijfheid door de progressieve groei van 
microscheuren. Bijgevolg kan het breukgedrag bepalend zijn voor de 
vermoeiingsprestaties. 
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1.2 Numeriek onderzoek 
Het breukmechanisch gedrag van de beschouwde betonmengsels wordt ook 
gesimuleerd in het eindige elementenpakket ABAQUS door middel van een 
eenvoudig, lineair materiaalmodel in combinatie met een beschrijving van de 
optredende schade op basis van de treksterkte en de breukenergie. Een 2D 
analyse volstaat hierbij om het gedrag van de proefstukken in de 
driepuntsbuigproef en de wedge-splitting test correct na te bootsen. 
De door het model gegenereerde scheurpatronen komen goed overeen met deze 
die tijdens de proeven werden waargenomen. De numerieke kracht-
verplaatsingskrommen, daarentegen, wijken sterk af van de experimenteel 
opgemeten curves. Verder onderzoek heeft echter uitgewezen dat deze 
verschillen te wijten zijn aan het feit dat er in het materiaalmodel in ABAQUS 
gebruik gemaakt wordt van een lineair softening diagram (in tegenstelling tot de 
bilineaire curves, afgeleid uit de proeven), waardoor de lange staart van het 
softening gedrag na pieklast verwaarloosd wordt. 
 
2 Deel II – Vermoeiing 
2.1 Experimenteel onderzoek 
In het tweede deel van deze studie worden dezelfde betonmengsels gebruikt als 
in het breukmechanisch onderzoek om grote, gewapende betonbalken te 
produceren en te beproeven in een vierpuntsbuigopstelling. Een omgekeerde T-
vorm van de doorsnede en een overdimensionering van de wapening moeten 
ervoor zorgen dat bezwijken van het beton in de drukzone optreedt. Gedurende 
de vermoeiingstesten met diverse belastingsamplitudes worden de mechanische 
eigenschappen, waaronder het bezwijkmechanisme, de evolutie van de 
doorbuiging, de rek en de scheurwijdte, onderzocht en vergeleken.  
De meeste proefstukken bezwijken inderdaad door het opstuiken van het beton 
in de drukzone, niettegenstaande het feit dat in sommige gevallen ook 
vermoeiing van het wapeningsstaal optreedt. De waarschijnlijkheid van deze 
twee breukmechanismen blijkt afhankelijk te zijn van het opgelegde 
belastingsinterval (en dus ook van het aantal cycli). Bovengrenzen van 70% van 
de statische buigsterkte van de balken of hoger geven aanleiding tot falen in 
druk, terwijl minder ingrijpende belastingssituaties eerder staalbreuk 
veroorzaken. 
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Wanneer de verschillende betonmengsels vergeleken worden, is er geen 
eenduidig onderling verband, dat geldt voor het ganse gamma aan belastingen, 
terug te vinden. Opnieuw is het toegepaste belastingsinterval cruciaal. Getrild 
beton vertoont de beste vermoeiingsweerstand bij de lagere belastingsgrenzen 
(tot 70% van de statische bezwijkkracht) en zelfverdichtend beton presteert dan 
weer beter bij de hogere lasten. Deze resultaten voldoen dan ook slechts 
gedeeltelijk aan de verwachtingen. Mogelijks is de scheurweerstand van 
ongewapende proefstukken niet de enige bepalende factor voor de 
vermoeiingsprestaties van beton in gewapende toepassingen. De cyclische 
vierpuntsbuigproeven tonen immers aan dat de interactie tussen beton en 
wapeningsstaal minstens even belangrijk is. 
Wat betreft de waarnemingen van de mechanische eigenschappen, zijn er 
belangrijke verschillen op te merken. De doorbuiging en de betonstuik zijn 
bijvoorbeeld groter voor de zelfverdichtende betontypes tijdens de proeven met 
hoge belastingsgrenzen. Bovendien vertoont zelfverdichtend beton (en vooral 
het type met gelijke water-cement factor als het traditioneel beton) gemiddeld 
meer scheuren met kleinere tussenafstand, waarbij de scheurgroei ten gevolge 
van het vermoeiingsproces aan een hogere snelheid optreedt. 
In de praktijk betekenen de conclusies van het proefprogramma dat vermoeiing 
van beton vooral belangrijk is in low-cycle vermoeiingssituaties, gekenmerkt door 
grote belastingsamplitudes en een klein aantal cycli tot bezwijken, zoals 
aardbevingen en stormen. Bij luchthavens en snelwegen, bruggen en 
windturbines, die te maken hebben met high-cycle vermoeiing, is er een grotere 
kans op falen van het staal. Voorts is ook voorzichtigheid aangewezen wanneer 
zelfverdichtende betontypes worden aangewend in toepassingen waarvoor een 
groter risico op betonvermoeiing bestaat, aangezien het schadeproces hier 
sneller verloopt dan bij getrild beton. 
 
2.2 Numeriek onderzoek 
Een 3D numeriek model is ontworpen (met behulp van de software ABAQUS) 
met de bedoeling om het vermoeiingsleven van gewapende betonbalken in een 
vierpuntsbuigopstelling te voorspellen. Het dient echter gezegd dat het slechts 
een prototype betreft, want het is enkel in staat om een klein aantal 
belastingscycli te simuleren. Hoe dan ook, voor grote belastingsintervallen (bv. 
tussen 10% en 85% van de statische bezwijklast) volstaat deze beperkte versie 
om het totale aantal cycli tot falen in te schatten door de resultaten van de 
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beginfase, gekarakteriseerd door een snelle toename van de vervormingen, te 
extrapoleren voor een groter aantal cycli. Het aldus verkregen vermoeiingsleven 
vertoont zelfs goede overeenkomsten met de experimentele data, wat alvast 
enig bewijs levert voor de correctheid van de methode. In het geval dat er 
kleinere belastingsamplitudes worden aangebracht, daarentegen, kan deze 
techniek nog niet worden toegepast omdat het tragere beschadigingsproces en 
de kleinere vervormingstoenames een onmetelijk lange berekeningstijd vergen, 
met stabiliteits- en convergentieproblemen tot gevolg. 
 
  
 
  
 CHAPTER 1 
Introduction and problem statement 
1 Introduction 
Everybody knows what happens when you keep bending an unfold paperclip in 
different directions: it suddenly breaks. This so-called fatigue phenomenon, 
provoked by repeated loading actions, is currently well-understood for metal 
structures. The beginning of metal fatigue research goes back to the 1800s, when 
numerous fatal accidents occurred, which were associated with railroad axle 
failures and railroad bridge collapses. Particularly the Versailles to Paris train 
crash in 1842, caused by fatigue failure of a locomotive axle and thereby killing at 
least 55 passengers, has led to the systematic investigation of metal structures 
subjected to impact, vibratory and repetitive loading (Nicholas, 2006). Many 
research efforts were performed by August Wöhler, who, in 1870, provided the 
following general law (Nicholas, 2006): 
“Rupture may be caused, not only by a steady load which exceeds the carrying 
strength, but also by repeated application of stresses, none of which are equal to 
this carrying strength. The difference of these stresses are measures of the 
disturbance of the continuity, in so far as by their increase the minimum stress, 
which is still necessary for rupture, diminishes.” 
After Wöhler’s pioneering work on fatigue lifetime calculations, additional 
research on the fatigue crack growth process, only took place in the 1960s with 
the advent of fracture mechanics, e.g. by Paris, who first tried to apply the 
concept of linear elastic fracture mechanics (LEFM) to the problem of crack 
initiation and propagation (Ritchie, 1999), (Pugno, et al., 2006), (Pugno, et al., 
2007). Ever since, the fatigue phenomenon in metallic materials has been further 
investigated, which has resulted in the integration of fatigue design criteria in the 
current codes, such as Eurocode 1 and IIW-1823-07 (CEN, 2003), (CEN, 2004), 
(Hobbacher, 2008), and appropriate engineering solutions for fatigue failure 
problems. 
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Concrete can suffer fatigue failure as well. Especially civil engineering structures, 
such as roads, (railway) bridges, beam cranes, marine and off-shore structures, 
may experience a large number of load cycles (millions or more), caused by 
traffic, waves or tidal currents. Each load cycle induces microscopic cracks in the 
cement matrix, which gradually propagate during the loading process until an 
extended crack pattern is formed, leading to a significant change of the material 
properties (Casas, et al., 1998), (Plos, et al., 2007), (Seitl, et al., 2010). The more 
cycles a concrete structure has to sustain, the more the material irreversibly gets 
damaged and the less strength and stiffness remains. This may lead to 
undesirable deformation and excessive crack widths, affecting the carrying 
capacity and the durability, followed by structural collapse at a stress or strain 
level much lower than in case of a single static load. In contrast to metals, fatigue 
cracks in concrete cannot be distinguished from other types of cracks. Therefore, 
concrete fatigue was not recognized as a possible failure mechanism until the 
1970s, when damage was observed in several reinforced and prestressed 
concrete structures, which was eventually attributed to fatigue (Ameen, et al., 
2006), (Lappa, 2007). Since then, the fatigue of concrete has been a research 
topic and fatigue models and design verifications have been proposed and 
implemented into concrete codes worldwide (CEN, 2004), (CEN, 2005), (FIB, 
2010), (JSCE, 2007), (ACI, 1992). 
 
2 Problem statement 
Self-compacting concrete (SCC) is a highly workable concrete type that can flow 
through densely reinforced and complex structural elements under its own 
weight – without the need for vibration or other mechanical consolidation – and 
adequately fill all voids without segregation, excessive bleeding, air migration or 
other separation of material. The necessary fluidity and viscosity is achieved by a 
substantially different mix design, compared to conventional, vibrated concrete 
(VC), which is characterized by (Domone, 2006): 
• lower coarse aggregate contents; 
• increased paste contents; 
• high powder contents; 
• low water/cement ratios; 
• high superplasticizer doses; 
• (sometimes) a viscosity-modifying agent. 
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Even though it was not intentionally defined as such, SCC already exists a few 
decades. The first productions were highly specialized mixes for underwater 
placement where compaction was physically impossible. The development of 
modern SCC (as defined above), however, took place in the mid 1980s in Japan in 
the search for new solutions for difficulties with durability of concrete structures 
and with quality assurance (De Schutter, et al., 2008). After the first significant 
applications in the early 1990s, SCC has rapidly spread throughout other 
countries in Asia, but also to Europe and North and South America. Since then, it 
has been used for a wide range of applications and purposes, both in situ and for 
precast production (Domone, 2006). The still growing popularity of SCC can be 
attributed to its many advantages over VC: improved work conditions (minimized 
vibrations and noise exposure), economic benefits (labour savings and time 
savings from higher productivity), improved quality and aesthetics… (Walraven, 
et al., 1999). 
Of course, the altered composition of SCC, opposed to VC, also affects the 
different material characteristics. Already a considerable amount of research has 
been carried out on the fresh, mechanical and transport properties and on the 
durability of SCC (De Schutter, et al., 2008), (De Schutter & Audenaert, 2007), (De 
Schutter & Boel, 2007), showing some remarkable differences, compared to VC. 
For instance, the higher content of fine particles (e.g. by adding fillers) influences 
the whole microstructure, making the interfacial transition zone (ITZ) of SCC 
stronger and denser (Boel, 2006), and consequently increases the compressive 
and tensile strength, compared to VC with similar w/c ratio (De Schutter, et al., 
2008). Furthermore, the reduction in the amount of coarse aggregates in SCC 
contributes to a lower stiffness, when compared to VC of equal strength (De 
Schutter, et al., 2008), (Domone, 2007). As a result, a distinct fracture behaviour 
of both concrete types has been observed, for it is both, the strength of the 
cement paste, and the location and size of the aggregates that play an important 
role regarding crack resistance (Issa, et al., 1993), (de Oliveira e Sousa, et al., 
2001). Consequently, SCC exhibits a more brittle behaviour than VC, as a crack 
can propagate further through the paste or mortar phase before being stopped 
or diverted by a coarse aggregate particle (Domone, 2007). Since the fatigue 
phenomenon, as described in Section 1, is also strongly related to crack 
propagation, it may be assumed that SCC responds otherwise to cyclic loading 
than VC. This lack of knowledge regarding the fatigue performance of SCC has led 
to the present study. 
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3 Goal 
3.1 General 
Given the fact that SCC is already used worldwide in many types of structures, 
including cyclically loaded ones (Domone, 2007), a good knowledge and 
understanding of the static and fatigue material behaviour is crucial. However, 
no contributions related to the fatigue performance of SCC can be found in 
literature. This means that, up till now, it is unsure whether SCC performs better, 
worse, or equally under cyclic loading conditions, compared to VC. In any case, 
sudden fatigue collapse is inadmissible for a building material out of safety 
considerations, where an early announced and controlled failure is desired. 
Furthermore, should there be a difference, it might be necessary or desirable to 
adjust the existing fatigue models and design rules for VC to the altered 
requirements of SCC. In order to achieve a correct and reliable application of 
SCC, this work aims to give better insight into its fatigue performance and failure 
mechanisms. 
 
3.2 Methods 
Experimental research is carried out, considering different types of SCC, which 
are compared to VC. First, the cracking behaviour of small, plain specimens is 
investigated by determining various fracture parameters, such as fracture 
toughness and energy release, in a three-point bending test and a wedge-
splitting test setup. Afterwards, the mechanical properties of these concrete 
mixes under diverse fatigue loading rates are studied in a four-point bending rig 
on large reinforced beams, including failure mechanism, deflection, strain, and 
crack width evolution. Moreover, numerical simulations of all test setups are 
performed with finite element models (MatLab and ABAQUS), which are verified 
through comparison with the experimental data. 
 
4 Contents 
This thesis consists of two main parts: a first one considering fracture mechanics 
and a second one contemplating the fatigue phenomenon. Since the fatigue 
failure mechanism of concrete is strongly related to crack propagation (a gradual 
strength and stiffness decrease takes place during the fatigue damaging process 
due to progressive growth of microcracks) the cracking resistance of concrete is 
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crucial for its fatigue performance. Note that the aim of Part I – Fracture 
Mechanics is not to evaluate the basic principles of fracture mechanics, but to 
investigate potential differences in cracking behaviour between VC and SCC and 
to identify the possible causes. The subdivision in several chapters is similar to 
the one  applied in Part II – Fatigue.  
 
4.1 Part I – Fracture Mechanics 
After a general introduction on the importance of fracture mechanics in failure 
research, Chapter 2 explains some basic fracture mechanics concepts and 
provides a brief historical overview. Then, the development over the years for 
concrete specifically is discussed and the different theoretical approaches, as 
well as the applied test methods, which are found in literature, are summarized. 
Finally some practical calculation methods are provided. 
Chapter 3 lists the studied concrete compositions in this work, along with an 
identification of the constituent materials. Furthermore, the applied test 
procedures and the corresponding specimens are described. 
The results of the performed experiments are discussed in Chapter 4. First, the 
main properties of the concrete mixtures are given. Afterwards, a comparison of 
the experimentally obtained fracture mechanics properties of VC and SCC is 
made, and also the different test setups are confronted. A limited size-effect 
study is performed, as well.  
Chapter 5 describes the applied techniques and the results of the numerical 
research by means of finite element modelling, in which the experimental data 
from Chapter 4 are used for optimization and verification. 
In Chapter 6 final conclusions are drawn regarding the conducted fracture 
mechanics study. 
 
4.2 Part II – Fatigue 
Chapter 7 gives a short introduction on the fatigue phenomenon, including a 
definition, some examples of alternating loads, and the contrast between metals 
and concrete. The present knowledge on the damage mechanism of fatigue 
loaded (plain and reinforced) concrete is reviewed, as well as variant types of 
fatigue, the influencing factors, etc. Finally, a brief literature overview of the 
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existing models and research contributions on fatigue life assessment of concrete 
is provided. 
In Chapter 8 a description of the materials and methods, used in the (static and) 
cyclic tests of this study, can be found, along with the experimental procedures. 
The discussion of the results in Chapter 9 comprises a comparison of the failure 
mechanism, the deflection, strain, and crack width evolution in VC and SCC. 
Furthermore, a relationship between the applied stress level and the number of 
cycles to failure is presented. The outcome is confronted with findings in 
literature. 
Chapter 10 provides the finite element study of the four-point bending tests, in 
which non-linear analysis is performed through application of the concrete 
damaged plasticity model. The numerical outcome is compared to the 
experimental results of Chapter 9. 
Concluding remarks and proposals for future investigation are formulated in 
Chapter 11.  
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 CHAPTER 2 
Literature overview 
Concrete cracking is a very complex mechanism, which substantially differs from 
the cracking behaviour of other materials, such as steel. Suitable fracture 
mechanics models, as well as test configurations to determine the fracture 
parameters of quasi-brittle materials, have only been established during the last 
few decades. This chapter gives a brief history of the fundamental concepts of 
fracture mechanics in general and the development over the years for concrete 
specifically. Special attention is paid to the typical aspects of strain softening, 
bridging stresses, fracture energy and size-effect. Furthermore, the different 
approaches and test methods for concrete, which are found in literature, are 
listed and a summary of available fracture test data is provided. Finally, some 
practical calculation techniques are described. 
 
1 General 
1.1 Introduction 
Existing flaws in concrete structures, such as pores, inclusions, and microcracks 
are locations of crack initiation and can promote debonding of aggregate 
particles from the cement matrix. Further coalescence of these microscopic 
cracks due to external loading inevitably leads to macro-cracking (Jenq, et al., 
1991), (Hanjari, 2006), not only affecting the aesthetic look and durability, but 
possibly jeopardizing the structural stability, as well. However, concrete cracking 
is inherent to the material and it does not necessarily result in failure; stabilized 
cracks are not dangerous. But in order to make a correct judgement on this, it is 
important to fully understand the material’s fracture and failure behaviour. The 
field of fracture mechanics (FM) involves such a profound understanding and 
thus provides the ability to prevent unexpected or undesirable collapses. Over 
the past few decades, FM has already prevented a substantial amount of 
structural disasters (Anderson, 2005). 
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1.2 Definition and importance of fracture mechanics 
The design of concrete structures is commonly based on strength criteria, using 
elastic analysis which considers allowable stress or plastic limit analysis. In other 
words: a material is assumed to be adequate if its strength is greater than the 
expected applied stress. Failure of concrete, however, essentially involves a 
rather complex mechanism of crack formation and crack growth. These fracture 
processes are important when regarding the ultimate load characteristics of 
concrete and hence are relevant to ultimate limit state analysis. As stated by 
Bazant (Bazant, 2005), crack initiation may depend on stress, but the actual 
formation of cracks requires energy (fracture energy). Therefore, energy criteria 
should also be taken into consideration. In fact, when a concrete structure with 
an initial crack is subjected to loading, the applied load results in an energy 
release at the tip of the crack, which consists of two portions: the energy rate 
consumed in creating two fracture surfaces, and the energy rate to overcome the 
cohesive stresses in further separating the surfaces (Murthy, et al., 2009). So 
essentially, FM is a failure concept which uses energy criteria and which makes 
allowances for failure propagation through the structure (Bazant, 2005). 
Furthermore, instead of strength, the most relevant material property is fracture 
toughness (Anderson, 2005).  
 
2 First milestones in fracture mechanics 
The science of FM basically began during World War I, when Griffith tried to 
explain the failure of brittle materials (e.g. glass) (Griffith, 1921). Based on the 
hypothesis that these materials contain elliptical microcracks, he established an 
energy-based relationship between applied stress and crack length: when the 
strain-energy change, which results from an increment of crack growth, is 
sufficient to overcome the surface energy of the material, a flaw becomes 
unstable and thus fracture occurs. In answer to some shortcomings regarding 
other materials, such as metals, Irwin later developed a modified version of 
Griffith’s energy-balance approach. Using the Westergaard approach, he showed 
that the stresses and displacements near the crack tip can be described by a 
single constant, related to the energy release rate, which is now called the stress 
intensity factor. 
Only during the 1960s, the first efforts to apply FM to stone and concrete took 
place. While Kaplan tried to use conventional linear elastic fracture mechanics 
(Kaplan, 1961), Clintock and Walsh introduced the concept of friction between 
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crack faces (Clintock, et al., 1962). Rice later on proposed a new crack growth 
criterion  in order to characterize the non-linear material behaviour ahead of a 
crack (Rice, 1968). By idealizing plastic deformation as non-linear elastic, he 
showed that the non-linear energy release rate may be expressed by means of 
his J-integral, evaluated along an arbitrary contour around the crack. 
The next major advance in concrete FM was made by Hillerborg and his 
coworkers in 1976 (Hillerborg, et al., 1976). Based on the formulations of 
Dugdale and Barenblatt in the early 1960s about the existence of a plastic zone 
of finite length at the crack front, he included the tension softening process zone 
through a fictitious crack ahead of the pre-existing crack in which closing forces 
act so that there is no stress concentration at the tip of the extended crack 
(Hillerborg, et al., 1976). 
For more detailed information on these theories, the author likes to refer to 
(Knott, 1973), (Murakami, 1987), (Wang, 1996), (Tada, et al., 2000), (Anderson, 
2005). In the next section, which is largely based on the aforementioned 
references, some fundamental principles of FM are provided from the viewpoint 
of stress analysis. Section 4 explains the difference between steel and concrete in 
terms of fracture mechanics and describes some typical phenomena, related to 
concrete cracking. An interesting reference in this field is (Bazant, et al., 1998). 
 
3 Fundamental concepts of fracture mechanics 
All engineering components and structures contain geometrical discontinuities 
and their strength is strongly influenced by the stress concentrations and 
subsequent crack initiations caused by these discontinuity features and their size. 
Hence, it is crucial to understand the mechanism of crack growth and, especially 
the stress distribution near and around the crack tip. Fracture mechanics 
basically is a set of theories describing the behaviour of solids or structures with 
geometrical discontinuities at the scale of the structure by combining the 
mechanics of cracked bodies and mechanical properties (Wang, 1996). In this 
section the most important concepts of FM are briefly described. 
 
3.1 Stress situations at a crack 
In FM, the behaviour of cracks in bodies is described from a macroscopic point of 
view in the context of continuum mechanics (Kuna, 2013). A crack is supposed to 
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cause purely plane separation, leading to either two crack faces (2D) or two crack 
surfaces (3D). At the crack tip (2D) or the crack front (3D) the crack faces or 
surfaces, respectively, converge. Furthermore an ideal sharp crack tip with 
infinitely small notch radius is assumed. Figure 2-1 depicts the geometrically 
idealized form of a crack, causing stresses in the body (left), as well as the 
fracture process at the crack tip at micro level (right). 
In order to quantify the stress state in a cracked body, subjected to external 
forces, the stress intensity factor K is used. The magnitude of K (or the stress 
situation) depends on the sample geometry, the size and location of the crack, 
and the loading configuration. There are three types of loading a crack can 
experience (see Figure 2-2): opening, in-plane shear, and out-of-plane shear, 
referred to as mode I, mode II, and mode III loading, respectively. In case of the 
opening mode I, which occurs most frequently, the principal load is applied 
normal to the crack plane, which tends to open the crack (e.g. tensile load). 
Mode II corresponds to in-plane shear, where one crack face slides with respect 
to the other (e.g. by transversal shearing load), whereas mode III refers to out-of-
plane shear movement or tearing of the crack faces (e.g. by anti-plane 
longitudinal load). Every type of crack deformation can be regarded as one of 
these three basic modes or a superposition (Kuna, 2013). 
 
 
Figure 2-1 – Fracture process at micro level (after (Kuna, 2013)) 
 
 
Figure 2-2 – Different modes of loading which can be applied to a crack (Kuna, 2013) 
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3.2 Linear and non-linear theories 
FM can be divided into linear elastic fracture mechanics (LEFM) and non-linear 
fracture mechanics (NLFM). Their applicability depends on the material’s nature 
and its resistance against fracture, which is determined by the stress 
concentration at a crack tip. For low toughness materials, brittle fracture is the 
governing failure mechanism. Hence, LEFM gives excellent results for brittle-
elastic materials, such as glass. At very high toughness values, however, LEFM is 
no longer valid, since failure is characterized by the flow properties of the 
material, for which a simple limit load analysis suffices to predict the failure 
stress. The transition between brittle fracture under linear elastic conditions and 
ductile overload is characterized by intermediate toughness levels. NLFM bridges 
the gap between LEFM and ultimate fracture (Anderson, 2005). For instance, 
ductile materials (e.g. different types of metals) and quasi-brittle materials 
(concrete) require a NLFM approach, since a non-linear, plastic behaviour will 
always precede fracture. However, if plasticity is minimal, LEFM is justified 
(Wang, 1996). Besides elastic-plastic fracture mechanisms, NLFM also comprises 
viscoelastic and visco-plastic failure modes.  
 
3.2.1 Linear elastic fracture mechanics 
The basic concept of the linear elastic theory for crack propagation is reasoned 
from the knowledge that creating crack surfaces consumes energy. Bearing in 
mind the law of conservation of energy, Griffith formulated the following 
equilibrium equation: in order to overcome the surface energy of a linear elastic 
material and cause a crack to extend, sufficient potential energy must be 
available (Wang, 1996). In other words, crack propagation is induced by an 
energy transfer from external work and/or strain energy to surface energy. The 
critical stress level at which the crack becomes unstable decreases with crack 
length and depends on the material’s toughness (related to the surface energy). 
For determining the stress, strain, and displacement fields, associated to a crack 
or dislocation in an elastic solid, various techniques exist, amongst which the 
stress function of Westergaard is the most commonly applied one (Tada, et al., 
2000). Loading conditions (i.e. fracture mode), crack size, and geometry of the 
cracked body are of great interest and can be incorporated through the stress 
intensity factor K, describing the stress condition at the crack tip. The critical 
state at which failure will occur, corresponding to the material’s resistance to 
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fracture, is called the critical stress intensity factor Kc, and is an environment and 
load rate dependent material property (Murakami, 1987). 
The relationship between the energy release rate G and the stress intensity 
factor K in the LEFM theory may be explained as: the work done by the forces, 
applied to the crack edges, thus closing it over an infinitesimal distance, equals 
the amount of energy needed to make the crack grow by this distance (Wang, 
1996). 
 
3.2.2 Non-linear fracture mechanics 
In most engineering materials, the stresses in the vicinity of the crack tip exceed 
the yield strength. Hence, plastic yielding and local elastic-plastic deformations 
occur over a certain distance from the tip of the crack. Assuming an elastic-
perfectly plastic behaviour (see Figure 2-3) and also using Westergaard’s stress 
function, Irwin developed a model for determining the local stress in the plastic 
zone, for which yielding takes place when the uniaxial yield strength of the 
material is reached. A fictitious crack, extending to the centre of the plastic zone, 
is considered in order to accommodate the equilibrium condition after the stress 
redistribution due to yielding (Wang, 1996). Depending on the applied yield 
criterion, however, the shape of the plastic zone alters.  
 
 
Figure 2-3 – Different types of stress-strain behaviour 
  
The non-linear counterpart of the elastic energy rate, consumed for crack 
propagation, is the so-called J-integral. However, this contour integral is not the 
energy made available for the separation of the crack faces, it is the amount of 
energy pouring through the path-independent contour (containing the crack tip) 
per unit increase of crack surface area (Tada, et al., 2000). 
Unlike in LEFM, the originally sharp crack tip, allowed for in NLFM, becomes 
blunt due to the plastic deformations, resulting in a finite radius at the tip of the 
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initial crack. A method for estimating this radius is by assuming crack tip opening 
in a fictitious crack approach (Wang, 1996). 
 
4 Steel versus concrete 
Due to the existence of a sizeable non-linear zone at the fracture front, concrete 
and many other quasi-brittle materials, including rock, composites, ceramics, ice, 
bone, paper, wood…, require a different approach than metals. In ductile-brittle 
fracture of metals, there is a large plastic zone, which involves perfect yielding or 
hardening plasticity, and the damaged zone in front of the crack tip (the so-called 
fracture process zone or FPZ) is quite small (see Figure 2-4a). Generally, this FPZ 
can be defined as the zone where flaws become active due to the fact that the 
material's yield stress is reached. So the FPZ is actually a bridging zone between a 
macro-crack and the uncracked region of a cracked element. In concrete, 
however, the plastic flow is nonexistent since concrete in tension is not capable 
of plastic deformation, and the non-linear zone is almost entirely filled by the FPZ 
(see Figure 2-4b). Outside the FPZ concrete behaves as nearly elastic (Bazant, 
1985), (Bazant, 2002), (Cedolin, et al., 2008).  
Furthermore, the length of this FPZ in concrete structures is not constant, but 
related to the maximum aggregate size Dmax (Ceriolo, et al., 1998); a typical value 
is roughly 12Dmax (Bazant, 1985), (Bazant, 2005) or, as reported in (Hanjari, 2006) 
between 200 and 500mm. This means that, depending on the structural size, the 
FPZ may encompass the whole cross-section (Bazant, 2002). Because LEFM 
ceases to be valid only when the length of the FPZ is considerably smaller than 
the cross-sectional dimensions (Bazant, 2005) or when a significant plastic 
deformation precedes failure (Anderson, 2005) (as it is the case for metals), it is 
inadequate for concrete fracture analysis. The NLFM theories for brittle and 
brittle-ductile materials, on the other hand, are not suited either. The cracking 
process of concrete involves strain-softening due to distributed cracking, 
localization of cracks into larger fractures prior to failure, and bridging stresses at 
the fracture front (Bazant, 2005). Therefore, adapted techniques are needed, 
which are able to address these complex phenomena.  
The fracture process zone, the post-peak decline of the load, the energy 
absorption during failure of a concrete structure, and the geometrical size-effect 
are explained below. In Section 5 the different FM theories applicable to 
concrete, which can be found in literature, are listed. 
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Figure 2-4 – FPZ in a) ductile-brittle materials – b) quasi brittle materials 
after (Bazant, 1985) 
 
4.1.1 Strain softening and FPZ 
When the tensile strength of a material is reached, cracking will occur. For a 
quasi-brittle material like concrete, a substantial non-linear zone exists ahead of 
the tip of the propagating crack (see Figure 2-5a). Before the maximum stress is 
attained, discontinuous microcracks begin to localize into a macro-crack that 
critically propagates towards the peak stress. Additional microcrack initiation 
takes place after the tensile strength is reached and drops to the proportional 
limit fy, from where a new phase of propagation begins (Murthy, et al., 2009). 
During this crack growth process, strain softening is observed, which is 
characterized by further opening of the crack (increasing maximum strain) while 
the post-peak load diminishes (decreasing maximum stress) (see Figure 2-5b). 
The region in which the material undergoes softening damage (tearing), featured 
by progressive microcracking, is called the fracture process zone (FPZ) (Bazant, 
1985), (Murthy, et al., 2009). 
 
 
Figure 2-5 – Concrete cracking (after (Anderson, 2005)):  
a) FPZ including crack-tip microcracks – b) stress-deformation relation 
  
a b 
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4.1.2 Toughening mechanism and bridging stresses 
Cracks generally propagate in a direction perpendicular to the maximum tensile 
stress and in heterogeneous materials, such as concrete, they tend to follow the 
weakest path. Indeed, when a matrix crack propagates and encounters a tougher 
aggregate particle, the crack is arrested and/or branched and its path is 
deflected. Due to this inclusion toughening effect a larger surface area is 
generated and consequently a higher load and energy are needed to continue 
the crack propagation (Jenq, et al., 1991). Also the shape of the crack is likely to 
be highly irregular and tortuous. Furthermore, when new crack surfaces are 
formed, they may still be in contact by the aggregate bridging mechanism, thus 
creating the ability to sustain some normal tensile stress along the FPZ (Murthy, 
et al., 2009). These so-called cohesive stresses represent the forces transmitted 
across a developing crack due to wedging and pullout of fragments and 
aggregates (Bazant, 2002), and they are assumed to be a monotonically 
decreasing function of the crack opening displacement in the FPZ (Cedolin, et al., 
2008). Figure 2-6 schematically illustrates some different situations during 
concrete crack propagation. 
 
 
Figure 2-6 – Different situations during concrete crack propagation (Hanjari, 2006) 
 
4.1.3 Fracture Energy 
The curvilinear diagram, depicted in Figure 2-5b, can be measured 
experimentally through different types of tests (see Section 6 of this chapter), 
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but it is often replaced by the associated, approximated stress versus crack 
opening relationship of Figure 2-7, which is better known as the softening curve 
of a concrete specimen’s tensile behaviour. However, the linear ascending 
branch is not part of the softening regime, and is therefore neglected (see part in 
dashed lines in Figure 2-7). Although various shapes for the post-peak fracture 
process have been adopted in the past (see Section 5.1), a bilinear law with an 
initial steep slope followed by a tail with mild inclination, is currently favoured 
(Cedolin, et al., 2008). During the first steep part of the falling branch, a macro-
crack transverses the specimen’s cross-section from one side to the other. The 
long tail of the softening diagram is the result of the crack face bridging 
mechanism, which enables stress transfer at points of contact between the crack 
surfaces (van Mier, 1995). 
 
 
Figure 2-7 – Softening curve of concrete tensile behaviour 
 
The area under the entire curve represents the energy dissipated during the 
complete separation of a unit area of concrete (in other words the formation of 
stress-free surfaces), and is called the total fracture energy. The area under the 
initial tangent of the softening curve is the initial fracture energy and plays the 
most important role in the structural performance or strength, as it is 
characterized by the peak tensile stress (van Mier, 1995), (Cedolin, et al., 2008). 
Some influencing factors regarding fracture energy are the maximum size of the 
coarse aggregates, the compressive strength of the concrete, and the bond 
strength of the interface between mortar and aggregates (Murthy, et al., 2009). 
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4.1.4 Size-effect 
A size-effect, related to a certain structural property, is the change of that 
property when the size of the structure increases (Elices, et al., 1996). The most 
important size-effect for structural engineers is the one related to the maximum 
load a structural element can withstand. For concrete structures, there inevitably 
is a large gap between the scales of large structures (e.g. dams or bridges) and of 
laboratory tests (RILEM TC-QFS: Quasibrittle fracture scaling and size effect - 
Final report, 2004). Stable growth of large fractures prior to the maximum load, 
and the large size of the FPZ in concrete structures, cause a strong size-effect 
(Bazant, 2002). It is well-known, for instance, that the flexural strength of a 
concrete beam decreases as the beam depth increases (Jenq, et al., 1991). Or, 
due to the fact that, in small specimens (with a FPZ larger than the cross-
sectional dimensions), the FPZ cannot develop to its full length, the energy 
consumed by fracture is less than in a large specimen, (Bazant, 1985). Moreover, 
the fracture energy is not equally distributed over the length of a crack, since it 
depends on the interaction between the aggregates and the cement-based 
matrix, which also leads to a pronounced size-effect (Wittmann, 2002). 
A large amount of research has been dedicated to this phenomenon – for a 
comprehensive overview, the author would like to refer to (Bazant, 2000) and 
(RILEM TC-QFS: Quasibrittle fracture scaling and size effect - Final report, 2004). 
Generally, the size-effect is defined through comparison of geometrically similar 
structures of different sizes, and is conveniently characterized in terms of the 
nominal stress σN at the ultimate load. The basic scaling laws are power laws in 
terms of the characteristic structural size D, for which the definition is arbitrary 
(e.g. the beam depth, the beam span, a diagonal dimension…). According to the 
classical theories, based on strength or yield criteria, concrete failure exhibits no 
size-effect and all geometrically similar structures fail at the same nominal stress 
(σN is constant). This is illustrated by the horizontal dashed line in Figure 2-8, in 
which log σN is plotted against the logarithm of the structure’s size D. On the 
other hand, if the failure process is approached by LEFM, an inclined dashed line 
with slope -1/2 appears in Figure 2-8, indicating a rather strong size-effect. The 
reality for concrete structures is a transitional behaviour, described by the solid 
curved line (Hanjari, 2006), since concrete is a quasi-brittle material, incapable of 
purely plastic deformations and possessing a FPZ which is not negligible 
compared to the structure size. In fact, the concept of quasi-brittleness is 
relative. If the size of a quasi-brittle structure becomes sufficiently large 
compared to the material inhomogeneities, the structure becomes perfectly 
brittle and follows LEFM. For small enough sizes, the structure is equivalent to an 
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elastic body with a perfectly plastic crack and follows the theory of plasticity, 
because the FPZ extends over the whole cross-section (RILEM TC-QFS: 
Quasibrittle fracture scaling and size effect - Final report, 2004).  
 
 
Figure 2-8 – Size-effect for geometrically similar structures of different sizes (Hanjari, 2006) 
 
Apart from the size-effect on the strength, there is also a size-effect on the shape 
of the post-peak descending load-deflection curve. When plotting the normal 
stress (σN) as a function of the deflection (as illustrated in Figure 2-9), it can be 
seen that for small structures the post-peak curves descend slowly, whereas for 
larger structures they are steeper. For sufficiently large structures, the curves 
may exhibit a snapback (i.e. a change of slope from negative to positive) (RILEM 
TC-QFS: Quasibrittle fracture scaling and size effect - Final report, 2004). The 
point of failure is characterized by a tangent with a certain constant slope Cs. It is 
clear that failure occurs closer to the peak and at a smaller deformation value, as 
the size of geometrically equivalent structures increases (Hanjari, 2006). As a 
result, the energy absorption, defined by the areas under the load-deflection 
curves, decreases as the structure’s size increases (RILEM TC-QFS: Quasibrittle 
fracture scaling and size effect - Final report, 2004). 
It needs to be mentioned that a distinction is made between failure after stable 
formation of long cracks (a long crack grows before the maximum load is 
reached) or failure in notched specimens, and failure at crack initiation (the 
maximum load is achieved at initiation of fracture growth). For the former cases, 
Figure 2-8 applies, where the size-effect disappears asymptotically for large 
structure sizes. The latter, however, has the property that the size-effect 
vanishes asymptotically for small sizes (see Figure 2-10). This approach was 
recently suggested from the viewpoint that crack surfaces, pores and 
microcracks in concrete (and other quasi-brittle materials) can be described as 
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fractals, and the size-effect can be calculated by the so-called multifractal scaling 
laws (RILEM TC-QFS: Quasibrittle fracture scaling and size effect - Final report, 
2004). Even though investigation of experimental data has shown that the 
proposed multifractal scaling law for strength approximates well the behaviour 
of un-notched specimens, some researchers are skeptical about the fractal size-
effect theory and criticisms are raised (RILEM TC-QFS: Quasibrittle fracture 
scaling and size effect - Final report, 2004). There is no consensus on this topic 
yet and the debate will probably go on for a long time.  
 
 
Figure 2-9 – Load-deflection diagrams for geometrically similar structures of different sizes 
(after (RILEM TC-QFS: Quasibrittle fracture scaling and size effect - Final report, 2004)) 
 
 
Figure 2-10 – Size-effect according to the fractal theory  
(after (RILEM TC-QFS: Quasibrittle fracture scaling and size effect - Final report, 2004)) 
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To conclude, it is important to distinguish the above described fracture size-
effects from the size-effect caused by the statistical inhomogeneity of the cross-
section. The latter merely indicates that the strength varies randomly throughout 
a concrete structure, due to the heterogeneous nature of the material, but this 
variation is independent of the structure’s size. (Bazant, 1985).  
 
5 Fracture mechanics approaches for concrete 
It is clear that most of the early work in the field of FM was applicable only to 
linear elastic materials under quasi-static conditions, while subsequent advances 
in fracture research incorporated other types of material behaviour, treated by 
NLFM. LEFM thus accounts for plain stress conditions and small scale yielding 
(with a small zone of plasticity at the crack tip), whereas NLFM applies for plain 
strain conditions along a relatively large FPZ. The complexity of concrete fracture, 
however, requires adapted techniques, which are described below. 
After the pioneering studies, summarized in Section 2 and 3, various researchers 
started developing new models or improving existing approaches for describing 
the cracking behaviour of concrete, each having their own virtues and 
deficiencies. Amongst the different theories presented in literature, the best 
known are the fictitious crack model, the two-parameter model, and the size-
effect model. Based on the applied energy dissipation mechanism, the models 
can be classified in two groups: 
• the cohesive crack approaches, using the Dugdale-Barenblatt philosophy 
• the equivalent elastic crack approaches, using the Griffith-Irwin theory 
 
5.1 Cohesive crack approaches 
Barenblatt (Barenblatt, 1959) and Dugdale (Dugdale, 1960) made the first 
attempt to include cohesive forces in the crack tip region within the limits of the 
elastic theory. According to Barenblatt, the distribution of these closing forces, 
acting at the ends of the physical crack, is generally unknown and varies with the 
deformation (Ceriolo, et al., 1998), while Dugdale assumed a small plastic zone 
near the crack tip within which the stress is constant and equal to the yield 
strength σy (considering concrete as an elastic-perfectly plastic material) 
(Hillerborg, et al., 1976). Dugdale’s crack model is schematized in Figure 2-11. 
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However, in 1972 Kesler et al. (Kesler, et al., 1972), as well as Walsh (Walsh, 
1972), showed that the classical LEFM of sharp cracks was inadequate for 
concrete structures, thus establishing the need for other approaches. 
 
   
Figure 2-11 – Crack model by Dugdale (after (Hillerborg, et al., 1976)) 
 
5.1.1 Fictitious crack model 
Hillerborg’s fictitious crack model or cohesive crack model was the first non-
linear theory for concrete, where cracks are assumed to propagate when the 
stress at the crack tip reaches the material’s tensile strength ft (which is 
considered as the first fracture parameter). The stress hereby gradually 
decreases with increasing crack width w. Only at a certain critical value of the 
crack width wc, the stress is zero. For that part of the crack where w < wc, stress 
transfer is still possible (Hillerborg, et al., 1976). This damaged region of non-
negligible size, compared to usual structural sizes, was called the fracture process 
zone (FPZ) and is located in front of the stress free crack, as depicted in  
Figure 2-12. 
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Figure 2-12 – Fictitious crack model by Hillerborg (after (Hillerborg, et al., 1976)) 
 
The stress distribution along the FPZ as a function of the crack opening is also 
known as the cohesive law or softening curve and is given in Figure 2-13. The 
area under this entire curve represents the total energy dissipated by fracture 
per unit area of the crack plane (Bazant, 2002) or, in other words, the energy 
necessary to completely separate a unit area of concrete. This second fracture 
parameter is referred to as the fracture energy GF and is calculated by Eq. 2-1. 
 
 
Figure 2-13 – Post-peak stress variation according to Hillerborg (after (Elices, et al., 1996)) 
 
 =  						[ ]                    (2-1) 
 
Hillerborg et al. also introduced the concept of a characteristic length lch, which is 
a unique material property (Murthy, et al., 2009) and is equal or proportional to 
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the FPZ (Bazant, 2002). It thus expresses the dependence of the brittleness of 
concrete structural elements on their size. The lower the value of lch, the more 
brittle the material, or, as it can be seen in Eq. 2-2, the brittleness increases with 
increasing strength of the concrete, but decreases when the fracture energy 
enlarges. 
 
 = . 					[]   (E = Young’s modulus)              (2-2) 
 
In the early 1980s, Petersson suggested a simpler bilinear softening curve (see 
Figure 2-14), characterized by two fracture energies (and subsequently three 
fracture parameters) and two characteristic lengths. GF, as given in Eq. 2-3, is 
again defined as the total energy release per unit area of crack plane, as the FPZ 
moves forward, and corresponds to the area under the entire curve in  
Figure 2-14, whereas Gf (calculated by Eq. 2-4) comprises only the area under the 
initial steep segment extended down to the w-axis (at a value w1) (Bazant, 2002). 
It is mainly Gf which is significant for the structural performance of concrete 
elements and the consequent size-effect (Bazant, 2002), (Cedolin, et al., 2008). 
Eq. 2-5 and Eq. 2-6 present the corresponding formulas for the two characteristic 
lengths (l1 and lch, respectively). The stress at the slope change of the bilinear 
diagram is generally considered to lie between 15% and 33% of the tensile 
strength ft (Bazant, 2002). 
 
  
Figure 2-14 – Post-peak stress variation according to Hillerborg (after (Elices, et al., 1996)) 
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Even though the fictitious crack approach has been widely regarded as a 
fundamental model providing closely-reasoned statements, certain limitations 
are argued (Bazant, 2002). First of all, tortuous cracks together with the adjacent 
zone of microcracks are replaced by ideal straight line cracks, which introduces 
some error. As a result, energy dissipation by frictional slips, actually 
representing more than half of the fracture energy value, is not taken into 
account. Furthermore, the cohesive crack model is a strictly uniaxial model not 
allowing for triaxial stresses as they generally occur in concrete structures. 
Additionally, it is questionable that the stress value at some point is assumed to 
depend only on the displacement at the same point. For instance, when a 
concentrated tensile force is applied at a point along the FPZ, a displacement 
must be caused not only at that point, but also at adjacent points. Therefore, it is 
believed that a non-local generalization of the fictitious crack model is needed. 
 
5.1.2 Crack band model 
In order to meet the problem that cracks in concrete are not straight and the 
microcracking zone in front of the fracture is not likely to develop along a straight 
line (Hanjari, 2006), in the crack band model, put forward by Bazant and Oh 
(Bazant, et al., 1983), the FPZ is modeled as a band of uniformly and continuously 
distributed microcracks (Murthy, et al., 2009). Figure 2-15a shows the 
characteristic curve (after (Hanjari, 2006)) which allows to determine the fracture 
energy GF’ or the energy consumed due to the crack advance per unit area of the 
crack band. GF’ corresponds to the complete area under the stress-strain curve, 
and can be calculated by Eq. 2-7a. An approximated version of the stress-strain 
softening law is given in Eq. 2-7b and the according diagram is depicted in  
Figure 2-15b (after (Murthy, et al., 2009)). Notice that, unlike the previous stress 
variation curves, the crack band model uses a stress-strain relation, exhibiting 
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strain-softening, to describe the effect of gradual microcracking. Nevertheless, 
the strain ε can be related to the inelastic deformation w and the fracture energy 
GF’. Consequently, the ultimate strain at complete rupture εc is associated with 
wc through Eq. 2-8.   
 
 
Figure 2-15 – Stress-strain curve of the crack band model:  
a) Exact diagram (after (Hanjari, 2006)) – b) Approximation (after  (Murthy, et al., 2009)) 
 
& = ℎ (()	)*  (h = crack band width)             (2-7a) 
& = ℎ !1 + # . 

  (E = initial Young’s modulus)                (2-7b) 
    (Et = post-peak tangent modulus) 
) =     (wc = critical crack width)                   (2-8) 
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/$
                        (2-9) 
ℎ = √1234	5   (A = mesh element area)                 (2-10) 
    (α = angle of the mesh line along which the 
    crack band advances with the crack direction) 
 
The fracture properties are now characterized by three parameters: the fracture 
energy GF’, the uniaxial strength limit ft, and the width of the crack band h. The 
first two parameters are determined from the stress-strain curve, which can be 
experimentally obtained from uniaxial stress-strain measurements during direct 
tensile tests. Subsequently, parameter h can be calculated by Eq. 2-9. A practical, 
a b 
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minimal value of three times the maximum aggregate size is proposed, while for 
numerical modelling Eq. 2-10 is applied (Bazant, et al., 1983). It needs to be 
mentioned that there is a distinction between GF’ from the crack band model and 
GF from the fictitious crack model, because they are not determined in the same 
manner. However, when the crack band width approaches zero, both models will 
merge (Hanjari, 2006). 
Bazant’s blunt smeared crack approach was basically developed in order to 
overcome the deterministic size-effect due to the localization of distributed 
cracking. Showing good agreement with basic fracture data and size-effect data, 
the model yields realistic results over a complete range of sizes (Bazant, et al., 
1983), (Bazant, 2002). Even though it provides an almost equivalent alternative 
to the cohesive crack model, some important advantages have been reported 
(Bazant, et al., 1983), (Bazant, 2002). First of all, the crack band model takes into 
account triaxial stresses in the FPZ, particularly the normal and shear stresses 
acting in the directions parallel to the crack plane, whereas the cohesive crack 
model is a uniaxial model and thus only valid for mode I fracture of quasi-brittle 
materials. Additionally, it is said to be more convenient for programming, 
especially when the fracture path is not known in advance (Bazant, 2002). That is 
why it has already been incorporated in several commercial finite element codes. 
On the other hand, it needs to be mentioned that, in (exceptional) situations 
where distributed cracking does not localize, Bazant’s method is not applicable.  
Computationally more extensive variants on the crack band theory, such as the 
random lattice model (Schlangen, et al., 1996) and the nonlocal crack band 
approach (Ozbolt, et al., 1996), have been elaborated to simulate the fracture 
process in concrete. Since the material is considered here as a three-phase 
composite, consisting of a matrix material, aggregate inclusions, and interfacial 
transition zones (ITZ) between the matrix and inclusions (Berton, et al., 2006), 
large computational efforts are required (Liu, et al., 2007).  
 
5.2 Equivalent elastic crack approaches 
As already explained, LEFM models are not suited for investigating the cracking 
behaviour of concrete. However, various adaptations of the LEFM theory, 
including at least two material parameters, can provide useful approximations 
(Bazant, 2002). 
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5.2.1 Equivalent elastic crack model 
The concept of the equivalent elastic crack was launched by Elices and Planas 
(Elices, et al., 1996) and is also known as the equivalent LEFM approach, in which 
the tip of the equivalent elastic crack (i.e. a sharp traction-free crack of length a) 
is not located at the beginning of the FPZ, but some distance Δa ahead. With a0 
the length of a provided notch or a traction-free part of an existing crack,  
Eq. 2-11 shows the basic relation of the equivalent elastic crack model. Linear 
elastic material behaviour is assumed (see Figure 2-16b) and the equivalence is 
set by forcing an identical load-CMOD response as the actual, cohesive behaviour 
of concrete (see Figure 2-16a). CMOD stands for ‘crack mouth opening 
displacement’ and is practically measured at the notch end. 
 678 = 6 + ∆6                  (2-11) 
 
 
Figure 2-16 – Equivalent elastic crack model (after (Elices, et al., 1996)) 
 
The loads P and Peq are forced to match for every value of CMOD by choosing a 
suitable equivalent crack length aeq and a suitable crack growth resistance Req. 
The stress field, however, differs (which can be noticed in Figure 2-16). As a 
result of the forced equivalence, the linear elastic material does not have a 
constant toughness, but rather a changing resistance, which depends on the 
specimen’s geometry and size (Elices, et al., 1996). 
a b 
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Based on the fact that the stress distribution throughout the FPZ is close to 
linear, Δa is approximately one half of the FPZ length, which is denoted as 2cf 
(with cf a shape-independent parameter or material constant). In case of an 
infinitely large specimen Δa equals cf. For any smaller size, a constant length of 
the FPZ may be assumed as an approximation, so Δa ≈ cf in general (Elices, et al., 
1996), (RILEM TC 89-FMT: Fracture mechanics of concrete - Test methods, 1991). 
 
5.2.2 Two-parameter fracture model 
The two-parameter model of Jenq and Shah (Jenq, et al., 1991) is based on the 
assumption that a slow and stable growth of an existing crack takes place under 
increasing load up to a certain crack extension at which the maximum load is 
attained (Elices, et al., 1996). This critical failure situation is believed to occur 
when both the stress intensity factor (K) at the equivalent crack tip and the crack 
tip opening displacement (CTOD) reach their critical value (see Eq. 2-12a and Eq. 
2-12b). In order to determine the two material properties (Kc and CTODc), 
measurement of the CMOD and the peak load is required, as well as the 
unloading compliance after the peak load (see Figure 2-17). For mode I fracture, 
the according critical energy release rate Gc (after the critical load is reached) can 
be calculated by Eq. 2-13 (Jenq, et al., 1991).  
 
: = : = ; %$/<  (Gf = initial fracture energy)          (2-12a) 
=>?@ = =>?@                (2-12b) 
 = ABC DE    (ν = Poisson’s ratio)             (2-13) 
 
An asset of the proposed model is that, to define the crack resistance at different 
failure paths under mixed-mode loading conditions (with the material outside 
the FPZ behaving linear elastic and bridging stresses acting on the crack 
surfaces), it can be extended by replacing the mode I stress intensity factor and 
crack tip opening displacement with mixed-mode stress intensity factors and 
crack tip opening displacements (Jenq, et al., 1991). Disadvantageous is the size-
effect, exhibited by the Jenq-Shah concept, just as the cohesive crack approaches 
do. The model was originally developed for structures of arbitrary shape and 
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geometry, but later it was shown that only for reasonable structure sizes (i.e. 
sizes large enough so that the homogeneity assumption still holds) a valid 
theoretical peak load is obtained (Jenq, et al., 1991). 
 
 
Figure 2-17 – Two-parameter fracture model (after (Murthy, et al., 2009)): 
a) Elastic and plastic (fracture) response – b) Loading and unloading procedure 
 
5.2.3 Size-effect model 
The existence of a size-effect on the nominal strength of structures has been 
recognized many centuries ago, but until the mid 1980s, it was mostly believed 
to be of statistical origin and researchers mostly did not pay attention to it 
(Bazant, 2000). During the 1970s, however, it was found that a major 
deterministic size-effect, overwhelming the statistical size-effect, can be caused 
by stress redistributions due to stable propagation of fracture or damage and the 
inherent energy release (RILEM TC-QFS: Quasibrittle fracture scaling and size 
effect - Final report, 2004). It became clear that LEFM, where the entire fracture 
process is assumed to occur in one point (the crack tip), exhibits the strongest 
possible size-effect, in which the nominal strength is highly dependent on the 
structural size (that is in case the cracks are large and geometrically similar). 
Since LEFM also does not recognize the material’s strength as a material 
parameter and the concept of characteristic length does not exist, the scaling 
was formulated as a power law (Bazant, 2000). In general, the size-effect in 
concrete structures bridges the small-scale power law for non-brittle (i.e. plastic, 
ductile) behaviour and the large-scale power law for brittle behaviour (RILEM TC-
QFS: Quasibrittle fracture scaling and size effect - Final report, 2004). 
First, an approximated energy release analysis led to a simple formula (Eq. 2-14) 
for the size-effect in quasi-brittle structures with a large crack at maximum load 
(Bazant, 2000). In this equation β (= D/D0) is the relative size of the structure, 
characterizing its brittleness. Later, the size-effect law was derived on the basis 
of asymptotic energy release analysis and equivalent LEFM, yielding a second law 
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(Eq. 2-15), describing the size-effect of the modulus of rupture, which is valid for 
an initiating crack (Bazant, 2002). 
 
F = G$HI = ;$H JJ                  (2-14) 
F = K !1 + LMNM #$/L (K and Db are constants)             (2-15) 
with  σN = the nominal stress at ultimate load [MPa] 
 σ0 = the material strength (or yield limit) [MPa] K = a constant [-] 
 D = the structural size (with arbitrary definition) [-] 
 D0 = a constant representing the transitional size at which 
      the power laws of plasticity and LEFM intersect [-] 
Db = a constant [-] 
 r = a positive constant [-] 
 
This size-effect was modeled within the concept of the equivalent crack, 
consisting of an actual stress-free crack and a critical equivalent crack extension 
of finite length cf, which is associated with the size of the FPZ (Cedolin, et al., 
2008) and which is not negligible compared to D. Knowing the value of cf and the 
value of the initial fracture energy Gf, which is related to the stress intensity 
factor by the classical Eq. 2-16, the size-effect curve can be calculated by  
Eq. 2-17, which is in fact the size-effect law in another shape (Elices, et al., 1996). 
The usual experimental determination consists in testing notched beams of 
various sizes for peak load and then making a two-parameter curve fit of Bazant’s 
size-effect law to the experimental results (Elices, et al., 1996). 
 
: = P                   (2-16) 
%A,RST $/< = 1 + %MU (Di = intrinsic size, depending on D)             (2-17) 
 
Notice that the values of Kc and Gf are the same as in the Jenq-Shah model (see 
Section 5.2.2). Both methods also yield similar numerical results (Bazant, 2002).  
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5.3 Conclusions 
Various approaches for describing the cracking behaviour of concrete exist, each 
one having virtues, as well as deficiencies. When choosing a certain theory, it is 
important to find a balance between accuracy and simplicity.  
Hillerborg’s fictitious crack model, considering cohesive stresses at the fracture 
front, is probably the most currently applied fracture mechanics approach, 
mainly because of its simplicity. Of course, this implies certain generalizations 
and approximations of the reality: e.g. tortuous cracks and adjacent microcracks 
are assumed to be straight line cracks. Furthermore, it is believed to be a uniaxial 
model, even though Hillerborg himself states that his theory is applicable for 
other fracture modes besides mode I. Bazant’s crack band model overcomes the 
deficiencies of the fictitious approach, but also has disadvantages. For instance, it 
is not suited for situations where distributed cracking does not localize. 
Furthermore, it requires an experimental determination of the stress-strain 
relation of concrete in uniaxial tension, which is not always obvious. Additionally, 
the outcome of the crack band model is almost equivalent to results of the 
fictitious crack model. 
In the equivalent elastic model, the equivalence with the cohesive behaviour of 
concrete is artificially forced by varying the equivalent crack length. The 
material’s toughness or resistance against fracture thus changes and strongly 
depends on the specimen’s geometry and size, making the approach extremely 
sensitive to size-effects. This is also the case for the two-parameter model by 
Jenq and Shah. In fact, only for reasonably large structure sizes, a valid result is 
obtained. An important merit, however, is the applicability in mixed-mode 
loading conditions. Furthermore, Bazant’s size-effect model, which yields similar 
results as the Jenq-Shah model, provides relations for estimating the size-effect 
within the equivalent LEFM approach. 
 
6 Test methods for determining fracture parameters 
No standardized experimental setups exist to measure the fracture properties of 
plain concrete. Yet various proposals can be found in literature, each having their 
own advantages and shortcomings. The most popular and commonly applied 
experiments are tensile tests, three-point bending tests and the wedge-splitting 
tests on notched or un-notched specimens (see Figure 2-18).  
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Figure 2-18 – Overview test methods 
 
6.1 Tests on un-notched specimens 
6.1.1 Direct tensile test 
On the analogy of tensile tests on reinforcement steel, a first attempt was made 
to measure the stress-separation curve of the cohesive crack model directly by 
performing uniaxial tensile experiments on cored concrete samples (Rusch, et al., 
1963), (Evans, et al., 1968). This idea, however, turned out to be not successful 
(Bazant, 2002), because, on the one side, in large specimens fracture does not 
occur simultaneously over the cross-section but propagates across. Very small 
specimens, on the other hand, do allow a simultaneous separation, but then the 
obtained softening curve is not relevant for fracture of real structures for the FPZ 
development is hindered by the boundaries. Since the field of stress and strain is 
strongly sensitive to the specimen’s geometry, the acquired stress-crack width 
curve cannot be regarded as a unique material property. Figure 2-19 clarifies the 
abovementioned deficiencies. 
 
 
Figure 2-19 – Direct tensile test method (Bazant, 2002) 
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6.1.2 Indirect tensile test 
Cylindrical and cubical split-tension specimens have been used since several 
decades to determine the tensile strength of concrete and other quasi-brittle 
materials. The split-cylinder test, also called the Brazilian split test, was first 
proposed by Carneiro and Barcellos in 1949 and later, in 1961, a similar test 
setup was successfully applied on cubes by Nilsson (Nilsson, 1961). As displayed 
in Figure 2-20 (on the left), the specimen is placed between the plates of a 
compression test device, which applies a static load until failure occurs by 
splitting along the vertical diameter due to the lateral tensile stress distribution 
σN. In practice, the exerted load is distributed to a finite width (2t) on the 
specimens by means of soft materials, such as polywood and hard cardboard, as 
indicated in Figure 2-20 (on the right), which has to be taken into account in 
calculating the maximum tensile stress value σNc (Ince, 2010). Eq. 2-18 and  
Eq. 2-19 (where Pc is the ultimate compressive load) provide the formulas for 
determining this maximum tensile stress at the plane of loading for un-notched 
cylindrical and cubical specimens, respectively. Standard moulds can be used to 
fabricate the cubes and cylinders, cores can be drilled, or cubes can be sawn,  so 
the specimens have a size, which is usually applied in current laboratory tests 
(e.g. cubes with a side of 100mm, 150mm, 200mm or 250mm, and cylinders with 
a diameter varying from 50mm to 150mm and a height between 100mm and 
300mm). Besides the tensile strength, Carmona et al. (Carmona, et al., 1995) 
proved that, by using a closed-loop testing system (with an extensometer to 
measure the crack opening) also the post-peak cracking response can be 
obtained, allowing to quantify the toughness of the specimens. However, it must 
be mentioned that these experiments were conducted on fibre-reinforced 
concrete samples, which show elastic-plastic behaviour (see Figure 2-3) instead 
of softening. 
 
 
Figure 2-20 – Splitting tension test (Ince, 2010) 
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The splitting tensile test is a popular and frequently applied technique to assess 
the tensile properties of concrete, because of the simplicity of the preparation 
(cylinders and cubes are commonly used specimens) and implementation (the 
testing procedure is quite simple) of the test and the relatively small dispersion 
of the test results (Kadlecek Sr., et al., 2002), (Carmona, et al., 1995). 
Nevertheless, like all brittle failures of concrete, the tensile splitting failure is also 
expected to exhibit a size-effect. Even though Carmona et al. (Carmona, et al., 
1995) state that using cylindrical specimens with a standard diameter, such as 
150mm, circumvents this problem, the theoretical analysis and simulations by 
other researchers, considering the effect of the specimen’s size, shape, and 
boundary conditions, confirmed the presence of a strong size-effect (Ince, 2010), 
(Kadlecek Sr., et al., 2002). Moreover, their generalized formula (Eq. 2-20) for 
estimating the size-independent tensile splitting strength was compared with 
experimental data and showed good agreement. It is based on tests with 
different specimens (cubes, cylinders, and prisms), made from various concrete 
mixtures (with diverse cement types, aggregate types and sizes, w/c ratios...) 
within a compressive strength range from 25MPa to 55MPa, which represent the 
usually applied concretes for engineering structures. 
 
X^,_` = 200b/.$c                  (2-20) 
with  ft,sp = the tensile splitting strength [MPa] 
 A = the fracture area [cm²] 
  
6.2 Tests on notched specimens 
Large compressive T-stresses (i.e. crack-parallel normal stresses) can have a 
significant effect on the failure of test samples (Bazant, 2002). Since such stresses 
are negligible in specimens provided with a notch, this type of specimens is more 
suited for a correct determination of the fracture parameters for Mode I failure. 
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6.2.1 Uniaxial tensile test 
The uniaxial tension test (UTT) on notched cylindrical specimens, is proposed by 
RILEM in 2001 (RILEM TC 162-TDF: Test and design methods for steel fibre 
reinforced concrete, 2001) for determining the so-called stress-crack opening 
relationship of concrete exhibiting strain softening behaviour (not only plain 
concrete, but also fibre-reinforced concrete and other fibre-reinforced 
cementitious materials). It is not intended for achieving the tensile strength. The 
test setup is depicted in Figure 2-21. 
 
  
Figure 2-21 – Uniaxial tensile test on notched specimens (Hanjari, 2006) 
 
The recommended cylindrical test samples, which can either be cast or cored 
from an existing structure, have a nominal diameter of 150mm and an identical 
nominal length. A circumferential notch with a depth of 15mm and a width of  
2-5mm is cut with a diamond saw or mould induced when cutting is not possible. 
Across the notch, at least three displacement transducers should be arranged at 
equal distances along the specimen’s perimeter. Fixed to the metal plates of the 
testing machine, the specimen is loaded with a prescribed displacement rate. 
During testing, the load P and the corresponding axial displacement δ is 
measured (by means of several clip gauges or LVDTs along the circumference of 
the notch), from which the stress-crack opening relationship (σ-w) and the 
dissipated energy can be extracted (see Eq. 2-21 to 2-23). Furthermore, the 
stress intensity factor can be calculated by numerous formulas, for which the 
author would like to refer to (Tada, et al., 2000). 
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Some drawbacks opposed to alternative experiments, can be found in literature; 
e.g. the UTT is said to require sophisticated testing equipment and to be very 
time-consuming and not easy to carry out (Ostergaard, 2003). 
 
 = V1d   (An = cross section at the notch)            (2-21) 
 = e̅ − e`ggg   (e`= displacement at peak stress)            (2-22) 
 =  	                   (2-23) 
with σw = σ(w) = the stress (as a function of the crack width) 
 w = the crack width 
 P = the load 
 An = the cross section at the notch 
 δ = the displacement 
 δ = the displacement at peak stress 
 e̅ = the average displacement (of the different LVDTs) 
 GF = the fracture energy 
 wc = the critical crack width 
 
6.2.2 Indirect tensile test 
Tweed et al. (Tweed, et al., 1972) and Atkinson et al. (Atkinson, et al., 1982) were 
the first to perform splitting tests on notched cylinders. Later, notched split-
cylinder tests and holed-cylinder tests were also successfully conducted by Yang 
et al. (Yang, et al., 1997) for the determination of concrete fracture parameters. 
By creating a notch or a hole in the centre, the stress distribution in the split-
tension cylinder dramatically changes, making these specimens appreciably 
different from the un-notched ones. However, the experimental setup (see 
Figure 2-22) is similar to that, described in Section 6.1.2. In order to reduce 
randomness of concrete properties and errors of measurement, it is 
recommended to test three or more specimens. Moreover, the combination of 
splitting tests on the three types of samples (un-notched, notched and holed), 
increases the reliability of the obtained fracture parameters through 
minimization of the variation amongst the different results (by means of the least 
square method) (Yang, et al., 1997).  
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Figure 2-22 – Splitting test: a) notched specimen – b) holed specimens (Yang, et al., 1997) 
 
From the tests, the nominal stress σN, which depends on the length b and the 
radius R of the cylinder, can be calculated by Eq. 3-22. The FEA, conducted by 
Yang et al. (Yang, et al., 1997) produced expressions for the stress intensity factor 
KI and for the CMOD (see Eq. 3-23 and Eq. 3-24, respectively). N(α) and V(α), with 
α = a/R, are geometry factors, depending on the dimensions of the hole in the 
cylinder. 
 
F = VWYh                   (2-22) 
:i = F√j6kl                  (2-23) 
=m?@ = Wno$/<pl                 (2-24) 
with σN = the nominal stress 
 KI = the stress intensity factor 
CMOD = the crack mouth opening displacement 
P = the total compressive load 
b = the cylinder length 
 R = the cylinder radius 
 a = the crack length 
N(α), V(α) = geometry factors 
E = Young’s modulus 
 ν = Poisson’s ratio 
a b 
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6.2.3 Three-point bending test 
Another common test method to investigate the fracture process of concrete, is 
the three-point bending test (3PBT) on small, notched beams. Originally 
introduced by Petersson in 1980 and later also recommended by RILEM (Qiao, et 
al., 2004), it is probably the most widespread method to obtain different fracture 
parameters. However, there are no unanimous rules regarding specimen’s 
geometry, notch length and width, or test procedure. While Anderson proposes a 
beam height twice the thickness and a value of 0.45-0.55 for the ratio of the 
notch length to the beam’s height (Anderson, 2005), RILEM recommends 
different dimensions and a notch-to-height ratio of 1/3
rd
 (RILEM TC 89-FMT: 
Fracture mechanics of concrete - Test methods, 1991). In (NT Build 491, 1999) 
again other advices are found. In any case, caution is required in using different 
specimen sizes, because of the presence of size-effect and also the influence of 
the notch length on the test results (Seitl, et al., 2008). In the general test-setup, 
as shown in Figure 2-23 the span length might differ as the beam size varies. 
Furthermore, RILEM proposes a constant increment rate of the CMOD during 
testing, whereas other researchers conduct load-controlled or displacement-
controlled experiments (NT Build 491, 1999), (Swartz, et al., 1988).  
 
 
Figure 2-23 – Three-point bending test on notched specimens (Hanjari, 2006) 
 
Despite the dimensional differences of the specimens and the dissimilarities in 
the test implementation, determination of different fracture parameters is 
possible. By recording the applied load and the CMOD (using a clip gauge or an 
LVDT), or the applied load and the vertical displacement, the fracture energy, the 
critical stress intensity factor KIc, and the critical crack tip opening displacement 
CTODc can be calculated. Depending on the applied model, different values of KIc 
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and CTODc will be obtained and even within a certain approach, several formulas 
exist.  
It is clear that the 3PBT has been extensively and successfully conducted by 
researchers, even though the influence of the self-weight in case of large 
specimens, is being questioned (Hanjari, 2006), (Löfgren, et al., 2005). 
 
6.2.4 Wedge-splitting test 
The wedge-splitting test (WST) on cubical samples with guiding groove and 
starter notch was proposed in 1986 by Linsbauer and Tschegg (Linsbauer, et al., 
1986) and subsequently refined by Brühwiler and Wittmann (Brühwiler, et al., 
1990). The test setup, as it is commonly used nowadays, is displayed in  
Figure 2-24. Although cylindrical specimens are also applicable for the WST 
method, cubes are more frequently used, but again, no standards are provided, 
resulting in a variety of specimen shapes and dimensions. However, some 
requirements concerning the notch can be found in literature. In order to ensure 
crack initiation at the notch tip and avoid shear failure of the corners, the relative 
notch length must be large enough (larger than 0.3 for cubes with side 100mm) 
(Vesely, et al., 2011), (Seitl, et al., 2011) or a longitudinal groove must be present 
on both sides (Hanjari, 2006). 
 
 
Figure 2-24 – Wedge-splitting test (Hanjari, 2006) 
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During the test, a vertical load is applied onto a transfer beam with two metal 
wedges. Due to the wedges, moving between roller bearings along the guiding 
groove, the vertical force is converted into a horizontal splitting force, thus 
splitting the specimen in half. Depending on the position of the wedges (inside or 
outside the groove), the splitting force is distributed over the thickness of the 
groove or is concentrated at the centre of the roller bearings (Karihaloo, et al., 
2003). Furthermore, the specimen can be placed on a single central line support 
or on two line supports, of which the distance is not specified (Karihaloo, et al., 
2003). 
Analogue to the 3PBT (Section 6.2.3), the applied load and the CMOD (at the 
notch end) is measured (see Figure 2-24), from which the splitting force, the 
fracture energy, the critical stress intensity factor KIc, and the critical crack tip 
opening displacement CTODc can be determined. Again, different models can be 
used. 
The most important advantages of the WST over the 3PBT are the possibility to 
use standard moulds for cubes and cylinders and the negligible effect of their 
self-weight (Hanjari, 2006). As a consequence, the more easy and stable 
experimental setup has gradually become a common method to investigate the 
fracture behaviour of concrete and even the fatigue crack growth (Löfgren, et al., 
2005). It allows to acquire various fracture parameters from the experimental 
data, of which the outcome again depends on the fracture mechanics approach 
(as it is also the case for the 3PBT). Furthermore, the WST is recently gaining 
interest for other purposes, e.g. the examination of durability and corrosion 
resistance (Savija, et al., 2012). 
 
6.3 Conclusions 
Over the years, various experimental setups for measuring the fracture 
properties of concrete were developed. A distinction can be made between un-
notched specimens and notched ones. Amongst the first,  the direct tensile test 
was not very successful. The indirect tensile test (or split-tension test), however, 
is a popular method for determining the tensile strength, mainly because of its 
simplicity.  
When a circumferential notch is provided in cylindrical specimens, the uniaxial 
tensile test is suited for deducting the softening behaviour of concrete by 
recording the load and the axial displacement during the test. On the other hand, 
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it is not recommended for achieving the tensile strength and it is said to require 
sophisticated equipment. Alternatively, the indirect tensile test may be 
performed on notched or holed cylinders. Simply determining the maximum 
load, several fracture parameters can be obtained. 
Probably the most extensively applied experiment is the three-point bending test 
on notched beams. Despite some dimensional differences of the specimens and 
dissimilarities in the test implementation, reported in literature, the same 
technique is used for investigating the fracture process in concrete. Continuous 
measurement of the exerted load and the CMOD at the notch (or the vertical 
displacement), allows to derive the softening curve and to calculate the fracture 
energy, the critical stress intensity factor, and the critical crack tip opening 
displacement. The more recently elaborated wedge-splitting test is a popular 
counterpart of the bending test. The fracture parameters are acquired in a 
similar manner, but the important advantages of the wedge-splitting test are the 
possibility to use standard moulds for cubes and cylinders and the negligible 
effect of their self-weight. 
 
7 Fracture test data from literature 
From the previous sections it is clear that the fracture parameters of quasi-brittle 
materials are strongly influenced by numerous factors. Not only material 
properties (such as the concrete type, the aggregates’ type and size, and the w/c 
ratio), which determine the compressive strength and consequently the tensile 
strength, affect the cracking behaviour of concrete, also aspects related to the 
type of test (such as the specimen’s shape and size, the presence of a notch and 
its relative length) have to be considered. The extensive research program, 
conducted by Hordijk (Hordijk, 1991), for instance, investigated the influence of 
several material variables on the softening behaviour of concrete. It was found 
that with increasing maximum aggregate size (Dmax) the tensile strength and the 
fracture energy (GF) increased. However, by altering Dmax, the concentration of 
the coarse aggregates is changed, as well, which also affects the fracture 
properties of the concrete. The higher the concentration of the aggregates, the 
higher the toughness and the lower the stress intensity factor KIc, since the 
aggregate particles resist the propagation of matrix cracks (Strange, et al., 1979). 
Furthermore, GF tends to decrease with increasing w/c ratio (and consequently 
decreasing compressive strength) (Hordijk, 1991). Regarding deformation-
controlled experiments, the load-deformation relation displays a long tail which 
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gradually approaches zero. Of course, the test has to be stopped at some point, 
so that an assumption has to be made in the determination of the fracture 
energy for the last part of the softening diagram. This significantly influences the 
value of GF, making it difficult to directly compare results from different 
investigations. 
An overview of available fracture test data from literature is provided in 
Appendix 1. Without being complete, different experimental setups, applied to 
various concrete mixtures, are accounted for. Moreover, the calculation method 
for determining the fracture parameters differs. As a result, a large variation is 
found within the results for the fracture energy, the stress-intensity factor, and 
the characteristic length. Therefore, it is impossible to draw conclusions. 
However, the list may serve as a reference when comparing the fracture test 
data of this study to values found in literature. Of course, caution is required.  
 
8 Calculation methods 
8.1 Fracture parameters 
Based on experimentally obtained load-CMOD curves, the fracture energy GF, 
characterizing the total energy dissipation during the cracking process and 
representing the area defined by the load-CMOD curve, can easily be calculated 
by Eq. 2-25 (Hillerborg, et al., 1976). In case of a 3PBT, F equals the recorded 
vertical load Fv, whereas for a WST, the splitting force Fsp must be determined by 
Eq. 2-26 (Brühwiler, et al., 1990). The roller bearings’ frictional effect on Fsp is 
generally not taken into account, since the introduced error by doing so is 
negligible (Löfgren, et al., 2005), (Hanjari, 2006). The characteristic length lch,exp, 
as proposed in Hillerborg’s fictitious crack approach (Hillerborg, et al., 1976), is 
given by Eq. 2-27 and is a unique material property which expresses the 
brittleness of the concrete specimens. The lower the value, the more brittle the 
material. Another indicator for the material’s brittleness is the critical stress 
intensity factor KIc, which can be determined by applying Eq. 2-28 (also according 
to the fictitious crack theory (Hillerborg, et al., 1976)). In case of a 3PBT on 
notched beams, however, other approaches are commonly applied, as well. 
Anderson (Anderson, 2005), for instance, developed Eq. 2-29, which is based on 
the ASTM E399 guidelines for metallic materials (ASTM, 1997). As displayed in 
Figure 2-25, f(a0/H) and thus KIc gradually increases with increasing a0/H and 
asymptotically approaches the value 1 (which corresponds to a fully fractured or 
failed specimen). RILEM recommends a somewhat different and more 
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complicated method (RILEM TC 89-FMT: Fracture mechanics of concrete - Test 
methods, 1991), which takes into account the critical effective crack length ac 
instead of the initial notch length a0. Using the initial and unloading compliance 
of the load-CMOD curve, Young’s modulus is calculated, from which the critical 
effective crack length is extracted. KIc is then obtained taking into account the 
maximum load, the specimen’s self-weight and dimensions, and the boundary 
conditions. For more detailed information about the exact procedure, the author 
would like to refer to (RILEM TC 89-FMT: Fracture mechanics of concrete - Test 
methods, 1991). 
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with a0 = the initial notch length  
  H = the specimens height 
 α = the wedge angle 
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Figure 2-25 – f(a0/H) for calculating KIc 
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Note that in the following chapters the term “stress intensity factor” is also used 
to describe the critical stress intensity factor. 
 
8.2 Inverse analysis 
Inverse analysis of the load-CMOD curve, also referred to as parameter – or 
function estimation, can be used for determining the non-linear fracture 
parameters of concrete, based on the 3PBT or WST results (Ostergaard, 2003), 
(Skocek, et al., 2008). The principle consists in minimizing the differences 
between the calculated displacements and the displacements obtained from 
experimental data (e.g. CMOD), thus allowing to define the relationship between 
the stress σw and the crack opening w, the so-called softening curve. Extensive 
research on regular concrete has resulted in various approaches of inverse 
analysis and different softening curves (non-linear, bilinear, multilinear) 
(Ostergaard, 2003), (Skocek, et al., 2008).  
The strategy used in this study is based on the so-called hinge model, developed 
by Ulfkjær et al. (Ulfkjaer, et al., 1995) and further improved by Olesen (Olesen, 
2001), which uses the fictitious crack model to describe the quasi-brittle 
behaviour of concrete. The concept consists of modelling the crack as a local 
change in the stress and strain field within a certain band width. Linear elasticity 
is assumed in the pre-cracked state, while the cracked state is approximated by a 
bilinear softening curve. The elements outside the crack band follow the theory 
of elasticity. This method thus allows to calculate the global load-CMOD curve 
knowing the σw-w relationship. Inverse analysis hence refers to the reversed 
calculation of the σ-w relationship from the load-CMOD curve (Ostergaard, 
2003).  
An optimized prediction of the load-CMOD curve is made by applying the least 
mean square method to minimize the difference with the experimental 
observations, which are used as an input for the numerical simulation. Every part 
of the curve is weighed equally in order to avoid domination of certain values 
above others and subsequent poor fit of the rest of the curve. Assuming a 
bilinear shape of the softening curve (characterized by the parameters ft, a1, a2, 
and b2, as clarified in Figure 2-26) a global iterative process takes place, which is 
divided in steps, related to the different phases of crack propagation 
(Ostergaard, 2003). First, the elastic phase is considered and Young’s modulus is 
estimated. Then, for the cracked phases, the tensile strength ft and parameter a1 
are determined during the initial step, and afterwards, parameters a2 and b2 are 
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calculated in the following step. For each guess of these parameters, forward 
analysis is performed and a prediction of the load is made. Comparing it to the 
experimental data, the fitted curve, as well as the parameters ft, a1, a2, and b2 are  
optimized. The global process is schematically depicted in Figure 2-27. More 
detailed information is provided in (Ostergaard, 2003). The assumption that the 
presence of a crack changes the stress and strain field only locally and lets the 
rest of the structure unaffected, benefits the computational cost and the 
simplicity of the model (Skocek, et al., 2008).  
 
 
Figure 2-26 – Bilinear softening curve of inverse analysis (Ostergaard, 2003) 
 
 
Figure 2-27 – Process of inverse analysis 
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Besides generating the softening curves, the inverse analysis code also assesses 
different fracture parameters; the total fracture energy GF,calc (Eq. 2-30) the initial 
fracture energy Gf,calc (corresponding with the area under the first, steep sloped 
line of the bilinear curve (Eq. 2-31)), the characteristic length lch,calc (Eq. 2-32), and 
the stress intensity factor KIc,calc (Eq. 2-33).  
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9 Conclusions 
The start of the fracture mechanics science goes back to the 1920s, when 
pioneers such as Griffith and Irwin tried to describe the failure of materials from 
a microscopic point of view. The investigation of the typical and very complex 
cracking behaviour of concrete took place only decades later, but since then, the 
failure mechanism is well-understood. The quasi-brittle nature of concrete, 
involving strain softening due to localization of microcracks in the FPZ and crack 
bridging stresses at the fracture front, requires adapted techniques to account 
for these phenomena. Numerous models have been developed, amongst which 
the cohesive crack approach by Hillerborg is probably the best-known and the 
most commonly applied method, mainly because of its simplicity.  
The parameters, needed for these theoretical models, can be determined in 
several experimental setups, but the three-point bending test and the wedge-
splitting test on notched specimens are currently favoured, to which simple 
calculation methods can be applied. The obtained fracture data, however, must 
be interpreted with caution, because material properties (e.g. aggregate size and 
w/c ratio) and aspects, related to the type of experiment (e.g. specimen shape 
and notch length), strongly influence the fracture energy, the characteristic 
length, and the stress intensity factor of the studied concrete. Furthermore, it is 
important to bear in mind the deterministic size-effect on the nominal strength 
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of concrete structures when applying FM parameters, determined on small-size 
specimens, to large-scale structures. 
 
  
 
 CHAPTER 3 
Materials and methods 
In order to investigate the cracking behaviour of SCC, in comparison to VC, 
several specimens, made from different mixtures, were examined in a 3PBT – 
and WST setup. The studied concrete compositions, along with the constituent 
materials, the specimens, and the test procedures are described in this chapter. 
 
1 Mixtures 
Various mix designs of VC and SCC were used in this research (batch A to E). They 
were either self-made in the laboratory (indicated with “SM”) or provided by a 
ready-mix concrete plant (denoted as “RM”). For comparison purpose, the SCC 
types were generally chosen or designed to have a similar compressive strength 
or an equal w/c ratio as the corresponding VC batch. Before going in to the 
details of the mix proportioning, the constituent materials are described. 
 
1.1 Material identification 
1.1.1 Aggregates 
The coarse aggregates used in the concrete compositions of batch A (both VC 
and SCC) are gravel of two different sizes: 2/8 and 8/16. Sand 0/4 was added as a 
fine aggregate. The grading curves of all these aggregates are shown in  
Figure 3-1. 
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Figure 3-1 – Grading curves aggregates batch A 
 
The VC mixture of batch B only contains crushed sea gravel 4/16 and sand 0/4. In 
Figure 3-2 the grading curves are depicted. 
 
 
Figure 3-2 – Grading curves aggregates batch B 
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Batches C, D, and E were produced with identical aggregates: crushed limestone 
2/6.3, crushed limestone 6.3/14, and sand 0/4, for which Figure 3-3 gives the 
grading curves.  
 
 
Figure 3-3 – Grading curves aggregates batch C, D, and E 
 
1.1.2 Cement 
Two types of cement were applied in the different concrete compositions: 
Portland cement (CEM I) and blast furnace slag cement (CEM III). The first one 
(used in batch A and B) has a prescribed, minimal compressive strength at 28 
days of 52.5MPa (CEM I 52.5 N and CEM I 52.5 R), while the latter (used in batch 
C, D, and E) is classified in a lower strength class and reaches 42.5MPa at the age 
of 28 days, according to the supplier’s technical information. It also has a 
lowered alkali content (CEM III/A 42.5 LA). Compressive tests and bending tests 
have been performed on this CEM III cement type (according to the standards  
EN 196-1 (NEN, 1994) and NBN EN 197-1 (NBN, 2000)) in order to check the 
prescribed strength. In additional experiments the density and the specific 
surface was determined (following the guidelines of EN 196-6 (NEN, 1993) and 
NBN EN 197-1 (NBN, 2000)). The results are listed in Table 3-1. 
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Table 3-1 – Mechanical properties of CEM III/A 42.5 LA 
 2 days 7 days 28 days 
Bending strength [MPa] 2.9 5.8 7.5 
Compressive strength [MPa] 19.8 48.1 66.5 
Density [kg/m³] 2938 
Specific surface [m²/kg] 248 
 
1.1.3 Filler 
To the SCC types of batch A, C, D, and E limestone filler was added, which is a 
fine-graded, inorganic material. For SCC-A-SM limestone filler P2 was applied, 
while for the other SCC mixtures Calcitec was used. The grading curves are 
presented in Figure 3-4. For limestone filler P2, they are based on the data 
provided in (Boel, et al., 2007). In case of Calcitec, the (little) information of the 
technical brochure (based on the sieving method of EN 933-1 (NEN, 1997)) is 
used. 
 
 
Figure 3-4 – Grading curves limestone fillers 
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1.1.4 Admixtures 
The superplasticizers, added to the concrete mixtures (mostly the SCC types, but 
also some VC compositions), are polycarboxylic ethers (PCEs) with a solid content 
of 20% or 35%. The dosage was optimized for every concrete mix separately in 
order to obtain the desired workability and stability of the mix. Notice that the 
amount of superplasticizer is not accounted for in the determination of the w/c 
ratio of the concrete compositions (see Section 1.2). 
No other types of admixtures were used, except in case of VC-E-RM. Due to the 
weather conditions at the time this concrete composition was delivered, it was 
required to add a retarding agent (Pozzolith 130R). 
 
1.2 Compositions 
1.2.1 Batch A-SM 
Batch A-SM consists of one vibrated and one self-compacting type of concrete 
with similar compressive strength (around 50MPa). In order to achieve a 
comparable compressive strength, the w/c ratio of the powder-type SCC was 
increased by reducing the amount of cement, while maintaining the amount of 
water. Table 3-2 displays the quantities of the different constituents used in both 
mixtures, which are taken from (Desnerck, 2011). 
 
Table 3-2 – Concrete compositions batch A [kg/m³] 
 VC-A-SM SCC-A-SM 
CEM I 52.5 R 360 300 
Water 165 165 
Limestone filler P2 - 300 
Sand 0/4 640 853 
Gravel 2/8 462 263 
Gravel 8/16 762 434 
Glenium 51 (35%) - 2.42 
w/c 0.46 0.55 
w/p - 0.28 
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Both VC-A-SM and SCC-A-SM were produced in the lab using a 75l capacity, 
conventional concrete mixer. First, the coarse aggregates and the sand, which 
were air-dried in advance, were mixed during 15 seconds. Then the cement, and 
in case of SCC also the limestone filler, was added and mixing continued for 1 
minute. Finally, the water was slowly poured into the mixer, which further 
blended the entirety for 3 more minutes. For the self-compacting batch, the 
superplasticizer was mingled with the water. 
 
1.2.2 Batch B-SM 
The second laboratory-made concrete batch B only comprises a VC type, of 
which the composition is shown in Table 3-3. The mixture was solely applied in a 
wedge-splitting experiment for investigating the influence of the initial notch 
length on the fracture properties of quasi-brittle materials. The same mixing 
procedure as described in Section 1.2.1 was used to produce the VC-B-SM batch. 
 
Table 3-3 – Concrete composition batch B [kg/m³] 
 VC-B-SM 
CEM I 52.5 N 365 
Water 126 
Sand 0/4 759 
Crushed sea gravel 4/16 1101 
Glenium 27 (20%) 2.9 
w/c 0.35 
w/p - 
 
1.2.3 Batch C-SM 
The composition of the mixtures, which are part of the self-made batch C, can be 
found in Table 3-4. Again, the SCC type was designed to attain a similar 
compressive strength with respect to the according VC mix (about 70MPa). This 
time, the amount of cement is kept constant and the water quantity for SCC is 
slightly increased. Even though this does not enlarge the w/c ratio of SCC-C-SM 
significantly, the addition of a larger quantity of superplasticizer (Glenium 27) 
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provides extra water, as well. Moreover, the use of superplasticizers is shown to 
increase the compressive strength by enhancing the effectiveness of compaction, 
resulting in a denser concrete (Alsadey, 2012). 
 
Table 3-4 – Concrete compositions batch C [kg/m³] 
 VC-C-SM SCC-C-SM 
CEM III/A 42.5 LA 365 365 
Water 126 133 
Calcitec - 236 
Sand 0/4 759 846 
Crushed limestone 2/6.3 660 460 
Crushed limestone 6.3/14 441 289 
Glenium 27 (20%) 2.9 8.0 
w/c 0.35 0.36 
w/p - 0.22 
 
Both VC and SCC of batch C were laboratory-made, using a planetary mixer. For 
the mixing order of the constituents and the mixing times, the author would like 
to refer to the procedure presented in Section1.2.1. 
 
1.2.4 Batch D-RM 
The first ready-mix concrete batch includes a VC type and an SCC type, where 
again there is aimed for an equal compressive strength (around 45MPa). As 
shown in Table 3-5, both the amount of water and the quantity of 
superplasticizer is increased for SCC-D-RM, compared to VC-D-RM. 
 
1.2.5 Batch E-RM 
In the final batch, which was also provided by a local concrete company, three 
concrete compositions were used (see Table 3-6). A traditional vibrated mixture 
(VC-E-RM) serves as a reference for comparison with two self-compacting 
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concretes: one with similar compressive strength (SCC1-E-RM) and another with 
equal w/c ratio, obtained by an identical water content (SCC2-E-RM). 
 
Table 3-5 – Concrete compositions batch D [kg/m³] 
 VC-D-RM SCC1-D-RM 
CEM III/A 42.5 LA 365 365 
Water 175 194 
Calcitec - 235 
Sand 0/4 726 808 
Crushed limestone 2/6.3 652 451 
Crushed limestone 6.3/14 434 265 
Glenium 27 (20%) 2.9 8.0 
w/c 0.48 0.53 
w/p - 0.32 
 
Table 3-6 – Concrete compositions batch E [kg/m³] 
 VC-E-RM SCC1-E-RM SCC2-E-RM 
CEM III/A 42.5 LA 360 293 360 
Water 161 161 161 
Calcitec - 377 317 
Sand 0/4 759 651 651 
Crushed limestone 2/6.3 433 523 523 
Crushed limestone 6.3/14 610 321 321 
Glenium 27 (20%) 2.7 9.0 9.5 
Pozzolith 130R 1.2 - - 
w/c 0.45 0.55 0.45 
w/p - 0.24 0.24 
 
A summary of all the concrete compositions is provided in Table 3-7. 
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Table 3-7 – Concrete compositions overview [kg/m³] 
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2 Specimens 
The specimens used in this research concerning fracture mechanics properties of 
VC and SCC are notched-beams, applied in a 3PBT setup and cubical samples with 
a guiding groove and starter notch in case of the WST setup. The geometry and 
the dimensions are kept constant throughout the different test series, excluding 
one additional set of 3PBTs to establish the influence of using different 
calculation methods on the value of the stress intensity factor. 
 
2.1 Three-point bending test beams 
As mentioned in Chapter 2, Section 6.2.3, different guidelines regarding 
dimensions and starter notch length for the 3PBT specimens can be found in 
literature. In this study, all 3PBTs for the determination of the load-CMOD curve, 
the softening curve and various fracture parameters, were carried out on 
samples with a geometry as specified in Figure 3-5. The dimensions are mainly 
based on RILEM recommendations (RILEM TC 89-FMT: Fracture mechanics of 
concrete - Test methods, 1991). Multiplex moulds were used for casting and 
after a sealed curing period of 24 hours, the specimens were demoulded. The 
beams, made from the provided batches D and E, were stored in lab conditions in 
order to be able to compare the results with those obtained from fatigue tests 
on large specimens, made from the same batches. All the other 3PBT samples 
were placed under water at 20 ± 2°C until testing. In all cases, the notch was 
provided by wet diamond sawing of the hardened specimens, approximately two 
days before the tests were conducted. 
 
 
Figure 3-5 – 3PBT specimen’s geometry and dimensions 
length = 400mm   thickness t = 100mm 
span L = 300mm   notch length a0 = 33mm 
height H = 100mm   notch width d = 3mm 
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A supplementary series of smaller beams was cast from batch D, on which 
diverse formulas were applied to calculate the stress intensity factor. The 
dimensions (see Figure 3-6) are based on the findings of Anderson (Anderson, 
2005) and are totally different from those of the specimens in Figure 3-5. The 
casting procedure and curing conditions are similar, but the narrow notch was 
obtained by inserting a sharp metal blade into the moulds during casting, and the 
samples were all stored in lab conditions. 
 
 
Figure 3-6 –3PBT specimen’s altered geometry and dimensions 
 
2.2 Wedge-splitting test cubes 
The cubical wedge-splitting specimens were obtained by placing a wooden bar 
with rectangular section (30x22mm) at the side of a standard cube mould (with 
side 150mm), thus creating the specific geometry of Figure 3-7 with a plain top 
surface and guiding groove. After curing for 24 hours and demoulding, the rod 
was removed and about two days prior to testing the notch was cut, using a wet 
diamond saw. For comparison purposes, the samples, made from batch D and E, 
were again stored in lab conditions and all the others were placed under water at 
20 ± 2°C. The dimensions are taken from (Löfgren, et al., 2005). 
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Figure 3-7 – WST specimen’s geometry and dimensions 
 
3 Test setup 
Whilst performing the 3PBTs and WSTs, difficulties with regard to a correct 
measurement of the crack evolution were encountered. Therefore, various test 
procedures were applied in different test devices. 
 
3.1 Three-point bending test 
Regardless the dimensions of the specimens, the 3PBT procedure remains 
identical. By exerting a linear, vertical load (Fv) onto the middle of the beam’s top 
surface, the line supported sample starts cracking at the notch tip until failure 
occurs (see Figure 3-8). 
 
 
Figure 3-8 – Principle 3PBT 
height H = length  L = 150mm 
thickness t = 150mm 
notch length a0 = 33mm  
notch width d = 3mm 
ligament length h = 95mm 
distance b = 130mm 
dimension bm = 60mm 
position roller bearings: 
   d1 = 40mm 
   d2 = 145mm 
 
 
Fv 
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The large beams, made from batch B and C, were subjected to a 3PBT in a 25kN 
capacity compression test device (see Figure 3-9a), where the vertical 
displacement was constantly increased by 0.2mm/min up to the peak load, and 
subsequently lowered to a speed of 0.02mm/min. In order to obtain the load-
CMOD evolution during testing, the applied load was registered continuously 
with a computer-controlled data acquisition system and the CMOD was 
measured by a clip gauge, fixed at the notch end.  
This same test device was used for the tests on the beams with altered 
dimensions from batch E. However, the test procedure was slightly different. A 
constant increment rate of the vertical displacement of 0.01mm/min in case of 
VC and 0.25mm/min in case of SCC ensured that the peak load was reached in 
about 5 minutes, as advised in (RILEM TC 89-FMT: Fracture mechanics of 
concrete - Test methods, 1991). At approximately 95% of this maximum load, the 
specimens were unloaded manually and afterwards reloaded with the same 
displacement rate until failure. Again both the exerted load and the CMOD at the 
notch end were continuously recorded. The test setup is shown in Figure 3-9b. 
 
  
Figure 3-9 – 3PBT setup in 25kN capacity test device: a) large beams – b) small beams 
 
All other 3PBTs (batch D and E) were carried out in a 6000kN capacity 
compression test device (see Figure 3-10). In case of the batch D specimens, the 
machine was first set in load mode and a rate of 0.02kN/s was applied. When the 
maximum load was attained, the tests continued CMOD-controlled at a rate of 
0.0006 mm/min. The tests on the samples of batch E were conducted entirely 
CMOD-controlled, with a constant increment rate of 0.0005 mm/min. In both 
cases, the vertical load and the CMOD were also continuously measured.  
 
a b 
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Figure 3-10 – 3PBT setup in 6000kN capacity test device 
 
3.2 Wedge-splitting test 
The principle of the WST (see Figure 3-11) is to apply a vertical load onto a 
transfer beam with two metal wedges with an angle of 30°. These wedges move 
between two roller bearings, mounted on two metal caps, which rest on the 
edges of the specimen’s guiding groove. The vertical force (Fv) is thus 
transformed into two horizontal splitting forces (Fsp), causing the cubes to start 
cracking at the notch tip. 
 
 
Figure 3-11 – Principle WST 
 
In an initial tryout (on batch A), the WST was carried out with a 250kN capacity 
hydraulic actuator, where the specimens were placed on a single central line 
support, as depicted in Figure 3-12. The load was manually increased until 
Fv 
Fsp Fsp 
2α=30° 
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failure. Afterwards, the peak load, the total crack length, and the crack width at 
the notch tip (in unloaded conditions) were noted. 
 
 
Figure 3-12 – First tryout WST 
 
A first attempt to measure the entire load-CMOD evolution during testing, was 
made by performing the test in the 25kN capacity compression test device, with 
the specimens (from batch B and C) resting on two linear supports, spaced 75mm 
(see Figure 3-13). A constant increment rate of the vertical displacement of 
0.2mm/min was applied until the peak load was reached, and subsequently, this 
speed was lowered to a value of 0.02mm/min. During the tests, the exerted load 
(Fv) was recorded continuously with a computer-controlled data acquisition 
system and the CMOD was registered by a clip gauge, fixed at the notch end. 
Further WSTs (for batch D) were conducted in a 6000kN capacity compression 
test device, first load-controlled with a speed of 0.02kN/s, afterwards (when the 
maximum load was attained) CMOD-controlled at a rate of 0.0006 mm/min. This 
same test setup (see Figure 3-14) was applied on the samples of batch E, but the 
loading procedure was slightly different: the testing machine was set in CMOD 
mode during the entire test duration, with a constant increment rate of  
0.0005 mm/min. Again, the vertical load and the CMOD were continuously 
measured.  
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Figure 3-13 – WST setup in 25kN capacity test device 
 
 
Figure 3-14 – WST setup in 6000kN capacity test device 
 
4 Conclusions 
Several concrete mixtures have been made for the different tests. For each 
batch, consisting of a VC and an SCC type, identical aggregate types and sizes, as 
well as the same cement type were used in order to avoid a possible influence on 
the results in the comparative study (VC versus SCC). The only difference is the 
addition of limestone filler and a larger amount of superplasticizer in case of SCC. 
Furthermore, the SCCs were given an equal w/c ratio or were designed to 
achieve a comparable compressive strength as the according VCs. The main 
properties of the constituent materials have been provided in this chapter. 
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The specimens for determining the fracture properties of these concrete 
compositions were notched beams and cubes, tested in a 3PBT and WST setup, 
respectively. Again for eliminating as much influencing parameters as possible, 
they were treated identically (e.g. similar storage conditions and equal notch 
cutting procedure) and had fixed dimensions (for both VC and SCC). Moreover, 
the testing equipment and the experimental procedure per batch was identical. 
Note that, by storing the specimens in the lab, the beams and cubes were 
probably subjected to (minor) temperature variations and somewhat altered 
drying conditions, which might have caused drying stresses. The effect on the 
results of the 3PBTs and the WSTs, however, is presumably minimal, since the 
conditions were maintained for several months before testing. 
 
 
  
 CHAPTER 4 
Results and discussion 
In this chapter, the main properties of the different concrete mixtures in fresh 
and hardened state are provided (air content, workability, compressive and 
tensile strength, Young’s modulus…). Afterwards, the results of the static WSTs 
and 3PBTs are described and discussed. A comparison of the obtained fracture 
mechanics properties of VC and SCC is made, and also both test setups are 
confronted. Furthermore, the influence of the initial notch length in the WST and 
the size-effect in the 3PBT are considered. The aim of this chapter is not to 
evaluate the basic principles of FM, but to investigate potential differences in 
cracking behaviour between VC and SCC and to identify the possible causes. 
 
1 Mixture properties 
In most cases, the air content, the workability, the compressive – and tensile 
strength, and Young’s modulus of the batches was determined. 
 
1.1 Batch A 
The mixtures of batch A were used in preliminary experiments for a fist tryout of 
the WST setup. Therefore, no determination of the fresh and hardened 
properties was done. However, in order to have a general idea, Table 4-1 lists 
some results of tests carried out in the research of (Desnerck, 2011) on these 
compositions. The slump and the flow of VC was quantified according to the 
standards EN 12350-2 (CEN, 1999) and NBN B15-233 (NBN, 1982). For assessing 
SCC’s flowability and filling ability, it was subjected to slump-flow and V-funnel 
experiments, following the guidelines of EN 12350-2 (CEN, 1999) and EN 12350-9 
(CEN, 2007), respectively. The mean compressive strengths fcm and fc,cub,m were 
obtained by compression tests at 28 days on cylinders with diameter 120mm and 
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height 360mm, and on cubes with side 150mm. Finally, Young’s modulus Ecm was 
derived from measured stress-strain curves. 
 
Table 4-1– Properties batch A (Desnerck, 2011) 
 VC-A-SM SCC-A-SM 
Slump [mm] 36 (S1) - 
Flow [-] 1.43 (F1) - 
Slump-flow [mm] - 745 (SF2) 
V-funnel [s] - 13.3 (VF2) 
fcm  [MPa] 52.2 ± 2.3 50.8 ± 0.3 
fc,cub,m  [MPa] 60.7 ± 2.4 61.8 ± 1.9 
Ecm  [MPa] 28600 28350 
 
Even though VC-A-SM was actually less workable, compared to SCC-A-SM, no 
problems occurred during casting of the specimens; the formwork could be filled 
properly. Based on the results of Table 4-1, a similar compressive strength of the 
two concrete types is noticed (as intended) and also Young’s modulus is 
comparable. Both VC and SCC can be classified in the strength class C40/50. 
 
1.2 Batch B 
No experiments were conducted on the fresh concrete, only compressive tests 
were performed on cubes with side 100mm. After a sealed curing period of 24 
hours, these specimens were demoulded and stored under water at 20 ± 2°C. 
Then, they were tested at 28 days, according to the standard EN 12390-3 (CEN, 
2001). As recommended in NBN EN 206-1 (NBN, 2001), separate results, which 
differed more than 15% from the mean value, were excluded.  
Using Eq. 4-1 (De Blaere, 2006) the value of fc,cub150,m was calculated (with height 
h = 150mm and cross-section S = 22,500mm²), and the cylindrical compressive 
strength fcm was derived, using a shape factor of 0.79 (De Blaere, 2006). Then, 
the characteristic values were obtained by Eq. 4-2. Normally, fck must be 
calculated by using Eq. 4-3, which is valid for a Gauss distribution of the results 
and an average value based on at least 20 samples (De Blaere, 2006). Since only 
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ten cubes were tested here, the characteristic values were determined by simply 
diminishing the mean values with 8MPa, according to Eurocode 2 (CEN, 2004). 
Furthermore, the tensile strength fctm and Young’s modulus Ecm were estimated 
from the compressive strength using Eq. 4-4 and Eq. 4-5, respectively. All the 
results are displayed in Table 4-2. 
 
,N ,R,N ,R = 0.62 + .$H√! √# .                 (4-1) 
^ = ^ − 8	m6                    (4-2) 
^ = ^ − 1.64  (s = standard deviation)               (4-3) 
^X = 0.3 ^/[                    (4-4) 
P = 9500 ^$/[                    (4-5) 
 
Table 4-2 – Properties batch B 
 VC-B-SM 
fc,cub100,m  [MPa] 56.1 ± 3.4 
fc,cub150,m  (calc) [MPa] 71.3 
fcm  (calc) [MPa] 56.4 
fc,cub150,k  (calc) [MPa] 63.3 
fck  [MPa] 48.4 
fctm  (calc) [MPa] 4.0 
Ecm  (calc) [MPa] 36423 
 
The resulting characteristic strengths in Table 4-2 indicate that VC-B-SM must be 
classified in the strength class C45/55. The value of fck is slightly too small to 
meet the conditions of the higher strength class C50/60. 
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1.3 Batch C 
The characteristics of the concrete types in fresh state were not determined. 
Nevertheless, per batch several control specimens (cubes with side 150mm and 
cylinders with diameter 150mm and height 300mm) were cast, in order to obtain 
the main properties of the hardened state. These standardized cubes and 
cylinders were sealed for 24 hours, demoulded and stored under water at  
20 ± 2°C. Then, they were tested at the age of 28 days, following the guidelines 
of EN 12390-3 (CEN, 2001). The resulting average compressive strengths (with 
exclusion of the values deviating more than 15% from the mean value (NBN, 
2001)), are listed in Table 4-3, together with the calculated values of the tensile 
strength and Young’s modulus, based on Eq. 4-4 and Eq. 4-5, respectively. The 
density of VC-C-SM and SCC-C-SM was attained by calculating the average ratio 
of the hardened specimens’ mass to their volume. 
 
Table 4-3 – Properties batch C 
 VC-C-SM SCC-C-SM 
fcm  [MPa] 67.8 ± 3.9 77.9 ± 6.0 
fc,cub,m  [MPa] 73.6 ± 1.9 75.1 ± 6.7 
fck  [MPa] 59.8 69.9 
fc,cub,k  [MPa] 65.6 67.1 
fctm  (calc) [MPa] 4.6 5.1 
Ecm  (calc) [MPa] 38745 40571 
Density [kg/m³] 2401 2381 
 
VC-C-SM and SCC-C-SM show a comparable cube compressive strength, whereas 
the cylinder strength is substantially higher in case of SCC. Therefore, VC belongs 
to strength class C50/60 and SCC is ranked as C55/67. As a direct consequence of 
the difference regarding fcm and fck, a similar relationship is noticed regarding the 
tensile strength and Young’s modulus (see Eq. 4-4 and Eq. 4-5).  
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1.4 Batch D 
Different experiments were performed on the freshly-mixed concrete batch D. 
First, the air content was measured using the pressure method as described in 
the European Standard EN 12350-7 (CEN, 2009). Additionally, workability tests 
were carried out to ensure a good consistency and a proper filling ability of the 
formwork. In case of VC, slump and flow tests were performed, according to EN 
12350-2 (CEN, 1999) and EN 12350-5 (CEN, 1999), respectively. The SCC mixtures 
underwent slump-flow tests and V-funnel tests, as defined in EN 12350-8 (CEN, 
2007) and EN 12350-9 (CEN, 2007). The consistency classes, corresponding to all 
mentioned tests, are listed in Table 4-4. The results can also be found in  
Table 4-4. 
 
Table 4-4 – Consistency classes 
Slump test result [mm] Slump class Flow test result [mm] Flow class 
10-40 S1 ≤340 F1 
50-90 S2 350-410 F2 
100-150 S3 420-480 F3 
160-210 S4 490-550 F4 
≥220 S5 560-620 F5 
  ≥630 F6 
Slump-flow test 
 result [mm] 
Slump-flow 
class 
V-funnel test  
result [s] 
V-funnel 
class 
550-650 SF1 ≤9 VF1 
660-750 SF2 9-25 VF2 
760-850 SF3   
 
Moreover, numerous control specimens (cubes with side 150mm and cylinders 
with diameter 150mm and height 300mm) were cast for determination of the 
compressive strength at different ages. The curing conditions of these samples 
and the test procedure is comparable to what is described in Section 1.3. Note 
that the 15% rule from NBN EN 206-1 (NBN, 2001) was also applied here. The 
results of the compression tests at 28 days (fcm and fc,cub,m) are displayed in  
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Table 4-5Table 4-, and the strength evolution in time for both concrete types is 
depicted in Figure 4-1.  
The characteristic strengths (fck and fc,cub,k) were determined by diminishing the 
mean values with 8MPa, from which the tensile strength fctm could be calculated 
by using Eq. 4-4. Otherwise than in case of the previous batches, Young’s 
modulus Ecm was obtained experimentally by deformation measurements on 
axially, in compression loaded cylinders of diameter 150mm and height 300mm, 
according to the National Belgian Application Document NBN B15-203 (NBN, 
1990). 
 
Table 4-5 – Properties batch D 
 VC-D-RM SCC-D-RM 
Air content [%] 2.8 1.1 
Slump [mm] 213 (S5) - 
Flow [mm] 513 (F4) - 
Slump-flow [mm] - 729 (SF2) 
V-funnel [s] - 10.49 (VF2) 
fcm  [MPa] 49.8 ± 1.2 43.8 ± 5.0 
fc,cub,m  [MPa] 57.7 ± 1.4 54.5 ± 5.0 
fck  [MPa] 41.8 35.8 
fc,cub,k  [MPa] 49.7 46.5 
fctm  (calc) [MPa] 3.6 3.3 
Ecm  [MPa] 38210 ± 4867 33082 ± 528 
 
It is clear that both VC-D-RM and SCC-D-RM can be ranked in a high consistency 
class (Table 4-5) and indeed, no problems regarding workability or compaction 
during casting were reported. The air content measurement reveals a smaller 
value for SCC and yet SCC must be classified in a lower strength class (C40/50), 
when compared to VC (C45/55). In Figure 4-1, however, strange results are 
noticed. Regarding the tests on the cylindrical specimens, the mutual relationship 
between VC and SCC alters: up to the age of 28 days VC’s strength is larger, when 
compared to SCC, but at older ages, the opposite is true. This makes the outcome 
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very doubtful. The cubic strength determination, on the other hand, seems to be 
more correct, since a consistently smaller cube strength is noticed for SCC, 
opposed to VC. The strength decrease in time, however, is not logical. An 
explanation cannot be provided, but the phenomenon will be borne in mind 
when interpreting the test results. 
As a consequence of the smaller fck value at 28 days of SCC, the tensile strength is 
also smaller in case of SCC. Considering the large spread in VC’s Young’s modulus, 
no statement can be done regarding the relation with SCC.  
 
 
 
Figure 4-1 – Evolution of compressive strength (VC-D-RM and SCC-D-RM) 
 
1.5 Batch E 
Identical tests as explained in Section 1.4 were performed to establish the 
properties of the fresh and hardened concrete mixes, which are listed in  
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Table 4-6. The consistency classes demonstrate a sufficiently fluid and workable 
character for all of the three concrete mixtures. Hence, no problems regarding 
workability or compaction during casting occurred. When considering the air 
content, the highest value is noticed in case of VC, followed by SCC2 and SCC1, 
respectively. The results of the compressive strength measurements, however, 
are not affected by these different amounts of air, since VC and SCC1 show a 
similar strength (class C35/45, as was aimed for), whereas SCC2 is classified in 
the higher strength class C45/55 (as could be expected). The compressive 
strength evolution in time, shown in Figure 4-2, however, reveals an altered 
relationship at the age of 90 days and older. Then, comparable values are found 
for the SCC types, which are substantially larger than the compressive strength of 
VC. It can be stated that the strength of SCC1 developed slower than of VC and 
SCC2. The reason might be the w/c ratio, for it is known that SCC with equal 
strength as VC and a lower w/c ratio develops a higher early compressive 
strength (Bakar, et al., 2010). Here, the w/c ratio of SCC1 is higher, possibly 
causing a lower strength at young ages. As a direct consequence of the equal 
strength of VC and SCC1 at 28 days, the values of Young’s modulus are 
comparable, as well. In case of SCC2, the large spread does not allow to draw 
conclusions concerning its Young’s modulus. SCC2 does clearly show the largest 
tensile strength, followed by VC and SCC1, for which the values are similar.  
 
Table 4-6 – Properties batch E 
 VC-E-RM SCC1-E-RM SCC2-E-RM 
Air content [%] 3.95 2.20 2.65 
Slump [mm] 150 (S3) - - 
Flow [mm] 480 (F3) - - 
Slump-flow [mm] - 724 (SF2) 697 (SF2) 
V-funnel [s] - 21.26 (VF2) 14.14 (VF2) 
fcm  [MPa] 53.4 ± 2.3 51.3 ± 5.1 60.0 ± 6.5 
fc,cub,m  [MPa] 54.3 ± 4.7 53.9* 63.8 ± 4.8 
fck  [MPa] 45.4 43.3 52.0 
fc,cub,k  [MPa] 46.3 45.9 55.8 
fctm  (calc) [MPa] 3.8 3.7 4.2 
Ecm  [MPa] 38423 ± 331 38093 ± 457 35290 ± 4158 
          * Only one result 
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Figure 4-2 – Evolution of compressive strength (VC-E-RM, SCC1-E-RM, and SCC2-E-RM) 
 
2 Wedge-splitting tests 
2.1 Preliminary tests 
A first attempt to conduct WSTs was performed on cubical specimens (see  
Figure 3-12), made from VC-A-SM and SCC-A-SM of equal strength (see  
Section 1.2.1 of Chapter 3). The results of the failure load Fmax, the ultimate crack 
length lmax and the final crack width wmax at the notch tip for both concrete types 
are listed in Table 4-7. The average values reveal a higher maximum load and a 
longer, but narrower crack in case of VC, when compared to SCC. Given the 
scatter on the results (especially for the SCC samples), however, this difference is 
not significant. 
Figure 4-3 and Figure 4-4, respectively, show the crack length and crack width as 
a function of the ultimate load. The slopes of the fitted curves of VC-A-SM and 
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SCC-A-SM in the first graph, show good correspondence, meaning that for both 
concrete mixes the maximum crack length equally decreases with increasing 
failure load. Considering an identical load value, lmax seems to be smaller in case 
of SCC, but again, the large variation in the results does not allow to draw a clear 
conclusion. It also has to be borne in mind that the crack length was measured in 
a direction parallel to the initial notch, while the cracks did not follow a perfectly 
straight line at all, and often deflected towards the sides of the cubes.  
In Figure 4-4 an opposite relationship between the crack width and the 
maximum load for VC and SCC is found. In case of VC-A-SM, the crack width 
slightly increases as the load enhances, whereas for SCC-A-SM wmax strongly 
decreases. However, this trend is effectuated by taking into consideration all of 
the extremely scattered results for SCC. It is more reasonable to assume that, 
despite of some outliers, the wmax values for SCC have a similar magnitude, 
compared to those for VC. 
 
 
Figure 4-3 – Crack length vs. maximum load (VC-A-SM and SCC-A-SM) 
 
 
Figure 4-4 – Crack width vs. maximum load (VC-A-SM and SCC-A-SM) 
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Table 4-7 – Results WSTs on VC-A-SM and SCC-A-SM 
VC Fmax [kN] lmax [mm] wmax [mm] 
1 3.750 92.20 0.28 
2 3.750 95.90 0.46 
3 3.750 90.20 0.46 
4 4.625 70.40 0.46 
5 3.250 58.50 0.38 
6 3.000 83.00 0.22 
7 4.000 77.55 0.38 
8 4.125 53.90 0.32 
Average 3.781 77.71 0.37 
Stdev 0.503 15.65 0.09 
SCC Fmax [kN] lmax [mm] wmax [mm] 
1 3.875 76.00 0.90 
2 3.000 90.45 0.76 
3 3.250 102.95 0.58 
4 3.000 29.80 1.08 
5 3.875 35.20 0.28 
6 3.000 55.10 2.76 
7 3.375 44.80 0.56 
Average 3.339 62.04 0.99 
Stdev 0.393 28.23 0.82 
 
2.2 Influence of the initial notch length 
Since the WST is no standardized method and no exact rules exist regarding the 
specimen’s geometry, groove dimensions or notch length, an experimental 
investigation was performed on the effect of the latter parameter on the fracture 
properties of several WST cubes (side 150mm), made from the VC composition of 
batch B. Different ratios of the notch length a0 to the specimen’s height H were 
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studied; notch lengths of 30mm, 45mm, and 55mm, corresponding to a0/H ratios 
of 0.2, 0.3, and 0.37 (noted as 0.4), respectively. Per ratio three wedge-splitting 
specimens (a, b, and c) were tested, from which the load-CMOD curves were 
registered continuously. 
The general load-deformation response of a pre-cracked concrete specimen is 
characterized by progressive softening. This strain softening phenomenon is also 
present in the results of the conducted WSTs (see Figure 4-5, Figure 4-6, and 
Figure 4-7). During the ascending branch of the curve, only microcracks occur. 
Subsequently, after the peak load is reached, the microcracks coalesce in the 
FPZ, but still, the load continues to decrease with increasing strain, due to 
aggregate bridging (Hanjari, 2006).  
From the fracture parameters in Table 4-8, together with the load-CMOD curves 
in Figure 4-5 to Figure 4-7, it can be seen that the average ultimate load 
decreases from 3.852kN over 2.894kN to ca. 2.535kN, as the a0/H ratio (or the 
notch length a0) increases. Indeed, the longer the initial crack (notch), the less 
force is needed to split the specimen. The mean CMOD value, corresponding to 
the peak load, measures 0.624mm, 0.431mm, and 0.381mm in case of an a0/H 
ratio of 0.2, 0.3, and 0.4, respectively. As a result of the varying peak load, the 
fracture energy GF, which is derived from the surface under the load-CMOD 
curve (see Eq. 2-25), differs, as well. Note that, for specimens 0.2a and 0.2c, no 
representative fracture energy could be obtained due to an incomplete 
descending branch of the Fsp-CMOD curve. It is clear, though, that in case of 
a0/H=0.2, more energy is dissipated during the cracking of the specimen, 
compared to the larger ratios, which is not astonishing, given the larger fracture 
surface (H-a0).t (with t the thickness of the specimen). A similar relationship is 
present for the characteristic length lch and the stress intensity factor KIc 
(calculated by Eq. 2-27 and Eq. 2-28, respectively). However, little distinction for 
the fracture parameters is noticed between the 0.3 and the 0.4 ratio. This might 
be related to the development of the FPZ along the available fracture surface. So, 
as a conclusion, it might be stated that for the applied WST cubes with side 
150mm, the notch-to-height ratio should be 0.3 for attaining the largest possible 
fracture parameters. 
Of course, this might be not true for SCC mixtures with smaller aggregates, since 
the length of the FPZ depends on the maximum aggregate size. Nevertheless, for 
the conducted comparative research (in the following sections) this problem is 
eliminated due to the use of equal aggregate sizes for VC and SCC. One only must 
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be conscious of the presence of size effect; i.e. the obtained fracture parameters 
might be smaller than in case of larger specimens. 
Finally, Figure 4-8 demonstrates that cracks, initiating at the corners of the 
guiding groove, as theoretically found by Vesely et al. (Vesely, et al., 2011), do 
not occur during these experiments, not even in case of a small a0/H ratio. 
 
 
Figure 4-5 – Load-CMOD curve for a0/H=0.2 
 
 
Figure 4-6 – Load-CMOD curve for a0/H=0.3 
 
 
Figure 4-7 – Load-CMOD curve for a0/H=0.4 
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Table 4-8 – Fracture parameters from WSTs on VC-B-SM 
  a0/W = 0.2 a0/W = 0.3 a0/W = 0.4 
Fsp,max  
[kN] 
a 3.874 2.963 2.477 
b 4.129 2.918 2.593 
c 3.553 2.800  
Average 3.852 2.894 2.535 
Stdev 0.289 0.084 0.082 
CMOD at Fsp,max 
[mm] 
a 0.646 0.432 0.355 
b 0.647 0.454 0.407 
c 0.579 0.406  
Average 0.624 0.431 0.381 
Stdev 0.039 0.024 0.037 
GF,exp  
[N/m] 
a - 112 116 
b 189 108 119 
c - 114 - 
Average 189 111 118 
Stdev - 3 2 
lch,exp  
[mm] 
a - 255 264 
b 430 246 271 
c - 260 - 
Average 430 253 267 
Stdev - 7 5 
KIc,exp  
[10
6
 N/m
3/2
] 
a - 2.02 2.06 
b 2.62 1.98 2.08 
c - 2.04 - 
Average 2.62 2.01 2.07 
Stdev - 0.03 0.02 
Runout 
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Figure 4-8 – Crack patterns of WST specimens from VC-B-SM 
 
2.3 VC versus SCC 
Numerous WST specimens of the concrete batches C, D, and E have been tested 
statically in order to determine the fracture parameters and to compare the 
cracking resistance of VC and SCC. Based on the findings of the previous section, 
an  a0/H ratio of approximately 0.35 is chosen, as it is also suggested by 
(Anderson, 2005). The exact dimensions can be found in Chapter 2, Section 6.2.4.  
When applying the approximation of 12Dmax for the length of the FPZ (see 
Chapter 2, Section 4) to the studied concrete mixtures, a value of 192mm is 
found for batch A and B (both VC and SCC), and a value of 168mm for batch C, D, 
and E (both VC and SCC). The available length in the chosen WST specimens for 
the FPZ to develop is 95mm, meaning that the FPZ is larger than the cross-
sectional dimensions. As a result, size effect is induced: the specimens will not 
reach the tensile strength of an extremely large structure, made from the same 
concrete mixture, would, and the fracture energy values will be smaller, as well. 
This has to be borne in mind when comparing the obtained results to values from 
literature. Furthermore, this demonstrates the importance of large-scale tests. 
However, the size effect phenomenon is well understood and several formula 
exist to estimate it. Moreover, for the purpose of the following study  
(i.e. comparing the fracture behaviour of VC and SCC), the specimens are 
applicable, since the applied Dmax, and thus the FPZ length, is identical for both 
concrete types. 
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2.3.1 Inverse analysis 
Along with the experimentally obtained load-CMOD data, an initial estimation of 
the parameters in Table 4-9 and the geometry-related values of Table 4-10 
(which are based on Figure 3-5 and Figure 3-7) are required as input to the 
inverse analysis software. The resulting fracture parameters, as calculated by 
Eqs. 2-30 to 2-33, are given the index “calc” to denote the fact that the values 
originate from the numerical computation software. 
 
Table 4-9 – Initial estimation of parameters for inverse analysis 
 3PBT/WST 
ft [MPa] 3 
a1 [mm
-1
] 20 
a2 [mm
-1
] 0.8 
b2 [-] 0.5 
E [MPa] 30000 
 
Table 4-10 – Geometry-related input data for inverse analysis 
 3PBT  WST 
a0 [mm] 35 m [kg] 7.8 
H [mm] 100 a0 [mm] 33 
L [mm] 300 d [mm] 3 
t [mm] 100 b [mm] 130 
m [kg] 9.5 bm [mm] 60 
d [mm] 2 d1 [mm] 40 
  d2 [mm] 145 
  h [mm] 95 
  H [mm] 150 
  t [mm] 150 
  µ0 0.003 
  α [°] 30 
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2.3.2 Batch C 
The experimentally obtained, mean load-CMOD curves from the tests on VC-C-
SM and SCC-C-SM are displayed in Figure 4-9 and Figure 4-10.  Given the large 
scatter in case of VC, little difference seems to be present between the two 
studied concrete types. However, when considering the higher compressive 
strength and the higher value for Young’s modulus of SCC (see Table 4-3), it can 
be argued that SCC is in fact less tough, opposed to VC. Moreover, the smaller 
density of SCC might indicate a higher air content, thus weakening the cement 
paste and reducing the cracking resistance. As a result, a lower average splitting 
force is noticed for SCC (9.813 ± 1.575), compared to VC (8.859 ± 0.023). 
 
 
Figure 4-9 – Load-CMOD curves from WSTs on VC-C-SM 
 
 
Figure 4-10 – Load-CMOD curves from WSTs on SCC-C-SM 
 
VC-C-SM 
SCC-C-SM 
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2.3.3 Batch D 
During the WSTs on VC-D-RM and SCC-D-RM some difficulties were experienced. 
After the peak load was reached, the load immediately dropped to zero, resulting 
in a missing descending branch of the load-CMOD curves. Moreover, extremely 
large scatter occurs in the slope of the ascending part of the graphs, which makes 
the results very doubtful. A possible reason for the unstable fracture might be an 
inadequate feedback signal (Hordijk, 1992). Since no useful fracture parameters 
could be determined and inverse analysis could not be performed, only the 
average maximum splitting force is reported in Table 4-11 for both concrete 
types. The smaller value of Fsp,max for SCC is probably related to its smaller 
compressive strength value (at young age), compared to VC. 
 
Table 4-11 – Peak loads from WSTs on VC-D-RM and SCC-D-RM 
 Specimen n° VC-D-RM SCC-D-RM 
Fsp,max [kN] 
1 8.371 8.310 
2 8.378 7.228 
3 8.764 8.344 
4 8.941 - 
Average 8.614 7.961 
Stdev 0.285 0.635 
 
2.3.4 Batch E 
The average load-CMOD curves and their 90% confidence intervals (marked with 
thinner lines), obtained from the WSTs on batch E, are displayed in Figure 4-11. 
They are acquired by calculating the mean force at fixed CMOD values. The 
average values of the fracture parameters and the standard deviation are given 
in Table 4-12, where the index “exp” is added to emphasize the fact that these 
parameters are extracted from the experimental data. For an overview of all the 
results, the author would like to refer to Appendix 2, Table A2-1. Figure 4-12 
provides the softening curves (and the according 90% confidence intervals, also 
marked with thinner lines), which are derived from the average load-CMOD 
curves of Figure 4-11. The corresponding parameter values are listed in  
Table 4-13, while an overview of all the separate inverse analysis parameters is 
provided in Table A2-2 of Appendix 2. 
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The graphs in Figure 4-11 show a good agreement between SCC1-E-RM and 
SCC2-E-RM and a different behaviour for VC-E-RM. However, the average peak 
loads, which are also summarized in Table 4-12, do not remarkably differ. Only 
the mean CMOD value at peak load is slightly larger in case of VC. By applying 
Eqs. 2-25 to 2-28, the fracture parameters were calculated from the results of 
the tests, from which the aberration of VC, opposed to the SCC mixtures 
becomes clear. Its required fracture energy GF,exp is larger, as well as its 
characteristic length lch,exp and stress intensity factor KIc,exp, making the VC 
specimens tougher. Based on the concrete composition, there can be several 
reasons for this. First of all, it seems that the amount of coarse aggregates plays 
an important role. Both SCC1 and SCC2 lack a large amount of these bridging and 
toughening elements, resulting in a more brittle behaviour. This is also confirmed 
by (Hordijk, 1991) and (Chapa, 2003), according to whom the fracture energy in 
WSTs is higher for concrete that contains larger aggregate sizes, because the 
large particles cause better bridging with the paste and they also deflect the 
cracks, providing a longer propagation path around the aggregates. Moreover, it 
is demonstrated in (Petersson, 1980) that GF also increases with increasing 
volume fraction of aggregates. The closer the aggregate particles are packed, the 
more complex the crack path is and the larger the crack surface and the fracture 
energy. Secondly, to SCC1 and SCC2 of batch E a greater amount of 
superplasticizer is added, compared to VC-E-RM. It could be stated that the 
higher water content is detrimental for the cracking resistance of the SCC types, 
since it weakens both the mortar paste and the ITZ. At first sight, this seems to 
be the case, when considering the lower toughness of SCC in the WST results. 
However, examining the fractured specimens, made from SCC1 and SCC2, it 
could be noticed that less aggregates experienced pull-out, opposed to the VC 
specimens. Instead, cracking took place through the aggregates. Indeed, the 
extra water, provided by the superplasticizer, also makes more water available 
for the moisturing of the aggregates and for the hydration process of the 
cement, improving the quality of the paste and the ITZ (Alsadey, 2012). 
Furthermore, given the smaller aggregates, the ITZ volume fraction decreases, as 
well as the porosity of this region around the aggregates (De Schutter & Boel, 
2007). This, in combination with the large content of fine particles (limestone 
filler), makes the ITZ stronger, due to a denser packing of the cement grains at 
the aggregate surface (De Schutter, et al., 2008). Chapa also found that the effect 
of the w/c ratio and the cementitious content is less significant for the results of 
WSTs (Chapa, 2003). 
When comparing the experimentally obtained fracture parameters to the data 
from literature in Appendix 1, analogous GF values are found in (Karihaloo, et al., 
90 Chapter 4 - Results and discussion 
2006) and in (Wittmann, 2002) from WSTs on normal concrete specimens. The 
characteristic length, on the other hand, ranges from 330mm to 757mm 
(depending on the concrete’s strength), which are considerably larger values, 
compared to the results in Table 4-12. 
 
 
Figure 4-11 – Average load-CMOD curves from WSTs  
on VC-E-RM,  SCC1-E-RM, and SCC2-E-RM 
 
Table 4-12 – Fracture parameters from WSTs  
on VC-E-RM, SCC1-E-RM, and SCC2-E-RM 
 VC-E-RM SCC1-E-RM SCC2-E-RM 
Fsp,max [kN] 10.448 ± 0.810 10.369 ± 1.179 9.993 ± 0.880 
CMOD at Fsp,max [mm] 0.044 ± 0.005 0.032 ± 0.006 0.031 ± 0.007 
GF,exp [N/m] 98 ± 10 79 ± 6 80 ± 12 
lch,exp [mm] 242 ± 26 236 ± 18 214 ± 31 
KIc,exp [10
6
 N/m
3/2
] 1.94 ± 0.10 1.74 ± 0.07 1.68 ± 0.12 
 
As to the softening curves, likewise a good correspondence is noticed between 
SCC1-E-RM and SCC2-E-RM. Less pre-peak damage occurs and less pre-peak 
energy is dissipated, when compared to VC-E-RM, which can be explained by the 
higher tensile stress in Table 4-13 (obtained from inverse analysis). But the 
values for fctm in Table 4-6 (based on the characteristic compressive strength of 
the mixtures) show a different relationship. Nevertheless, the ΔF values of  
Table 4-13, providing information about the deviation between the numerically 
determined load-CMOD curve and the experimentally obtained one (used as an 
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input for the inverse analysis) are minimal. It can be seen that for all mixtures 
this difference is not larger than 1.5%, demonstrating a reliable inverse analysis 
outcome for all WSTs. The altered relationship regarding the tensile strength 
might be attributed to the fact that the WST specimens were tested at an age, 
older than 28 days, which is the age the characteristic compressive strength and 
the tensile strength of Table 4-6 was determined. Accordingly, the total fracture 
energy is the smallest for the SCC batches and the characteristic length the 
largest, confirming their greater brittleness, compared to VC, as it was found 
from the experimental results.  
 
 
Figure 4-12 – Average softening curves from WSTs  
on VC-E-RM, SCC1-E-RM, and SCC2-E-RM 
 
Table 4-13 – Average parameters from inverse analysis  
of WSTs on VC-E-RM, SCC1-E-RM, and SCC2-E-RM 
 VC-E-RM SCC1-E-RM SCC2-E-RM 
a1 [mm
-1
] 19.64 41.20 38.81 
a2 [mm
-1
] 6.39 8.02 8.45 
b2 [-] 0.57 0.57 0.60 
ft,calc [MPa] 4.55 5.05 4.93 
Ecalc [MPa] 31947 39335 38246 
GF,calc [N/m] 146 115 117 
Gf,calc [N/m] 116 61 64 
lch,calc [mm] 226 178 184 
ΔF [%] 1.40 1.54 1.41 
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2.3.5 Conclusions 
As a general conclusion from the WSTs on batch E, it can be stated that VC-E-RM 
is the toughest concrete type. Indeed the largest fracture parameters (ft, E, GF, 
and lch) occur for VC, compared to the SCC mixtures. This outcome can be 
attributed to the larger amount of coarse aggregates in VC and thus the more 
prominent interlocking mechanism during fracture. 
The numerically obtained parameters from the inverse analysis deviate from 
those based on the experimental load-CMOD curves. The tensile strength is 
consistently larger for all concrete types. Moreover, the mutual relationship 
between the three concrete types is altered: the highest value occurs in case of 
SCC1, whereas fctm is largest for SCC2. However, this can be allocated to the 
illogical strength evolution in time and the altered relationship between VC, 
SCC1, and SCC2 at different ages: the WST specimens were older than 28 days at 
the moment of testing, while fctm is calculated, based on the characteristic 
compressive strength (at 28 days). As a result of the higher estimated tensile 
strength, the value of lch,calc is 15% smaller than that of lch,exp. Regarding Young’s 
modulus, a good agreement with the experimental outcome is only present for 
SCC1. For the other batches, this leads to an overestimation of the numerical 
fracture energy with 47%.  
 
3 Three-point bending tests 
3.1 VC versus SCC 
For comparison purposes with the WSTs described in Section 2.3, several 
specimens, made from the concrete compositions of batch C, D, and E, have also 
been subjected to 3PBTs to study possible differences between VC and SCC. 
 
3.1.1 Batch C 
Figure 4-13 and Figure 4-14 depict the experimentally obtained load-CMOD 
curves from the tests on VC-C-SM and SCC-C-SM, respectively. The corresponding 
fracture parameters, calculated by Eqs. 2-25, Eq. 2-27, and Eq. 2-28, are given in 
Table 4-14. Again, only the mean values are given here, along with the standard 
deviation. All the results are listed in Appendix 2, Table A2-3. Inverse analysis of 
the experimental data produced the σ-w curves, as presented in Figure 4-15 and 
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Figure 4-16. The thicker, black lines, represent the average softening curves, 
which are determined by calculating the average of all separately obtained 
parameters a1, a2, and b2 (see Appendix 2, Table A2-4). This procedure is based 
on (Löfgren, et al., 2005). It needs to be mentioned here that the values, not 
fitting within the interquartile range, were excluded, resulting in six σ-w curves 
out of eight load-CMOD curves, per concrete type.  
 
 
Figure 4-13 – Load-CMOD curves from 3PBTs on VC-C-SM 
 
 
Figure 4-14 – Load-CMOD curves from 3PBTs on SCC-C-SM 
 
From Figure 4-13 and Figure 4-14, as well as Table 4-14, a similar relationship 
between VC-C-SM and SCC-C-SM is present as was found in Section 2.3.2. VC can 
sustain a higher load and, consequently, more energy is released during fracture. 
The stress intensity factor and the characteristic length are also larger, 
demonstrating that VC is tougher/less brittle, compared to SCC. Even though the 
VC-C-SM 
SCC-C-SM 
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fracture parameters do not differ that much, one should bear in mind the lower 
compressive strength at 28 days, the lower value for Young’s modulus, and the 
higher density of VC, as well as the altered relationship at older ages (see  
Table 4-3). Appa Rao and Raghu Prasad (Appa Rao, et al., 2002) studied the 
influence of the compressive strength on the fracture parameters of concrete by 
performing 3PBTs on specimens, made from different mixtures. It has been 
observed that the fracture energy increases as the compressive strength of 
concrete increases. The investigation (Appa Rao, et al., 2002) also pointed out 
that the fracture energy, the fracture toughness, and the characteristic length 
increase as the maximum size of the coarse aggregates increases. This can be 
attributed to higher bond stresses in the cement paste–aggregate interface, 
which leads to bond failure. In concrete mixes with smaller coarse aggregates, 
the bond stress at the interface is smaller due to the increased specific surface 
area of the aggregates. This phenomenon is amplified by the use of limestone 
filler (Parra, et al., 2011). Moreover, the larger the amount of limestone filler, the 
more shrinkage and the greater the numbers of microcracks in the ITZ, which 
also affects the tensile strength. Consequently, the crack path in case of 
aggregate–matrix interface failure is more tortuous in concrete with large sized 
aggregates, causing an increased fracture energy. Furthermore, larger aggregate 
particles induce more aggregate interlock. As it is found that the addition of 
limestone filler causes a lower tensile strength for SCC, compared to VC (Parra, et 
al., 2011), and since the amount of coarse aggregates is generally smaller, less 
discontinuities in the concrete have to be overcome and less bridging elements 
can counteract the cracking process, resulting in smaller fracture parameters. 
Similar values for GF, lch, and KIc are found in (Appa Rao, et al., 2002), which are 
obtained from samples with comparable dimensions made from concrete with 
equivalent compressive strength: approximately 160N/m, 400mm, and 2.60 x 10
6
 
N/m
3/2
, respectively.  
 
Table 4-14 – Average fracture parameters from 3PBTs on VC-C-SM and SCC-C-SM 
 VC-C-SM SCC-C-SM 
Fv,max [kN] 6.461 ± 0.571 5.706 ± 0.489 
GF,exp [N/m] 220 ± 17 207 ± 25 
lch,exp [mm] 402 ± 31 322 ± 38 
KIc,exp [10
6
 N/m
3/2
] 2.92 ± 0.11 2.89 ± 0.17 
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From the softening curves in Figure 4-15 and Figure 4-16, as well as the average 
parameters in Table 4-15, the earlier found results can be affirmed. In case of 
SCC, the crack width at the nod of the softening curve is consistently smaller. This 
means that during the formation of the macro-crack, less damage occurs with 
less fracture energy being released and less stresses being transmitted along the 
FPZ. Once the macro-crack is present, the aggregate bridging mechanism 
counteracts the further opening of the crack, requiring more energy and hereby 
transferring the largest amount of stresses. The average initial stress 
transmission and energy release is only 35% of the total fracture energy, 
compared to 58% in case of VC. Regarding the fracture parameters, it can be 
noticed that the values of GF,calc and lch,calc are substantially smaller than those of 
GF,exp and lch,exp from Table 4-13. Furthermore, the tensile strength and Young’s 
modulus of VC-C-SM are slightly underestimated, compared to the ones, 
calculated from the experimentally determined compressive strength. For SCC-C-
SM, on the other hand, the opposite is true. In fact, the obtained value for Ecalc is 
very high. This might be attributed to the calculation method of the inverse 
analysis software, for a global fit to the experimental data is generated, rather 
than a local one. Also ΔF, which provides information about the deviation 
between the numerically defined load-CMOD curves and the experimentally 
obtained ones, is larger in case of SCC. 
 
Table 4-15 – Average parameters from inverse analysis of 3PBTs on VC-C-SM and SCC-C-SM 
 VC-C-RM SCC-C-RM 
a1 [mm
-1
] 25.17 ± 12.09 74.66 ± 17.79 
a2 [mm
-1
] 3.09 ± 1.52 4.49 ± 0.66 
b2 [-] 0.42 ± 0.12 0.39 ± 0.04 
ft,calc [MPa] 4.50 ± 0.62 6.61 ± 0.68 
Ecalc [MPa] 30094 ± 899 47256 ± 2291 
GF,calc [N/m] 182 ± 23 132 ± 13 
Gf,calc [N/m] 105 ± 42 46 ± 10 
lch,calc [mm] 288 ± 107 147 ± 39 
ΔF [%] 1.91 ± 0.42 2.61 ± 0.40 
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Figure 4-15 – Softening curves from 3PBTs on VC-C-SM 
 
 
Figure 4-16 – Softening curves from 3PBTs on SCC-C-SM 
 
3.1.2 Batch D 
In contrast to the WSTs on VC-D-RM and SCC-D-RM (see Section 2.3.3), the 3PBTs 
on this batch yielded fairly good results. The experimental load-CMOD curves are 
given in Figure 4-17 for VC and in Figure 4-18 for SCC. The mean values of the 
derived fracture parameters, determined by using Eq. 2-25, Eq. 2-27, and  
Eq. 2-28, are listed in Table 4-16, together with the standard deviation. The 
separate results can be found in Table A2-5 (see Appendix 2). In Figure 4-19 and 
Figure 4-20 the softening curves are displayed. Again, only the curves from which 
all parameter values fitted within the interquartile range, are considered. The 
black lines represent the average σ-w relationships, determined by calculating 
the mean value of all the separate inverse analysis parameters per concrete type. 
These averages are listed in Table 4-17 and the separate results are provided in 
Appendix 2, Table A2-6. 
VC-C-SM 
SCC-C-SM 
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Figure 4-17 – Load-CMOD curves from 3PBTs on VC-D-RM 
 
 
Figure 4-18 – Load-CMOD curves from 3PBTs on SCC-D-RM 
 
No explicit distinction can be noticed between VC-D-RM and SCC-D-RM regarding 
the maximum load during the 3BPTs, despite the somewhat lower compressive 
strength, and consequently lower tensile strength of SCC (see Table 4-5). The 
descending branch of the load-CMOD curves of this latter concrete type, 
however, has a slightly different shape, which results in the smaller fracture 
energy of Table 4-16. Because of the lower value for Young’s modulus in case of 
SCC, also the characteristic length and the stress intensity factor are smaller. So it 
can be stated that SCC is more brittle/less tough than VC and that less energy is 
released during the cracking process. As already mentioned in Section 3.1.1 
(where a comparable relationship between VC and SCC was found), the absence 
of large amounts of coarse aggregates in SCC-D-RM facilitates cracks to 
propagate more easily through the cement paste, which is weaker due to the 
higher w/c ratio. The aggregate-paste transition zone, on the other hand, is 
VC-D-RM 
SCC-D-RM 
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stronger and denser, not only due to the increased aggregate surface, but also 
due to the addition of limestone filler. However, it is proven by Parra et al. 
(Parra, et al., 2011) that the splitting tensile strength of SCC made with limestone 
filler is lower than that of VC with comparable strength and without limestone 
filler. Presumably, this latter effect dominates the higher ITZ strength. 
 
 
Figure 4-19 – Softening curves from 3PBTs on VC-D-RM 
 
 
Figure 4-20 – Softening curves from 3PBTs on SCC-D-RM 
 
Table 4-16 – Average fracture parameters from 3PBTs on VC-D-RM and SCC-D-RM 
 VC-D-RM SCC-D-RM 
Fv,max [kN] 6.844 ± 0.245 6.671 ± 0.188 
GF,exp [N/m] 236 ± 17 201 ± 15 
lch,exp [mm] 695 ± 51 610 ± 45 
KIc,exp [10
6
 N/m
3/2
] 3.00 ± 0.11 2.58 ± 0.09 
VC-D-RM 
SCC-D-RM 
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Table 4-17 – Average parameters from inverse analysis of 3PBTs on VC-D-SM and SCC-D-SM 
 VC-D-RM SCC-D-RM 
a1 [mm
-1
] 27.11 ± 5.57 61.09 ± 20.49 
a2 [mm
-1
] 0.72 ± 0.32 0.43 ± 0.14 
b2 [-] 0.20 ± 0.06 0.12 ± 0.02 
ft,calc [MPa] 4.75 ± 0.27 5.75 ± 0.39 
Ecalc [MPa] 40038 ± 4328 34086 ± 1009 
GF,calc [N/m] 196 ± 22 141 ± 1 
Gf,calc [N/m] 90 ± 17 49 ± 13 
lch,calc [mm] 357 ± 111 146 ± 15 
ΔF [%] 6.34 ± 3.14 6.50 ± 2.63 
 
A similar relationship of the fracture parameters is noticed, even though a higher 
tensile strength is obtained for SCC-D-RM, opposed to VC-D-RM, but this is 
probably related to the age of the 3PBT specimens (older than 28 days), opposed 
to the strength determination at 28 days (see Table 4-5). The total fracture 
energy GF,calc, as well as the initial energy Gf,calc, are significantly smaller in case of 
SCC, which can also be seen from the softening curves (Figure 4-19 and  
Figure 4-20). The average initial stress transmission and energy release is 35% of 
the total fracture energy, compared to 46% in case of VC. Also the value of lch,calc 
is smaller for SCC, confirming its more brittle behaviour, compared to VC. Notice 
that these numerical fracture parameters again strongly deviate from the ones in 
Table 4-16, calculated from the experimentally obtained load-CMOD curves. Also 
the deviation of the inverse analysis ΔF to the experimental results is extremely 
high, compared to previous numerical outcomes. 
 
3.1.3 Batch E 
From the experimentally obtained load-CMOD curves of all specimens, the 
average curves for VC-E-RM, SCC1-E-RM, and SCC2-RM, acquired by calculating 
the mean force at fixed CMOD values, are displayed in Figure 4-21. The thinner 
lines outline the accompanying 90% confidence interval. A summary of the peak 
loads (Fmax) and the corresponding CMOD values is also provided in Table 4-18, 
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whereas the separate results of all specimens are listed in Table A2-7 of  
Appendix 2. The softening curves (and the according 90% confidence intervals, 
marked with thinner lines), presented in Figure 4-22, are generated on the basis 
of the average load-CMOD curves of Figure 4-21 for the three studied concrete 
types. The corresponding fracture parameter values, which are calculated by  
Eq. 2-25, Eq. 2-27, and Eq. 2-8, are provided in Table 4-19. For the separate 
results of the inverse analysis, the author refers to Appendix 2, Table A2-8.  
 
 
Figure 4-21 – Average load-CMOD curves from 3PBTs  
on VC-E-RM,  SCC1-E-RM, and SCC2-E-RM 
 
From Figure 4-21, it can be seen that the sharpest peak appears in the curve of 
SCC1, with the highest maximum load occurring at the smallest CMOD. VC and 
SCC2 show a similar behaviour, which differs from that of SCC1. This can be 
attributed to the higher w/c ratio (0.55), compared to the other batches (0.45). 
The fracture parameters in Table 4-18 also demonstrate that the beams made 
from SCC1 (with the highest w/c ratio and thus the weakest cement paste), have 
the smallest cracking resistance, since they generate the lowest values for GF,exp, 
and KIc,exp. This means that SCC1-E-RM is the most brittle of the three mixtures 
and that less energy is released during fracture, when compared to VC-E-RM and 
SCC2-E-RM. Moreover, the peak load is reached earlier (at a lower CMOD value). 
As also stated by Petersson (Petersson, 1980), aggregate pull-out plays an 
important role in the 3PBT setup. In case of a high w/c ratio (and thus a weak 
cement paste), the aggregates will experience pull-out instead of fracture 
(opposed to the WST), resulting in a decrease of the fracture energy. The pulled-
out aggregates were clearly visible in the crack surfaces of the SCC1 beams, 
whereas the aggregates in VC and SCC2 fractured. 
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Table 4-18 – Fracture parameters from 3PBTs  
on VC-E-RM, SCC1-E-RM, and SCC2-E-RM 
 VC-E-RM SCC1-E-RM SCC2-E-RM 
Fv,max [kN] 6.109 ± 0.480 6.940 ± 0.872 6.121 ± 0.486 
CMOD at Fsp,max [mm] 0.051 ± 0.010 0.029 ± 0.008 0.050 ± 0.012 
GF,exp [N/m] 191 ± 22 164 ± 39 201 ± 32 
lch,exp [mm] 470 ± 53 486 ± 115 537 ± 85 
KIc,exp [10
6
 N/m
3/2
] 2.70 ± 0.15 2.48 ± 0.27 2.66 ± 0.21 
 
The softening curves from Figure 4-22, generated from the average load-CMOD 
curves of Figure 4-21, consequently show the same mutual relationship. Most 
energy is released and most stresses are transmitted along the fracture process 
zone in case of VC-E-RM and SCC2-E-RM (see also Table 4-19), for which the 
bilinear curves are quite resembling. Moreover, they define a large fracture 
energy, while the failure of SCC1-E-RM requires remarkably less. Furthermore, 
the damage due to macro-cracking and the according energy release (defined by 
the surface under the initial part of the softening curve) is smaller, as well as the 
energy required to overcome the aggregate interlock. The average tensile stress, 
which is higher than that of VC and SCC2 according to the inverse analysis results 
in Table 4-19, is reached at a lower crack width. The tensile stress of SCC1, 
calculated from the characteristic compressive strength, however, is similar to 
that of VC (see Table 4-6). When considering the characteristic length, SCC1 also 
appears to be the most brittle of the three concrete types. Furthermore, the ΔF 
values are similar and minimal for VC, as well as SCC1, and SCC2. The extremely 
large value for Ecalc in case of SCC1 again might be denoted to the fact that a 
globally fitting curve is made to the experimental load-CMOD curve, which 
means that a compromise must be found for the value of the different 
parameters. 
Comparison of the fracture data for VC to values from literature reveals a 
somewhat smaller value for GF (about 140N/m, opposed to 191N/m) and a 
substantially larger value for lch (about 730mm, compared to 470mm) for 3PBTs 
on similar, normal concrete specimens with comparable compressive strength 
(Karihaloo, et al., 2006). The results from (Beygi, et al., 2013) for SCC with 
different w/c ratios (identical to SCC1 and SCC2), agree quite well with those for 
the SCC mixtures, obtained in this study. The characteristic length measures 
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309mm and 357mm for a w/c ratio of 0.45 and 0.55, respectively. The fracture 
energy is slightly smaller than what is noticed in Table 4-18: 126N/m and 
120N/m, compared to 201 N/m and 164N/m, respectively. The differences in 
fracture parameters between SCC1 and SCC2 from this research, however, are 
remarkably larger. 
 
 
Figure 4-22 – Average softening curves from 3PBTs  
on VC-E-RM, SCC1-E-RM, and SCC2-E-RM 
 
Table 4-19 – Average parameters from inverse analysis  
of 3PBTs on VC-E-RM, SCC1-E-RM, and SCC2-E-RM 
 VC-E-RM SCC1-E-RM SCC2-E-RM 
a1 [mm
-1
] 20.65 72.34 28.19 
a2 [mm
-1
] 3.12 3.96 4.16 
b2 [-] 0.46 0.38 0.55 
ft,calc [MPa] 4.40 6.61 4.57 
Ecalc [MPa] 28328 40751 29261 
GF,calc [N/m] 183 140 186 
Gf,calc [N/m] 107 46 81 
lch,calc [mm] 268 130 261 
ΔF [%] 1.75 1.74 1.49 
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3.1.4 Conclusions 
From the results of the 3PBTs on batch C, it is clear that, despite its higher 
strength, SCC is less tough/more brittle and fails at a lower load, compared to VC. 
Due to the smaller amount of coarse aggregates in SCC, and the consequent 
limited presence of bridging elements, less cohesive stresses can be transferred 
along the FPZ. Moreover, the weaker cement paste (due to the larger w/c ratio) 
causes aggregate pull-out. In case of SCC, the largest portion of the stresses is 
transmitted after the maximum load is reached, where most of the damage 
occurs and most of the fracture energy (which is in total smaller than for VC) is 
released. 
The outcome of the tests on batch D also reveals a considerably different 
cracking behaviour between VC and SCC. Again, the cracking resistance is smaller 
in case of SCC, which can be attributed to a combination of the absence of large 
amounts of coarse particles inducing interlock and a weaker cement paste 
caused by the higher w/c ratio. As a direct consequence, a smaller fracture 
toughness and a smaller total energy release are found. Also the average pre-
peak stress transmission is smaller for SCC, compared to VC. 
When considering the tests on batch E, it can be stated that the self-compacting 
concrete type with similar strength as the vibrated concrete mix (SCC1-E-RM) is 
the most brittle concrete type, due to the higher w/c ratio and thus the weakest 
cement paste. The fracture parameters, based on the experimentally determined 
load-CMOD curves, as well as the numerically determined ones, are the smallest 
for SCC1, compared to the other two mixtures.  
As already reported in Section 2.3.5 for the WSTs, the values for ft, E, GF, and lch, 
obtained from the inverse analysis of the 3PBT results, significantly differ from 
those, based on the experimental load-CMOD curves. Here, the largest 
differences are found for lch, whose calculated values are on average 53% smaller 
than the experimentally determined ones. GF,exp is approximated best by the 
numerical study, with an underestimation of only 9%. Regarding the tensile 
strength, the mutual relationship between the three concrete types is altered 
again: the highest value is found for SCC1, whereas fctm is largest in case of SCC2. 
The best correspondence with the experimental outcome for Young’s modulus is 
noticed for SCC1. 
The results of these fracture mechanics tests (and mainly the fracture energy 
values GF) are used as input data for the finite element modelling of the 3PBTs, 
as well as of  the 4PBTs in Part II – Fatigue. 
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3.2 Size-effect and determination of K 
A limited size-effect study has been performed by conducting 3PBTs on beams 
with altered dimensions as the ones, used in the previous tests. A description of 
the applied concrete compositions and of the specimen’s geometry and test 
setup, can be found in Chapter 3, Section 1.2.5, Section 2.1, and Section 3.1, 
respectively. The fracture energy is again calculated by Eq. 2-25, but for the 
stress intensity factor different approaches were applied (see Eq. 2-28, Eq. 2-29, 
and (RILEM TC 89-FMT: Fracture mechanics of concrete - Test methods, 1991)) in 
order to investigate the influence of the calculation method on the value of KIc. 
The average values and the corresponding standard deviation are presented in 
Table 4-20. The separate results can be found in Table A2-9 of Appendix 2.  
From the results, it can be seen that, even though VC and SCC1 have an equal 
compressive strength, the first one can sustain a higher load in the 3PBT. Even 
SCC2, which is much stronger in compression, opposed to the other two concrete 
mixtures, shows a lower failure load than VC. Clearly, in comparison with VC, the 
fracture process in SCC goes easier due to the smaller amount of large aggregate 
particles and the consequent limited presence of bridging elements, which can 
transfer stresses along the fracture front. Regarding the energy release during 
the cracking process, the lowest values are observed in case of SCC1. The lower 
w/c ratio of SCC2 makes the cement paste stronger and thus the crack resistance 
larger, which results in a higher fracture energy, when compared to SCC1. Of 
course, most energy is needed to break the VC specimens, where the large 
amount of coarse aggregates additionally impede the crack to propagate. Large 
scatter occurs, when considering the different methods for determining the 
critical stress intensity factor, but the mutual relationship between the three 
concrete compositions remains identical: VC shows the largest KIc value, followed 
by SCC1 and SCC2. Again, the abundant presence of large particles in VC plays 
the most important role; due to aggregate interlock the ability to resist fracture 
increases. Concerning the self-compacting concrete types, conflicting results are 
found: RILEM’s method yields a smaller fracture toughness for SCC2, whereas for 
the other approaches the opposite is true. 
Comparison of the ultimate load values, with the results in Table 4-18 confirms 
the size-effect, as stated in (Bazant, 1999) and (Bazant, 2000). The smaller beams 
fail at a substantially lower load. When confronting the KIc values, calculated 
from the fracture energy GF (Hillerborg’s Eq. 2-28), an inverse relationship is 
noticed (see Figure 4-23). Since the fracture energy is shown to decrease with 
increasing size of the specimens (Bazant, 1985), the values of GF (and 
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consequently KIc) in Table 4-20 (for the smallest specimens) are larger. As 
calculated in Section 2.3, the length of the FPZ is larger than the cross-sectional 
dimensions of both beam sizes, so it cannot fully develop and less energy is 
consumed, compared to a specimen size where the FPZ reaches its full length. 
Strangely, this effect is less pronounced in the small-sized 3PBT samples. 
Furthermore, the statement that the fracture energy depends on the interaction 
between the aggregates and the cement matrix (Wittmann, 2002) could explain 
the dissimilarities between VC and SCC, but gives no reason for the differences 
amongst the specimen sizes, for all 3PBTs are performed on the same batch 
(batch E). Then, it could be assumed that the thickness of the specimens is 
crucial, but ASTM E399 (ASTM, 1997) states that the important dimensions to 
ensure a valid KIc-test are the notch length and the remaining ligament length 
and not the thickness. Also in RILEM’s calculation method, the dimensions of the 
specimens are taken into account and yet fracture toughness results of similar 
magnitude are obtained. As to Anderson’s equation, the dimensions of the 
samples are considered, as well, but KIc is computed by using the maximum load, 
thereby neglecting the damage in the FPZ, which determines the strain softening 
region after the peak load. Therefore, the outcome is considerably smaller, 
compared to the other approaches. In the author’s knowledge, the only possible 
reason for the distinct KIc values, is the preparation of the notch and its relative 
length. In case of the smallest samples, the narrow notch was obtained by 
inserting a sharp metal blade into the mould during casting, whereas for the 
larger beams the notch was made by wet diamond sawing. This probably 
influences the stress state and induces initial flaws at the notch tip. Moreover, 
the initial notch length is half the beam’s height for the small specimens, 
opposed to a relative notch length of 1/3
rd 
in case of the larger samples. 
 
Table 4-20 – Fracture parameters from 3PBTs on VC-E-RM, SCC1-E-RM, and SCC2-E-RM  
 VC-E-RM SCC1-E-RM SCC2-E-RM 
Fv,max [kN] 2.885 ± 0.337 1.973 ± 0.322 2.287 ± 0.312 
GF [N/m] 536 ± 24 352 ± 86 420 ± 100 
KIc [10
6
 N/m
3/2
] Eq. 2-28 4.54 ± 0.10 3.64 ± 0.45 3.83 ± 0.47 
KIc [10
6
 N/m
3/2
] Eq. 2-29 1.78 1.23 1.43 
KIc [10
6
 N/m
3/2
] RILEM 5.63 ± 1.59 4.02 ± 2.45 3.31 ± 1.68 
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Figure 4-23 – Stress intensity factors – size-effect  
 
4 3PBT versus WST 
The static tests on batch E reveal significant differences between the 3PBTs and 
the WSTs, as it was also established by Ostergaard (Ostergaard, 2003). The 
results obtained from the first test setup, demonstrate the importance of the 
cement paste strength, making SCC1 (which has the highest w/c ratio) the 
weakest and the least tough. VC and SCC2 show a similar fracture behaviour with 
larger fracture parameters. In case of the WST, on the other hand, it appears that 
the aggregates play a more crucial role. Not only the maximum size, but also the 
amount and concentration are important for the toughening mechanism and the 
bridging ability during the cracking process. Consequently, VC (with the largest 
amount of coarse aggregates) is the toughest of the three concrete mixes and 
smaller fracture parameters are found for SCC1 and SCC2. For all specimens (VC 
and SCC) the crack path ran through the aggregates, which is, in case of SCC, 
probably due to the improved quality of the ITZ by adding superplasticizer and 
limestone filler. The effect of the stronger ITZ for SCC1 in the WSTs must be 
overshadowed by the weakness of its cement paste (maybe in combination with 
a decreased tensile strength caused by the addition of limestone filler), since 
these specimens experienced aggregate pull-out instead of fracture (which 
occurred in case of VC and SCC2). 
Possible influencing factors for this remarkable distinction are: dissimilar 
specimen size, shape, and self-weight, diverse FPZ length, varying stress state 
near the crack, and potential storage of elastic energy during testing. 
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To conclude, the difficulties, experienced during the implementation of some of 
the WSTs, and the consequent deficient outcome, point out that the WST is not 
that stable and easy to carry out as claimed by Löfgren et al. (Löfgren, et al., 
2005). Apparently, the applied testing equipment, as well as the test procedure, 
are very important. The best results in this study are obtained when the 6000kN 
capacity compression device is used with a constant CMOD increment rate of 
0.0005mm/min during the entire test duration. The 3PBT seems to be less 
sensitive to variations in test apparatus and test procedure. 
 
 
 
  
  
 CHAPTER 5 
FE Modelling 
In order to assess the crack growth as it occurs in the WSTs and the 3PBTs, 
described in Chapter 4, the computational software ABAQUS was used. Verifying 
the developed numerical models with the available test data, and further 
optimizing them through applying the results of a parametric study, allows to 
make a comparison between the experimental and the numerical outcome. The 
applied technique and the results of the FEA are described in this chapter. 
 
1 Introduction 
Finite element analysis (FEA) can be used to solve complex structural problems in 
various engineering fields. By dividing the domain of the problem, which is 
commonly described by complicated partial differential equations or integral 
equations, into a collection of subdomains, represented by a set of discretized 
element equations, and subsequent recombining of these simpler equations, a 
numerical solution for the problem can be found. In traditional finite element 
methods (FEM), meshing techniques are applied to generate a discrete 
representation of the original geometry (separate elements and nodes). When 
analyzing fracture mechanics problems, however, discontinuities are introduced 
in the mesh, drastically changing the material’s topology and shape. This induces 
the need for revision of the mesh, which tends to be a severe restriction and is 
burdensome for crack growth simulations in complex geometries (Shi, et al., 
2010). Various approaches, such as boundary element methods, remeshing or 
meshless methods, element deletion methods, etc., try to alleviate the 
aforementioned inconveniences, but all are restricted to some extent (Shi, et al., 
2010), (Moës, et al., 2002), (Villanueva, et al., 2013), (Unger, et al., 2007). A 
solution to the cumbersome modelling of discontinuities was provided by 
Belytschko and Black (Belytschko, et al., 1999), who introduced the extended 
finite element method (XFEM) (Abaqus Analysis User's Manual, 2012). This 
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technique is an extension of the conventional FEM, based on the incorporation 
of local enrichment functions in conjunction with additional degrees of freedom 
to capture the singularity around the crack tip and the displacement jump across 
the crack surfaces (Abaqus Analysis User's Manual, 2012), (Pais, 2013). It thus 
allows to study the onset and propagation of cracks along an arbitrary path in 
quasi-brittle materials without the need for continuous updating of the mesh, 
nor the requirement that the mesh conforms to the geometric discontinuity 
(Abaqus/CAE User's Manual, 2012). 
 
2 Principle of crack modelling 
In order to model a discrete crack, propagating along an arbitrary path, within 
the XFEM of ABAQUS, a contact interaction property must be specified for 
defining the contact of cracked element surfaces. The applied approach for 
modelling the moving crack is the cohesive segments method with phantom 
nodes. Such phantom nodes are superimposed on the original, real nodes and 
represent the discontinuity of the cracked elements (i.e. elements which are cut 
through by the crack and which are split into two parts). Phantom nodes and real 
nodes can separate and move independently, only when the cohesive strength of 
the cracked element has become zero (Abaqus Analysis User's Manual, 2012), 
(Abaqus/CAE User's Manual, 2012). 
 
3 Material modelling 
The material model and its different parameters for simulating the cracking 
behaviour of concrete in ABAQUS/Standard, are explained in this section. First, 
some general background information is provided. Afterwards, the input values 
for the studied concrete mixtures are summarized. 
 
3.1 General 
A linear elastic material description is used for the FEA, as it is also done in 
(Ostergaard, 2003). However, besides the general properties such as the density, 
Young’s modulus and Poisson’s ratio, the failure mechanism of the concrete 
needs to be described by means of a damage initiation criterion and a damage 
evolution law. Crack initiation refers to the beginning of the degradation process, 
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when a specific crack initiation condition is met. In this case, a maximum 
principal stress value, corresponding to the concrete’s tensile strength, is used. 
Subsequent damage (degradation of the cohesive stiffness) is modelled 
according to a typical linear traction-separation response (see Figure 5-1), which 
actually is a simplified version of the bilinear softening curve of Figure 2-14. The 
subscript n in Figure 5-1 denotes the fact that both, the cohesive traction T and 
the crack opening δ, are normal (orthogonal) to the crack’s direction. 
 
  
Figure 5-1 – Linear traction-separation law for describing damage evolution  
(Abaqus Analysis User's Manual, 2012)  
 
3.2 ABAQUS input parameters 
The numerical study is based on the 3PBTs and the WSTs on concrete batch E. 
For each concrete mix (VC, SCC1 with similar strength, and SCC2 with equal w/c 
ratio), two basic cases are considered, for which the model is run: first, the 
experimentally obtained main properties and fracture parameters are used, 
while afterwards, the data extracted from the inverse analysis are applied for 
describing the material’s cracking behaviour. The exact values are summarized in 
Table 5-1 and Table 5-2 for the 3PBT and the WST, respectively. 
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Table 5-1 – ABAQUS input parameters for 3PBT (concrete elasticity and damage) 
Parameter VC-E-RM SCC1-E-RM SCC2-E-RM 
 exp. inv. an. exp. inv. an. exp. inv. an. 
Mass density 
[tonne/mm³] 
2.4 x 10
-9
 2.4 x 10
-9
 2.4 x 10
-9
 2.4 x 10
-9
 2.4 x 10
-9
 2.4 x 10
-9
 
Young’s modulus 
[MPa] 
38423 28328 38093 40751 35290 29261 
Poisson’s ratio  
[-] 
0.2 0.2 0.2 0.2 0.2 0.2 
Max principle 
stress [MPa] 
3.8 4.4 3.7 6.6 4.2 4.6 
Fracture energy 
[N/mm] 
0.191 0.183 0.164 0.140 0.201 0.186 
 
Table 5-2 – ABAQUS input parameters for WST (concrete elasticity and damage) 
Parameter VC-E-RM SCC1-E-RM SCC2-E-RM 
 exp. inv. an. exp. inv. an. exp. inv. an. 
Mass density 
[tonne/mm³] 
2.4 x 10
-9
 2.4 x 10
-9
 2.4 x 10
-9
 2.4 x 10
-9
 2.4 x 10
-9
 2.4 x 10
-9
 
Young’s modulus 
[MPa] 
38423 31947 38093 39335 35290 38246 
Poisson’s ratio  
[-] 
0.2 0.2 0.2 0.2 0.2 0.2 
Max principle 
stress [MPa] 
3.8 4.6 3.7 5.1 4.2 4.9 
Fracture energy 
[N/mm] 
0.098 0.146 0.079 0.115 0.080 0.117 
 
4 Loading conditions 
The two dimensional numerical simulation of both the 3PBT and the WST, is 
conducted displacement-controlled. In case of the 3PBT, a concentrated nodal 
displacement is applied at midspan of the beam’s top edge. In the WST model, 
the imposed displacement takes place at the edges of the guiding groove, where 
the roller bearings are located in the experimental setup (see Figure 3-7 and 
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Figure 3-11). The 3PBT beams, as well as the WST cubes are simply supported, in 
accordance to the experimental setup, described in Chapter 3, Section 3. 
 
5 Mesh 
The cohesive segments method is said to exhibit almost no mesh dependence if 
the mesh is sufficiently refined (Abaqus Analysis User's Manual, 2012). Of course 
a balance must be found between accuracy and computational cost. Therefore, 
an overall coarse mesh of element size 5mm is first chosen (see Figure 5-2a). 
Subsequently, a refined mesh pattern with elements of size 2mm (see  
Figure 5-2b) is tried out in order to investigate the influence on the obtained 
crack pattern. Moreover, the number of elements at the notch tip is varied; a 
comparison is made of the crack patterns obtained by applying two and four 
elements at the notch tip (with element size 2mm and 1mm, respectively). The 
element type is a 4-node, 2D plane stress element with reduced integration 
(CPS4R), as also used in (Ostergaard, 2003) and (Pais, 2013).  
 
 
 
Figure 5-2 – 3PBT mesh: a) coarse – b) refined 
 
6 Results and discussion 
6.1 Three-point bending test 
6.1.1 2D versus 3D 
In order to investigate the effect of the specimen’s thickness and the consequent 
load distribution, a three dimensional analysis is carried out (on VC-E-RM). The 
a 
b 
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obtained crack pattern is compared to the outcome of the two dimensional 
model in Figure 5-3. It can be noticed that little difference is present, meaning 
that a 2D FEA suffices to fully capture the behaviour of the specimen. This 
conclusion can also be found in (Ostergaard, 2003). 
 
 
  
                    
 
      
 
 
 
 
 
Figure 5-3 – 3PBT FEA crack pattern: a) 2D model – b) 3D model 
 
6.1.2 Mesh element size 
The influence of the element size of the mesh is examined through comparison 
of the results of a more coarsely meshed beam (with element size 5mm) to a 
finer meshed specimen (with element size 2mm) with equal material 
parameters. Figure 5-4 depicts the crack patterns, simulated in ABAQUS, from 
which an obvious mesh dependency appears: a finer mesh results in a more 
detailed crack pattern. Furthermore, the load-CMOD curves for the different 
mesh sizes, displayed in Figure 5-5, show less fluctuations in case of the smallest 
mesh elements. The computational cost, on the other hand, is substantially 
increased, opposed to the coarser meshed model, but in view of more accurate 
results, the fine mesh is chosen for further calculations.  
 
 
a b 
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Figure 5-4 – 3PBT FEA crack pattern: a) coarse mesh – b) refined mesh 
 
 
Figure 5-5 – 3PBT FEA load-CMOD curves for coarse and refined mesh 
 
6.1.3 Number of elements at the notch tip 
Even though the element size of the previously studied meshes (i.e. 5mm and 
2mm) is different, the number of elements at the notch tip is equal, leading to a 
similar crack pattern. When using a finer mesh, however, with element size 1mm 
and 4 elements at the notch end, the FEA yields two cracks, starting from the two 
corners of the notch tip (see Figure 5-6). This is not in agreement with what is 
observed experimentally. Therefore, the mesh configuration with 2 elements at 
the notch tip is chosen, since it better represents the actual cracking of the 
specimens. Regarding the peak load and the softening behaviour of the beams 
(of SCC1-E-RM), Figure 5-7 shows nearly no distinction between the two cases. 
a b 
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Figure 5-6 – 3PBT FEA crack pattern for 4 elements at the notch tip 
 
 
Figure 5-7 – 3PBT FEA load-CMOD curves for different number of elements at the notch tip 
 
6.1.4 Crack patterns and load-CMOD curves 
Figures 5-8 to 5-13 display the crack patterns of the three concrete types of 
batch E, obtained by using the experimentally determined fracture properties, as 
well as by applying the data extracted from the inverse analysis. The principal 
stresses are first given at the start of the crack formation, then at the moment 
when the maximum load is reached, and finally, at the end of the cracking 
process when the specimen’s halfs are completely separated. For VC-E-RM, 
SCC1-E-RM, and SCC2-E-RM little distinction is noticed regarding the stress 
distribution. The stress values, on the other hand, are larger in case of the 
theoretical fracture parameters, which is not astonishing given the higher tensile 
strengths (maximum principal stresses) in Table 5-2. 
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Figure 5-8 – 3PBT FEA crack patterns for VC-E-RM with experimental data 
 
 
Figure 5-9 – 3PBT FEA crack patterns for VC-E-RM with data from inverse analysis 
118 Chapter 5 - FE Modelling 
   
Figure 5-10 – 3PBT FEA crack patterns for SCC1-E-RM with experimental data 
 
  
Figure 5-11 – 3PBT FEA crack patterns for SCC1-E-RM with data from inverse analysis 
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Figure 5-12 – 3PBT FEA crack patterns for SCC2-E-RM with experimental data 
 
 
Figure 5-13 – 3PBT FEA crack patterns for SCC2-E-RM with data from inverse analysis 
120 Chapter 5 - FE Modelling 
In Figure 5-14, Figure 5-15, and Figure 5-16 the load-CMOD curves from the FEA 
on VC-E-RM, SCC1-E-RM, and SCC2-E-RM, respectively, are depicted. In 
accordance to the resulting crack patterns, a good agreement is noticed between 
the two applied numerical models: the experimentally obtained material 
parameters yield a similar outcome as the ones determined by the inverse 
analysis software. Only for SCC1-E-RM a large deviation is present, which is 
caused by the extremely high theoretical tensile strength, opposed to the 
experimental value (see Table 5-1). In any case, the correspondence with the 
average experimental load-CMOD curve is poor. Even though the ascending part 
of the different curves resembles quite well, the FEA peak loads exceed the 
experimental maximum load by approximately 15%. The descending branch of 
the load-CMOD curves, generated by the numerical model substantially differs 
from the experimental curve, not only in shape but also in position. 
 
 
 
Figure 5-14 – 3PBT FEA load-CMOD curves for VC-E-RM 
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Figure 5-15 – 3PBT FEA load-CMOD curves for SCC1-E-RM 
 
 
 
Figure 5-16 – 3PBT FEA load-CMOD curves for SCC2-E-RM 
 
6.1.1 Influence of the notch width 
For investigating the influence of the notch width on the cracking resistance of 
the specimens, diverse values were applied and compared; 1.5mm, 2mm, 
2.5mm, and 3mm. One would expect a lower peak load for the smallest notch 
width, because of a larger stress concentration at the sharper notch, and 
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consequently decreasing fracture parameters. The numerical analysis of the 
different cases, however, reveals quite similar stress distributions and stress 
intensities at the notch tip at the start of the cracking process (see Figure 5-17) 
and nearly identical load-CMOD curves (Figure 5-18) for SCC1-E-RM (as an 
example). 
 
 
Figure 5-17 – 3PBT FEA crack patterns for different notch widths 
 
 
Figure 5-18 – 3PBT FEA load-CMOD curves for different notch widths 
 
6.1.2 Optimization attempt 
In order to identify the possible causes of the deviation between the numerically 
obtained load-CMOD curves with the experimentally determined one, a 
parametric study was conducted. By adapting the computation code of the 
inverse analysis for the 3PBT (as described in Chapter 2, Section 8.2), a forward 
calculation method was deduced, allowing to investigate the influence of the 
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parameters a1, a2, b2, ft, and GF (see Figure A3-1 in Appendix 3) on the shape of 
the softening curve and the corresponding load-CMOD curve. The results and a 
detailed discussion can be found in Appendix 3.  
For all studied concrete mixtures (VC, SCC1, and SCC2) it appears that a better fit 
of the numerically obtained load-CMOD curves can be achieved by increasing 
parameter a1, which represents the slope of the first line of the bilinear softening 
curve. Figure A3-3 indeed shows that a variation of a1 influences the peak load 
and the corresponding CMOD value of the load-CMOD curve. Also the shape of 
the descending branch is altered. As a result, the initial fracture energy Gf, as well 
as the total fracture energy GF, and the characteristic length lch decrease with 
increasing value of a1. 
However, the concrete failure description in ABAQUS, does not allow to specify 
parameter a1 as an input parameter. Only the tensile strength ft and the (total) 
fracture energy GF can be defined, but changing these values is of no use for 
trying to reduce the deviation between the different load-CMOD curves. This is 
illustrated by Figure A3-9 and Figure A3-11 of Appendix 3. ft affects the location 
of the top of the curve (see Figure A3-11), but not the tail, while GF mainly has an 
effect on the location of the descending branch, but not on its shape (see  
Figure A3-9). Moreover, the damage evolution law, applied in ABAQUS is linear, 
as it is noticed in Figure 5-1. Hordijk (Hordijk, 1992), who also tried to develop a 
numerical model for predicting the behaviour of concrete in a 3PBT setup, found 
that the numerically obtained load-CMOD curves initially agree well with the 
experimentally determined ones. The descending branches, however, strongly 
deviated due to the fact that the long tail could not be incorporated in the 
constitutive model (Hordijk, 1992).  Therefore, it might be concluded that, for the 
applied material model, no exact match can be obtained between the numerical 
and experimental load-CMOD curves.  
The statement above has been verified by using the linear softening diagram in 
Figure A3-2 (for a1=10) and the corresponding values of ft and GF as input data for 
the developed FEM in ABAQUS. The generated load-CMOD curve is compared to 
the one, produced by the forward analysis procedure in Figure 5-19, from which 
it is clear that the linear damage evolution law, applied in ABAQUS, fails to 
correctly capture the true post-peak behaviour of a concrete specimen, 
subjected to a 3PBT. 
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Figure 5-19 – 3PBT FEA load-CMOD curve corresponding to linear softening diagram 
 
6.2 Wedge-splitting test 
Analogous to the numerical model of the 3PBT, a two dimensional analysis is 
performed on WST specimens with a refined mesh of element size 2mm and two 
elements at the notch tip. 
 
6.2.1 Crack patterns and load-CMOD curves 
For completeness, the crack patterns, obtained from the FEA of the WST, are 
provided in Figure 5-20 to Figure 5-25. The outcome is comparable to the 
findings from the numerical 3PBTs. However, the load-CMOD curves, depicted in 
Figure 5-26 to Figure 5-28 show larger differences between the two applied 
numerical models than in case of the 3PBT. Moreover, the material parameters, 
determined by the inverse analysis software, yield a much better agreement with 
the average experimental curve than the experimentally determined fracture 
data, for the three studied concrete types. The ascending part, as well as the 
descending branch of the load-CMOD curve, based on the inverse analysis 
results, and the maximum splitting load approach the actual values from the 
experiments very well. This is strange, given the fact that the FE model uses a 
linear softening curve for the description of the post-peak cracking regime, 
opposed to the inverse analysis method, which applies a bilinear curve. In 
contrast to the 3PBT simulations, this produces less problems. 
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Figure 5-20 – WST FEA crack patterns for VC-E-RM with experimental data 
 
 
Figure 5-21 – WST FEA crack patterns for VC-E-RM with data from inverse analysis 
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Figure 5-22 – WST FEA crack patterns for SCC1-E-RM with experimental data 
 
 
Figure 5-23 – WST FEA crack patterns for SCC1-E-RM with data from inverse analysis 
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Figure 5-24 – WST FEA crack patterns for SCC2-E-RM with experimental data 
 
 
Figure 5-25 – WST FEA crack patterns for SCC2-E-RM with data from inverse analysis 
128 Chapter 5 - FE Modelling 
 
Figure 5-26 – WST FEA load-CMOD curves for VC-E-RM 
 
 
 
Figure 5-27 – WST FEA load-CMOD curves for SCC1-E-RM 
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Figure 5-28 – WST FEA load-CMOD curves for SCC2-E-RM 
 
6.3 Concrete damaged plasticity model 
As an attempt to find a solution for the deviating numerical load-CMOD curves in 
case of the 3PBT, another constitutive model from the material library of 
ABAQUS has been explored. The Concrete Damaged Plasticity (CDP) model, 
which is described in detail in Chapter 10, is a method for modelling the failure 
and fracture of concrete structures through the description of the elastic and 
plastic behaviour of concrete in compression and tension, including hardening 
and softening regimes. The irreversible damage, which occurs during the 
fracturing process, is modelled by applying concepts of isotropic damaged 
elasticity in combination with isotropic tensile and compressive plasticity 
(Abaqus Analysis User's Manual, 2012). The exact data of the studied concrete 
(SCC1-E-RM), used as an input in the ABAQUS software, can be found in  
Section 2.4 of Chapter 10. 
The results of the FEA are shown in Figure 5-29 to 5-31. From the load-CMOD 
curves in Figure 5-29 it is clear that the CDP model approaches the actual 
behaviour significantly better than the XFEM. When a conjunction of the two 
numerical methods is applied (XFEM + CDP), the correspondence with the 
experimentally obtained curve is even better. Also regarding the peak load the 
benefit of the combined model is visible. The stress intensity and the stress 
distribution during the cracking process, on the other hand, is different (see 
Figures 5-30 and 5-31). Even though the stress distribution is quite similar at the 
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instant the crack starts propagating, the value of the peak stress at the notch tip 
is larger in case of the XFEM (which agrees with the higher maximum load in 
Figure 5-29). On the other hand, the peak stress, generated by the CDP, as well 
as by the combination of the CDP and the XFEM, is a better estimate of the 
actual tensile strength (see Table 5-1). However, from the moment the maximum 
load is reached up to the entirely cracked situation, the stress distribution is 
completely altered in the CDP approach (with or without XFEM). This can be 
ascribed to the fact that, unlike in the XFEM, a visible formation of a crack (with 
an actual separation of the elements) is not possible when the CDP model is 
used. Only the location of the crack can be visualized in terms of tensile strain, as 
it is depicted in Figure 5-32a, or in terms of yielding or not-yielding elements, as 
in Figure 5-32b. 
 
 
Figure 5-29 – 3PBT FEA load-CMOD curves for different numerical models 
 
 
Figure 5-30 – 3PBT FEA crack patterns: a) XFEM – b) XFEM in combination with CDP 
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Figure 5-31 – 3PBT FEA crack patterns: a) XFEM – b) CDP 
 
     
        
Figure 5-32 – 3PBT FEA crack visualization:  
a) equivalent plastic strain in uniaxial tension – b) active yielding 
 
7 Conclusions 
For assessing the crack growth as it occurs in the WSTs and the 3PBTs, described 
in Chapter 4, a FEM has been developed in the computational software ABAQUS. 
The applied constitutive model is a combination of a linear elastic material 
description and a post-peak damage evolution law. Furthermore, two basic cases 
are considered, for which the model is run: first, the experimentally obtained 
fracture parameters are used, while afterwards, the data extracted from the 
inverse analysis are applied for describing the material’s cracking behaviour.  
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From the results, an important distinction is noticed between the two test 
setups. Even though the generated crack patterns are comparable, the load-
CMOD curves substantially differ. In case of the WST it is clear that the inverse 
analysis data are very suitable for approaching the experimentally observed load-
CMOD relation, for the three concrete types of batch E. The correspondence 
between the curve, generated by the FE model with application of the 
experimental fracture parameters, and the average of the experimentally 
determined load-CMOD curves, on the other hand, is less good, especially 
regarding the maximum load and the post-peak part. 
When verifying the outcome of the 3PBT simulations with the according 
experimental observations, however, an even greater deficiency of the 
constitutive model is revealed. Even though the ascending part of the different 
curves resembles quite well, the FEA peak loads exceed the experimental 
maximum load by approximately 15%, and the descending branches vary in 
shape and also in position. An explanation for this latter phenomenon was found 
in (Hordijk, 1992), where was also noticed that the descending branch of the 
numerically obtained load-CMOD curves strongly deviate from the 
experimentally determined ones due to the fact that the long tail could not be 
incorporated in the constitutive model (Hordijk, 1992). Therefore, it might be 
concluded that no exact match can be obtained between the numerical and 
experimental load-CMOD curves, since the linear damage evolution law, applied 
in ABAQUS, fails to correctly capture the true post-peak behaviour of a concrete 
specimen, subjected to a 3PBT. A solution for this problem was found in the 
concrete damaged plasticity (CDP) model. This material description, accounting 
for compressive and tensile damage of concrete by applying concepts of isotropic 
damaged elasticity in combination with isotropic plasticity, allows to better 
approach the actual softening behaviour. When combining the CDP model with 
the XFEM, the entire numerical load-CMOD curve fits the experimental one with 
a satisfactory accuracy, and also the crack pattern corresponds with what is 
observed experimentally. The disadvantage of the CDP material description is 
that crack openings cannot be visualized, the crack can only be localized in the 
specimen.  
From the FEA results (obtained from 3PBT simulations), described in this chapter, 
the following additional conclusions can be drawn. Firstly, a 2D model suffices to 
fully capture the behaviour of the specimen. A 3D approach does not yield any 
benefits over the 2D FEA, which is also stated in (Ostergaard, 2003). Secondly, 
the developed FEM exhibits mesh dependence. The finer the mesh, the more 
detailed the resulting crack pattern and the less fluctuations in the load-CMOD 
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curve. Of course, these more accurate results involve a larger computational 
time. However, it is shown that an increased number of elements at the notch tip 
(with a mesh size of 1mm) yields multiple cracks, which is not in agreement with 
the observations during the tests. Applying two elements at the notch tip with a 
size of 2mm provides the best outcome. Finally, it is proven that altering the 
width of the notch (within a range from 1.5mm to 3mm) does not have any 
influence on the generated crack pattern, the stress intensity at the notch tip, 
the stress distribution in the specimen, the peak load or the shape of the load-
CMOD curve. 
 
  
 
 CHAPTER 6 
Conclusions 
The goal of this first part concerning fracture mechanics has been to understand 
the cracking behaviour of various types of concrete. Therefore, numerous 
notched specimens, made from normal, vibrated concrete (VC), self-compacting 
concrete with similar compressive strength (noted as SCC1), and self-compacting 
concrete with equal w/c ratio (called SCC2) have been subjected to three-point 
bending tests (3PBTs) and wedge-splitting tests (WSTs). By registering the 
applied load and the according crack mouth opening displacement (CMOD) at 
the notch, softening curves are determined through inverse analysis, and several 
fracture parameters (such as the fracture energy GF, the critical stress intensity 
factor KIc, and the characteristic length lch) are calculated. The outcome has been 
compared to findings from literature. 
Furthermore, a numerical simulation of the experiments is made in 
ABAQUS/CAE. The results of this finite element analysis (FEA) are verified with 
the experimental data. Additionally, a parametric study has been performed 
through forward analysis, in order to examine the influence of different 
parameters, which determine the bilinear softening curve (a1, a2, b2, ft, and GF), 
on the shape of the corresponding load-CMOD curve. Based on these findings, an 
attempt has been made to optimize the numerical models. 
This chapter summarizes the most important conclusions of the investigations of 
Part I – Fracture Mechanics. 
 
1 Literature statements 
The literature overview, provided in Chapter 2, first explains the fundamental 
concepts and the importance of fracture mechanics. Then, the typical cracking 
behaviour of concrete, as well as different theoretical approaches, calculation 
techniques, and common test methods, are reviewed. Furthermore, some of the 
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available fracture test data are summarized. The outcome of the experimental 
program has been compared to information in literature. The findings are listed 
below. 
 
1.1.1 Softening behaviour of concrete and fracture process zone 
After localization of microcracks into one or more macro-cracks when the tensile 
strength of concrete is reached, the crack growth process exhibits strain 
softening (Murthy, et al., 2009). A decreasing post-peak load with increasing 
deformation is clearly observed in the experiments. Moreover, it has been 
successfully captured in bilinear softening diagrams (as proposed by Petersson 
(Petersson, 1981)) by applying the inverse analysis method, developed by 
Ostergaard (Ostergaard, 2003), on the experimentally obtained load-CMOD 
curves.  
The non-linear region in which concrete undergoes softening damage (the 
fracture process zone or FPZ) is said to be related to the maximum aggregate size 
Dmax (Ceriolo, et al., 1998). When calculating the value of 12Dmax, as it is found in 
literature (Bazant, 1985) (Bazant, 2005), to the studied concrete mixtures in the 
experimental program, it is noticed that the length of the FPZ is larger than the 
cross-sectional dimensions of the 3PBT beams and the WST cubes. Because the 
FPZ cannot fully develop, size-effect is induced. This means that the actual tensile 
strength is not reached, which also results in a smaller fracture energy than in 
case of a large structure. However, for comparing the cracking behaviour of VC 
and SCC, the size-effect is less important, since equal aggregate types and sizes 
are used and identical samples are applied in the tests. 
 
1.1.2 Crack resistance mechanism 
When concrete matrix cracks propagate, they tend to follow the weakest path 
(i.e. around aggregate particles), creating highly irregular and tortuous crack 
shapes. This is mainly observed in the WSTs. Depending on the amount of coarse 
aggregates (VC opposed to SCC), the inclusion toughening effect causes the 
aggregates to be pulled out. In the 3PBTs, however, the bridging mechanism is 
less explicitly present, because the w/c ratio and the strength of the cement 
paste seem to have a more important influence. As a result, the crack path runs 
through the aggregates.  
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2 Experimental program 
Numerous influencing factors, related to the concrete’s material properties and 
the applied test method, affect a sample’s resistance against fracture. Most of 
these have been eliminated through the use of identical constituent materials for 
the VC and SCC mixtures, the application of equally shaped test specimens and a 
similar test procedure. A detailed description of the materials and methods has 
been given in Chapter 3. The results of the different experiments are discussed 
Chapter 4. This section reviews the main conclusions. 
 
2.1 Wedge-splitting test 
2.1.1 VC versus SCC 
In the WSTs, the experimentally obtained fracture parameters are larger for VC, 
opposed to SCC1 and SCC2, so it can be stated that VC is the toughest concrete 
type. This might be attributed to the larger amount of coarse aggregates in VC 
and thus the more prominent interlocking mechanism during fracture. In 
accordance, (Hordijk, 1991) and (Chapa, 2003) found that the fracture energy in 
WSTs is higher for concrete that contains larger aggregate sizes, because the 
large particles cause better bridging with the paste and they also deflect the 
cracks, providing a longer propagation path around the aggregates. Furthermore, 
GF increases with increasing volume fraction of aggregates, because the closer 
the aggregate particles are packed, the more complex the crack path and the 
larger the crack surface and the fracture energy (Petersson, 1980). SCC1 and 
SCC2 lack a large amount of bridging and toughening elements, resulting in a 
more brittle behaviour. As a result, the crack surfaces of the fractured specimens 
show that less aggregates experience pull-out in case of SCC1 and SCC2. Instead, 
more cracking takes place through the aggregates. The larger amount of 
superplasticizer, added to the SCC mixes, probably makes more water available 
for the moisturing of the aggregates and for the hydration process of the 
cement, thus improving the quality of the paste and the ITZ (Alsadey, 2012). Also 
the higher content of fine particles (limestone filler) makes the ITZ stronger, due 
to a denser packing of the cement grains at the aggregate surface (De Schutter, 
et al., 2008).  
The fracture parameters, determined by inverse analysis, are generally larger 
than those, based on the experimental load-CMOD curves. However, the 
overestimation of GF and the underestimation of lch are a direct consequence of 
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the larger obtained value of ft, which is caused by the different age of the WST 
specimens, compared to the samples for measuring the compressive strength 
(and thus for calculating the tensile strength). 
 
2.1.2 Influence of the initial notch length 
WSTs with different ratios of the initial notch length to the specimen’s height 
have been performed in order to study the effect on the fracture properties of a 
VC mixture (batch B). It is noticed that the longer the initial crack (or notch), the 
smaller the failure load and, consequently, the smaller the fracture energy. Also 
the stress intensity factor and the characteristic length decrease with increasing 
notch-to-height ratio. However, little distinction is noticed between the ratio’s 
0.3 and 0.4. So it seems that for the applied WST cubes with side 150mm the 
fracture parameters reach their largest possible value at a notch-to-height ratio 
of 0.3, which might be related to the development of the FPZ along the available 
fracture surface. Regarding crack initiation, all investigated notch lengths are 
applicable, since cracking at the corners of the guiding groove instead of at the 
notch tip (as it was found theoretically in (Vesely, et al., 2011) does not occur. 
It needs to be mentioned that the conclusion above might be invalid for SCC 
mixtures with smaller aggregates, since the length of the FPZ depends on the 
maximum aggregate size. Nevertheless, for the conducted comparative research 
this is not an issue, because similar aggregate sizes are used. One only must be 
conscious of the presence of size effect. 
 
2.2 Three-point bending test 
2.2.1 VC versus SCC 
From the results of the 3PBTs, again a different cracking behaviour is noticed 
between VC and SCC: SCC is consistently more brittle than VC. This smaller 
cracking resistance of SCC might be attributed to a combination of the absence 
of large amounts of coarse aggregate particles, which induce interlock and allow 
stresses to be transferred along the FPZ, and a weaker cement paste due to the 
higher w/c ratio. Moreover, the addition of the limestone filler affects the 
fracture behaviour, for it is proven by Parra et al. (Parra, et al., 2011) that the 
splitting tensile strength of SCC made with limestone filler is lower than that of 
VC with comparable strength and without limestone filler. In case of batch E, 
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SCC1 (with similar strength as VC) is less tough, compared to SCC2 (with equal 
w/c ratio as VC).  
Both, the experimentally determined and the numerically calculated fracture 
parameters are the smallest for SCC1. However, the inverse analysis procedure 
provides underestimated values for lch, GF, ft and E. The largest differences occur 
for the fracture energy and the characteristic length. 
 
2.2.2 Size-effect 
Due to the existence of a structural size-effect, the flexural strength of a concrete 
beam is said to decrease as the beam depth increases (Jenq, et al., 1991). This 
has been concisely investigated through comparison of the results of 3PBTs on 
samples with different size. A similar relationship of the concrete mixtures as 
described in Section 2.2.1 of this chapter, is found for the small-sized beams. The 
obtained fracture energy values, however, are larger, which contradicts the 
statement by Bazant, that less energy is consumed during fracture for small 
specimens, because the FPZ is larger than the cross-sectional dimensions and 
cannot develop to its full length (Bazant, 1985). To the author’s knowledge, the 
only possible reason for this illogical phenomenon is the preparation of the notch 
and its initial length. In case of the smallest samples, the narrow notch was 
obtained by inserting a sharp metal blade into the mould during casting, whereas 
for the larger 3PBT beams the notch was made by wet diamond sawing. This 
probably influences the stress state at the notch tip. Furthermore, the initial 
notch length is half the beam’s height for the small specimens, opposed to a 
relative notch length of 1/3
rd 
in case of the larger samples. 
 
2.2.3 Stress intensity factor 
When applying different methods for determining the critical stress intensity 
factor, large scatter is observed. The equation proposed by Hillerborg (based on 
the fracture energy and Young’s modulus) and the calculation method 
recommended by RILEM yield similar values, which is surprising, because the 
latter takes into account the specimen’s dimension, whereas the first does not. 
In Anderson’s formula, the dimensions of the samples are considered, as well, 
and yet substantially smaller fracture toughness values are found. However, KIc is 
computed by using the maximum load, thereby neglecting the damage in the 
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fracture process zone, which determines the strain softening region after the 
peak load.  
 
2.3 3PBT versus WST 
The confrontation of the 3PBT and the WST setup reveals significant differences 
regarding the mutual relationship of the studied concrete types, as it was also 
established by Ostergaard (Ostergaard, 2003). In case of the 3PBT, a more 
important influence of the cement paste strength is noticed, resulting in the 
smallest fracture parameters for SCC1-E-RM (which has the highest w/c ratio). 
VC-E-RM and SCC2-E-RM show a similar cracking resistance and are more tough. 
From the results of the WSTs, on the other hand, it appears that the aggregates 
play a more crucial role. The maximum size, as well as the amount and 
concentration are important for the toughening mechanism and the bridging 
ability during fracture. Hence, VC-E-RM (which has the largest amount of coarse 
aggregates) is tougher than the SCC types. Possible influencing factors for the 
distinction between the 3PBT and the WST might be: dissimilar specimen size, 
shape, and self-weight, diverse FPZ length, varying stress states near the crack, 
and potential storage of elastic energy during testing. 
 
3 FE modelling 
For modelling the fracture mechanical behaviour of concrete, a linear elastic 
material model in combination with a description of the post-peak damage 
evolution is required. When applying such a model to the performed 3PBTs and 
WSTs, several observations can be done. First, the results show that a 2D FEA 
suffices to fully capture the behaviour of the specimen. A 3D approach does not 
yield any benefits over the 2D method. On the contrary, the computational cost 
is substantially enlarged for obtaining an outcome that hardly differs from the 2D 
model. This conclusion can also be found in (Ostergaard, 2003). Secondly, a mesh 
dependency is established. The finer the mesh, the more detailed the resulting 
crack pattern and the less fluctuations in the load-CMOD curve. Of course, these 
more accurate results involve a larger computational time. Using a too fine mesh 
with an increased number of elements at the notch tip, on the other hand, yields 
multiple cracks, which is not in agreement with what is observed experimentally. 
The notch width has again no influence on the crack pattern, nor on the stress 
intensity and distribution, the peak load and the shape of the load-CMOD curve. 
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Finally, a great deficiency of the constitutive model is revealed, when comparing 
the FEA results to the experimental outcome. Details are provided in the 
following sections. 
 
3.1 Crack pattern 
The numerically achieved crack patterns of the three concrete types of batch E, 
show good agreement with the experimental crack pattern of the samples. 
Furthermore, for VC-E-RM, SCC1-E-RM, and SCC2-E-RM little distinction 
regarding the stress distribution is noticed between the outcome, obtained by 
using the experimentally determined fracture properties and the results, 
acquired by applying the data extracted from the inverse analysis. The stress 
values do vary, which is attributed to the different tensile strengths (or maximum 
principal stresses) in both cases. 
 
3.2 Load-CMOD curve 
In accordance to the resulting crack patterns, a good agreement is noticed in the 
load-CMOD curves from the two applied numerical models: the experimentally 
obtained material parameters yield a similar outcome as the ones determined by 
the inverse analysis software. The correspondence with the average 
experimental load-CMOD curve, on the other hand, is poor, especially in the 
descending part of the graph. The influence of this difference has been 
investigated by considering a linear softening diagram and using the 
corresponding values of ft and GF as input data for the developed FEM in 
ABAQUS. Comparison of the numerically generated load-CMOD curve to the one, 
obtained by a forward analysis procedure, reveal a nearly perfect fit. Therefore, 
it might be concluded that no exact match can be obtained between the 
numerical and the experimental load-CMOD curve of a concrete specimen, 
subjected to a 3PBT, because the linear damage description, applied in ABAQUS, 
fails to correctly capture the true post-peak behaviour. Similar findings are 
reported in (Hordijk, 1992). 
A solution for this problem can be found in the concrete damaged plasticity 
(CDP) model, which describes compressive and tensile damage in terms of 
elasticity and plasticity. The actual cracking behaviour of the 3PBT beams is 
approached substantially better, and when combining the CDP model with the 
XFEM, the correspondence is even more accurate. The disadvantage of the CDP 
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material description is that actual crack openings are not visible, only the 
location of the crack in the specimen can be visualized. 
 
 
  
  
 
 
  
 
Part 2 
 
FATIGUE 
 
  
 
 CHAPTER 7 
Literature overview 
For several decades, the fatigue performance of concrete has been investigated 
out of concern about the effect of repeated loading on concrete structures. Even 
if cyclic loading actions do not cause fatigue failure, they may provoke cracks, 
which could alter the static load carrying characteristic. This chapter first 
provides some general information on fatigue, including a definition and 
examples of alternating loads, which may cause fatigue failure. Next, the 
differences between metals and concrete are considered. Afterwards, the 
present knowledge on the damage mechanism and the fatigue behaviour of plain 
and reinforced concrete is discussed, as well as the different types of fatigue and 
the various influencing parameters. Finally, an overview of methods (both 
experimental and coded) for fatigue life assessment, as well as some commonly 
applied, practical calculation techniques are given. 
 
1 General 
1.1 Definition of fatigue 
According to Lee and Barr (Lee, et al., 2004) fatigue can be defined as the process 
of progressive and permanent internal structural changes in a material, subjected 
to repeated loading. With every loading and unloading action, microscopic cracks 
are induced, which propagate during the entire fatigue process, until failure 
occurs. The more of these cycles a structure has to sustain, the more the material 
irreversibly gets damaged and the less strength and stiffness remains (Plos, et al., 
2007). This gradual weakening process thus significantly changes the material 
properties, which also affects the carrying capacity of the entire construction 
(Casas, et al., 1998), (Seitl, et al., 2010). As a result, structural collapse might 
occur at a  stress or strain level substantially lower than in case of a single static 
load. 
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1.2 Examples of fatigue loading 
Alternating loads with random nature, which may cause fatigue failure, can occur 
in several types of constructions. In (Siemes, et al., 1977) the following cases are 
mentioned: 
• Traffic of vehicles or trains causes stress variations to roads, bridges, or 
viaducts. 
• Beam cranes are subjected to relatively large cyclic loads. 
• Off-shore constructions, anchored to the bottom of the sea, have to 
sustain the loading actions of wind and especially waves. 
• In high rise buildings, the influence of the wind becomes important in case 
of very slender structures, such as towers and pylons. 
Besides the risk of fatigue failure, the dynamic effect of repeated loadings might 
be important. The most famous example is the Tacoma Narrows Bridge in 
Washington, which collapsed by torsional vibration due to aero-elastic fluttering. 
However, the vibrational behaviour of structures falls beyond the scope of this 
research. 
 
2 Steel versus concrete 
Metal fatigue investigation goes back to the 1800s, so the phenomenon is well-
understood for various types of metals. The number of crack growth rate 
relations and fatigue life prediction procedures in literature is enormous 
(Newman, 1998). The fatigue of concrete, however, was only recognized as a 
possible failure mode in 1970 (Lappa, 2007), so significant research was only 
carried out in the second half of the 20
th
 century (Ameen, et al., 2006). 
Nevertheless, good insight in the rather complex mechanism is achieved. 
Regardless the material, the fatigue life of a structure is characterized by crack 
initiation and a subsequent propagation phase of the cracks to a certain critical 
length. When viewed on a very small scale, steel (and metals in general) is 
composed of an aggregation of small grains and hence is anisotropic and 
inhomogeneous. Moreover, inclusion particles with a different chemical 
composition than the bulk material or voids are present. Because of the non-
uniform microstructure, local stresses (caused by external loads) may be 
concentrated at these locations and may lead to fatigue crack initiation, which is 
primarily a surface phenomenon (Newman, 1998). Similarly, irregularities from 
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manufacturing (such as scratches or welds) and service-induced events (e.g. local 
restraints), or any other dislocation of metallic crystals will also promote crack 
initiation and growth. Concrete, on the other hand, is far less homogeneous and 
contains initial microcracks even before any load is applied (e.g. due to shrinkage 
during the curing period). Therefore, the fatigue process not necessarily 
comprises an initiation phase (Ameen, et al., 2006). Furthermore, concrete 
shows strain-softening behaviour (as described in Chapter 2, Section 4.1.1) while 
steel is a hardening material (with increasing strength as the strain increases). 
This means that steel is able to endure increasing stresses before failure, 
resulting in a slower crack growth process, opposed to concrete (Ameen, et al., 
2006). Additionally, steel is proven to have a fatigue endurance limit, i.e. a stress 
value below which the fatigue life is essentially infinite. Concrete, however, does 
not possess such a limiting value (Lee, et al., 2004).  
 
3 History of concrete fatigue 
The investigation of concrete fatigue started in the 1900s. However, the majority 
of significant research has only been carried out during the second half of the 
20
th
 century, probably because during that period signs of damage and 
deterioration of infrastructural elements, related to fatigue, were observed. 
Some interesting cases, as reported in (Ameen, et al., 2006), are described 
below. 
Between 1935 and 1950 dozens of bridges with reinforced concrete decks were 
built in Holland. They were designed according to the Dutch codes, which 
provided no rules for fatigue at that time. As a result, already in an early stage of 
the bridges’ service life, longitudinal cracks appeared on the bridge decks under 
the wheel tracks. Due to the further growing intensity of the traffic, all concrete 
decks had to be replaced. 
Similar events took place during the 1960s in Japan, where spalling of the 
concrete and punching failure was noticed in several reinforced concrete bridge 
decks, just after a few years of service. The damage occurred because engineers 
did not take into account fatigue aspects and they did not consider potential 
increasing traffic loads. 
A different example of fatigue failure is that of a Swedish travelling crane, built in 
1976. The track structure rested on concrete columns through a steel member, 
which was placed on a mortar layer and fixed with bolts. The repeated loads 
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from the crane first caused cracks in the mortar and spalling of the concrete 
around the bolts, and further crack propagation finally led to shearing off the 
bolts. 
Similarly, a prestressed factory floor slab in the UK suffered fatigue cracking 
while in service. It was eventually found that not the size of the forklift truck 
loads caused progressive cracking and deflection, but their repeated passage. 
Since fatigue cracks in concrete are very difficult to distinguish from other types 
of cracks, it took reasonable time before concrete fatigue was recognized as a 
failure mechanism. Moreover, from the examples above, it is clear that the 
fatigue phenomenon cannot be isolated from other deterioration processes, 
such as chemical attacks (fretting, pitting), freeze-thaw cycles, spalling of 
concrete due to reinforcement corrosion, as well as increased loading actions 
and higher frequencies or vibrations. Luckily, the damage mechanism and the 
behaviour of concrete under repeated loading is currently well-understood, and 
fatigue models and design verifications have been proposed and implemented 
into concrete codes (CEN, 2004), (CEN, 2005). 
 
4 Mechanism of fatigue crack growth in concrete 
4.1 Plain concrete 
In concrete, the internal structural changes due to fatigue are mainly associated 
with the progressive growth of internal microcracks, which result in a significant 
increase of irrecoverable strain. At the macro-level, this will manifest itself as 
changes in the material’s mechanical properties. The mechanism of fatigue 
failure in plain concrete or mortar can be divided into three distinct stages (Lee, 
et al., 2004), (Hanjari, 2006): 
• Flaw initiation: formation of weak regions within the concrete, such as 
pores, air voids, lenses of bleed water under coarse aggregates, and 
shrinkage cracks. 
• Microcracking: slow and progressive growth of the inherent flaws to a 
critical size. 
• Fatigue failure: development of a continuous macro-crack when a 
sufficient number of unstable cracks have formed, eventually leading to 
failure. 
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These three stages of fatigue crack growth have also been observed 
experimentally (Horii, et al., 1992), (Subramaniam, et al., 2000). For instance, 
when plotting the stiffness or crack length evolution (which are related to the 
deformation) during fatigue testing versus the number of cycles, the 
development of the distinct phases becomes clear. As it is schematically 
presented in Figure 7-1, first a decelerated stage is noticed, where the rate of 
crack growth decreases as the crack grows. Then, there is a steady state stage, 
followed by an accelerated stage with increasing crack growth rate towards 
failure. Numerical simulations of compressive fatigue loading (based on a strain 
damage theory with a tensorial parameter for the damage description in order to 
address damage caused by loadings inside the yield surface), performed by 
Alliche, indicate that the second phase covers up to 80% of the total curve or the 
total lifetime, whereas the first and the last one each represent only 10% 
(Alliche, 2004). 
 
 
Figure 7-1 – Different stages of fatigue crack growth (after (Hanjari, 2006)) 
 
4.1.1 Compression fatigue 
Under uni-axial compression, the concrete matrix is extensively microcracked 
during the last period, where strain increases significantly. A growing number of 
cracks appear parallel to the loading direction on the outer surface of the 
specimen before it fails (Schläfli, et al., 1998), (Plos, et al., 2007). 
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4.1.2 Tension fatigue 
Concrete behaviour under tension fatigue loading is also dominated by crack 
propagation. Early-age microcracks in the cement matrix and at the interface 
between aggregates and paste, steadily propagate until one discrete crack is 
formed and the specimen fractures (Schläfli, et al., 1998), (Plos, et al., 2007). 
 
4.1.3 Stress reversals 
When concrete is subjected to stress reversals, a rapid deterioration process 
takes place, which can be explained by the interaction of differently orientated 
microcracks due to compression and tension loading (Schläfli, et al., 1998), (Plos, 
et al., 2007). 
 
4.1.4 Shear fatigue 
No tests have been performed on concrete under pure shear fatigue loading, 
since it is difficult to apply this type of loading without creating other stresses 
(Schläfli, et al., 1998), (Plos, et al., 2007). 
 
4.2 Reinforced concrete 
Because in the construction industry concrete cannot be thought of without 
reinforcement, the fatigue failure mechanism of reinforced and prestressed 
concrete beams is briefly described, as well. 
 
4.2.1 Compression fatigue 
For addressing the fatigue behaviour of traditionally reinforced concrete 
structures in pure compression, usually plain concrete specimens are 
investigated, e.g. (Stroeven, 2010). This has been described in Section 4.1.1 of 
this chapter. However, concrete compressive failure might also occur under 
flexural loading conditions. This phenomenon is described in the following 
section (Section 4.2.2). 
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4.2.2 Bending fatigue 
Fatigue failure of reinforced concrete elements in bending normally occurs due 
to rebar fatigue fracture. After the first crack pattern is formed, repeated loading 
causes progressive deterioration of the bond between the reinforcement and the 
concrete, adjacent to the cracks (Schläfli, et al., 1998), (Plos, et al., 2007). The 
contribution of the concrete in tension between the cracks degrades, and 
therefore tensile stresses are mainly supported by the reinforcing steel. Larger 
crack widths in the concrete and larger deflections eventually result in fatigue 
failure in the reinforcement bars (Zanuy, et al., 2007). The fatigue phenomenon 
of steel reinforcement, which takes place in the maximum moment region, starts 
with an initiating crack, usually at the root of a rib, which causes stress 
concentrations (Teerlinck, et al., 1977). A long and steady crack propagation 
phase follows until the remaining rebar section is too small to withstand the 
tensile stresses and fractures (Plos, et al., 2007). 
Another failure mechanism is spalling of the concrete in the compression zone. 
The concrete is crushed due to extremely large stresses, caused by excessive 
deformations (e.g. heavy loads, such as increased traffic loads on train or metro 
overpasses or storm waves on off-shore platforms, which act repeatedly on the 
structure, may lead to extreme deformations in time). Just before collapse, a 
large piece of concrete is pushed out from the compressed zone (Teerlinck, et al., 
1977). Sometimes it is stated that even over-reinforced structural elements  
(i.e. concrete compression failure under static loading) tend to fail by 
reinforcement fracture when subjected to fatigue loading (Plos, et al., 2007), but 
this mainly applies to slender elements, such as slabs (Schläfli, et al., 1998), 
subjected to high maximum stresses. Schläfli and Brühwiler (Schläfli, et al., 1998) 
found that, for slab-like beams, concrete compressive fatigue failure can be 
expected only if the stresses are higher than 60% of the cylindrical compressive 
strength. Bridge deck slabs subjected to lower stresses may only fail after an 
extremely large number of cycles, exceeding the amount a structural element 
may be subjected to during its service life. Zanuy et al. (Zanuy, et al., 2007) argue 
that the fatigue effect along the concrete compression zone of a structural 
element results in a process of redistribution of stresses, depending on the 
degradation (loss of stiffness) of the different fibers. The most initially loaded 
ones at the top of the cross-section suffer a decrease of the influence of the 
sectional carrying capacity, while the inner fibers must carry an increasing 
compression block. The initially linear stress distribution along the concrete 
compression zone thus becomes parabolic. At the same time, the tensile stress at 
the bottom of the steel bars increases. Therefore, there would be a higher 
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potential for rebar fatigue fracture, in particular when the reinforced structure is 
exposed to stresses higher than 70% of the static strength (e.g. constructions 
subjected to higher loads than originally designed for or secondary elements, 
such as bridge deck slabs).  
Even though it is argued that the probability of concrete compressive failure is 
rather small, the statements of the cited investigators seem to be contradictory. 
Moreover, the phenomenon has been observed (see e.g. (Teerlinck, et al., 
1977)), so it cannot be disregarded, especially not for less traditional or new 
types of concrete. 
 
4.2.3 Shear fatigue 
Beams without shear reinforcement develop a bending crack pattern after the 
first few cycles with only slightly increasing deformation. A critical shear crack 
appears when the tensile strength of the concrete is reached. As the crack 
propagates and becomes wider, stress transfer is no longer allowed, but the load 
is further supported by a strut and tie model and by dowel action (Plos, et al., 
2007). The specimen eventually fails due to the formation of a large diagonal 
crack, or by fracture of the compression zone at the top of the shear crack 
(Göransson, et al., 2001). 
The fatigue damage process of beams that do contain shear reinforcement, is 
similar. However, the failure mechanism is ductile with fatigue of the stirrups, 
fatigue of the longitudinal reinforcement crossing the shear crack, fatigue of the 
compressed concrete at the top of the shear crack, or spalling of the compressed 
concrete, surrounding the stirrups (Göransson, et al., 2001), (Plos, et al., 2007).  
 
4.2.4 Bond failure 
Bond failure basically is the failure of the connection between concrete and 
reinforcement. As long as there is friction between the tortuous concrete 
fracture surface and the rebar steel ribs, shear stresses can still be transmitted, 
but when slip occurs, the concrete at the contact surface is crushed and the 
concrete-steel bond is lost (Teerlinck, et al., 1977). Splitting of the surrounding 
concrete is evoked by radial pressure from anchored reinforcement bars, which 
develops when the principal tensile stress cracks the concrete and causes the 
bond forces to be directed outward from the rebar. If the concrete has sufficient 
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splitting resistance, the fatigue bond will occur as concrete shear failure along 
the perimeter of the reinforcement (Göransson, et al., 2001). A horizontal crack 
where the longitudinal reinforcement is located, mostly introduces collapse 
(Teerlinck, et al., 1977).  
 
4.3 Prestressed girders 
Regarding the fatigue behaviour of prestressed concrete, literature contributions 
merely mention some prestressing steel characteristics and the influence on the 
overall structural response to cyclic loading. For instance, the concrete in fully 
prestressed girders (where no tensile stresses are allowed to occur) remains 
uncracked, thereby significantly reducing the problem of fatigue. This high 
fatigue resistance is attributed to the rather small stress ranges in the 
prestressing steel (Siemes, et al., 1977), as well as to the restricted relative 
displacement between the tendons and the duct (Plos, et al., 2007). In partially 
prestressed beams (with limited concrete cracking), however, fatigue cracks in 
the strands (or in the potentially present reinforcement steel) might be initiated 
when the cracked sections are decompressed under high fatigue loading (Siemes, 
et al., 1977). Due to higher stress magnitudes, larger relative displacements 
between the prestressing steel and the ducts take place, leading to fretting 
fatigue and a consequent reduction of the fatigue strength (Plos, et al., 2007). 
Furthermore, it was found that predictions, based on fatigue tests on 
prestressing wires in open air overestimate the fatigue life of prestressed 
concrete beams with both straight and depressed tendons (for which little 
difference was noticed in the fatigue life data) (Hagenberger, 2004). 
 
5 Types of fatigue 
Depending on the loading conditions and on environmental situations, different 
categories of fatigue can be distinguished (Lee, et al., 2004), (Ameen, et al., 
2006), (Göransson, et al., 2001). 
 
• Low-cycle fatigue is defined by a number of cycles to failure less than 10
3
-
10
4
 and high loading amplitudes, which results in a gradual loss of the 
material’s stiffness (e.g. structures subjected to earthquakes or storms). 
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For concrete, the dominant failure mechanism is the formation of mortar 
cracks, leading to continuous cracked networks. 
• High-cycle fatigue is characterized by failure between 10
3
 and 10
7
 cycles 
and rather low stress levels. The deterioration process is related to the 
load frequency and in concrete, a slow and gradual bond cracking process 
takes place (e.g. airport and highway pavements, bridges, wind power 
plants). 
• Super-high-cycle fatigue indicates fatigue above 10
7
 load cycles (e.g. sea 
structures, mass rapid transit structures). 
• Thermal fatigue is the result of a temperature gradient which varies in 
time (alternate heating and cooling), thus producing cyclic stresses (e.g. 
power pipe lines). 
• Thermo-mechanical fatigue is a combination of temperature variation and 
mechanical fatigue loading. 
• Corrosion fatigue can take place when a structure, located in a corrosive 
environment, is subjected to cyclic loading. Failure may occur after a 
shorter time period than in case of pure cyclic loading (e.g. spalling of 
concrete due to mechanical fatigue, leading to corrosion of the 
reinforcement). 
 
6 Parameters influencing fatigue 
Before discussing the behaviour of concrete under fatigue loading and the 
available models in literature in detail, some general influences are considered. 
This  series of factors can be divided into three groups: 
• Internal parameters, including concrete composition, curing and age. 
• External parameters, e.g. amplitude, frequency, and type of loading. 
• Environmental effects, such as humidity and temperature. 
 
6.1 Internal parameters 
Concrete can be thought of as consisting of aggregates, cement paste and a 
transition zone at the interface between those two constituents. Each one affects 
the properties of the concrete, but their significance may vary. In normal 
concrete and high strength concrete, for instance, the aggregates are the 
toughest and the strength of the bond between the aggregate particles and the 
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paste is weaker, whereas in lightweight concrete the interfacial zone is the 
strongest component (Milenkovic, et al., 2000). However, it is also reported that 
the cement paste and aggregates in high strength and lightweight concrete have 
almost the same stiffness (Hanjari, 2006).  
Consequently, conflicting results are found in literature. As stated by Milenkovic 
et al. (Milenkovic, et al., 2000), cyclic tension-compression tests on concrete with 
lightweight aggregates reveal inferior results, compared to normal concrete with 
gravel. When hard (crushed) limestone aggregates are used a similar behaviour 
to gravel concrete is noticed. In (Hanjari, 2006), concrete produced with normal 
density aggregates is said to have a lower fatigue strength, compared to high 
strength and light weight aggregate concrete under equal maximum load 
amplitude. 
Also regarding the compressive strength, both references provide inconsistent 
information. In (Milenkovic, et al., 2000) it is mentioned that the lower the 
concrete’s strength, the more brittle its behaviour, and that with increasing 
brittleness, the fatigue strength decreases. Hanjari, on the other hand, suggests 
that the fatigue life should decrease with increased concrete strength and it is 
concluded that high strength concrete is more brittle than low strength concrete 
under fatigue loading (Hanjari, 2006).  
It is acceptable to believe that factors, which influence the static strength, such 
as air content, cement and water content, curing conditions, and age at loading, 
affect the fatigue performance, as well, as it is claimed in (Milenkovic, et al., 
2000) and (Hanjari, 2006). Though, it appears that the quantitative and 
qualitative nature of these parameters on the fatigue performance of concrete is 
not yet agreed upon. 
 
6.2 External parameters 
It has been observed by different investigators (Siemes, et al., 1977), (Hanjari, 
2006), (Ameen, et al., 2006) that the range of loading or the amplitude of the 
stress variation has a significant influence on the fatigue performance of 
concrete. A high maximum stress level results in a shorter fatigue life. 
Furthermore, an increase of the stress range, which is defined as the ratio of the 
minimum to the maximum stress, leads to a decrease in the number of cycles to 
failure. 
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Also the frequency of the load cycles is proven to have an important effect, but 
only at high stress levels. The higher the frequency in such conditions, the longer 
the fatigue life (Hanjari, 2006), (Ameen, et al., 2006). 
A sinusoidal wave form is most similar to the actual occurring loading actions by 
traffic, wind, or streaming. When performing tests with other loading patterns, a 
rectangular shaped wave is more damaging and yields less cycles to failure than 
the sinusoidal load, and a triangular one is less detrimental and entails a longer 
fatigue life (Milenkovic, et al., 2000), (Hanjari, 2006), (Ameen, et al., 2006). 
Therefore, it can be concluded that the time during which a specimen is under 
load plays an important role in the fatigue performance of concrete. Indeed, 
laboratory tests with varying stresses have shown that a sustained load with a 
stress level higher than 75% of the static strength may be detrimental, while a 
lower enduring load would increase the fatigue strength (Hanjari, 2006). Periods 
without loading, on the other hand, can prolong the fatigue life if they are 
shorter than 5 minutes, whereas longer rest periods seem to have no additional 
benefit (Milenkovic, et al., 2000), (Hanjari, 2006), (Ameen, et al., 2006). However, 
it is not mentioned for which domain (low-cycle or high-cycle fatigue) this 
statement is valid. 
As to the type of loading and the boundary conditions, it has been found that the 
fatigue strength of concrete in biaxial compression is greater than that under 
uniaxial compression (Milenkovic, et al., 2000), (Lee, et al., 2004). As indicated in 
Figure 7-3, eccentrically loaded specimens under repeated compressive stress, 
indicate a better fatigue performance with increasing eccentricity, when it is 
related to the static strength in case of a centric load (Milenkovic, et al., 2000), 
(Hanjari, 2006). If the eccentric cyclic load is related to the static load with equal 
eccentricity, no effect is observed (Ameen, et al., 2006) (see Figure 7-2). 
Furthermore, fatigue tests with bending stresses point out that a longer fatigue 
life is reached, compared to tensile tests (Ameen, et al., 2006). 
 
 
Figure 7-2 – Different stages of fatigue crack growth (after (Ameen, et al., 2006)) 
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Figure 7-3 – Different stages of fatigue crack growth (Milenkovic, et al., 2000) 
 
6.3 Environmental effects 
Increased moisture influences the fatigue life of concrete in a negative way. At 
higher humidity the fatigue strength of specimens in tension and compression is 
significantly reduced. On the other hand, for saturated specimens, the fatigue 
strength increases with decreasing temperature (Milenkovic, et al., 2000), 
(Hanjari, 2006), (Ameen, et al., 2006). Water penetration in cracked concrete 
may also lead to a reduction of the fatigue life (Milenkovic, et al., 2000). Of 
course, physical and chemical deterioration mechanisms, such as salt-attack in 
sea environments or damage due to freeze-thaw cycles, are detrimental for the 
cracking resistance, and consequently the fatigue performance of a (reinforced) 
concrete structure. 
 
7 Fatigue life assessment of concrete 
Globally, two types of methods can be used for the fatigue life assessment of 
structural elements. The first approach is based on empirically derived diagrams, 
such as Wöhler curves, Smith diagrams or Goodman diagrams, which graphically 
represent the fatigue performance for certain loading parameters. The second 
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method involves fracture mechanics concepts and provides insight into the 
underlying physical behaviour, related to crack growth. 
 
7.1 S-N curves 
The fatigue reliability of a structural element over its design service life can be 
verified through comparison of the fatigue resistance and the effect of the 
fatigue loading. For concrete, the most relevant parameters are the maximum 
and minimum stress value (Schläfli, et al., 1998). The influence of this pair of 
stresses on the fatigue strength can be represented by a Goodman – or Smith 
diagram (see Figure 7-4 and Figure 7-5, respectively). Both curves (which are 
obtained from compression tests) suggest the possible stress extremes (σmin and 
σmax) for a given number of load cycles N. The maximum stress level is defined as 
a fraction of the static (compressive) strength f and is denoted on the vertical 
axis, while the relative minimum stress σmin/f is placed on the horizontal axis. In a 
similar way, the Smith alternative gives the minimum and maximum stresses on 
the ordinate and the mean stress on the abscissa. The Smith diagram also 
includes the mean stress level σm = (σmin + σmax)/2. Another variant of a typical 
Goodman diagram is given in Figure 7-6, where the different lines represent 
different number of cycles to failure (Ameen, et al., 2006). 
 
 
Figure 7-4 – Goodman diagram (after (Siemes, et al., 1977)) 
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Figure 7-5 – Smith diagram (after (Siemes, et al., 1977)) 
 
 
Figure 7-6 – Goodman diagram (after (Johansson, 2004)) 
 
The more commonly used Wöhler diagrams – also known as S-N curves or fatigue 
life curves – present the relationship between the number of cycles leading to 
fatigue failure N and the corresponding maximum stress level σmax, for a certain 
minimum stress σmin. Both of these stress values are usually related to the static 
strength f, resulting in the normalized term S (= σ/f). For S, either a logarithmic or 
a linear scale is used, while N is commonly plotted on a logarithmic scale, thus 
schematizing the Wöhler curve to straight lines. A horizontal part then 
represents the presence of a fatigue limit. However, unlike metals, concrete does 
not appear to have such a fatigue limit (Lee, et al., 2004), (Ameen, et al., 2006). 
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This means that there is no known stress level below which the fatigue life of 
plain concrete will be infinite. Figure 7-7 shows an example of an S-N curve for 
plain concrete in pure compression (based on compressive tests on cylindrical 
specimens). 
It needs to be mentioned that fatigue tests exhibit large scatter (mainly due to 
the inevitable variation in the static strength) and numerous tests at several 
stress levels are required to establish a representative S-N curve. 
 
 
Figure 7-7 – Example of S-N relationship for concrete (after (Hanjari, 2006)) 
 
7.1.1 Experimentally obtained S-N curves 
There are no standardized rules for fatigue testing, but the most common 
method to evaluate the fatigue performance of concrete, is the Wöhler test, in 
which the repeated loading has a sinusoidal shape with a constant amplitude 
around a constant mean load. The purpose is to determine the total number of 
cycles at which the specimen fails. Such experiments have been carried out on 
plain concrete since 1900, mainly in a compression or bending configuration (van 
Leeuwen, et al., 1976). Only recently the interest in uni-axial tension tests has 
arisen (Hanjari, 2006). A brief overview of some experimentally obtained S-N 
curves for normal VC is given below. 
Strictly speaking, fatigue data obtained from a particular test setup cannot be 
directly compared to results acquired from experiments with different 
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specimens, boundary conditions, loading configurations, etc. However, in order 
to identify general trends, some of the available data in literature on the fatigue 
behaviour of plain concrete under compression and under flexural loading, is 
brought together in Figure 7-8 and Figure 7-9, respectively (Lee, et al., 2004). The 
obtained S-N relationships are described by Eq. 7-1 for compression and by  
Eq. 7-2 for bending. It can be noticed that the fitted curve in Figure 7-8 has a 
somewhat less steep slope than that in Figure 7-9, but the difference is minimal. 
When comparing the relations in Eq. 7-1 and Eq. 7-2, the deviation is only 3%. So 
it could be stated that the fatigue behaviour of plain concrete in compression is 
similar to that of plain concrete under flexural loading. However, the results 
show a significant spread and care is required in the interpretation of the 
regression line, since the coefficient of determination R
2
 is substantially less than 
unity. Thereby, it should be kept in mind that the analyzed fatigue data originate 
from a variety of testing configurations, materials and procedures.  
 
 = −0.0581	k + 0.9979 with   = 0.6684                          (7-1) 
 = −0.0606	k + 1.0327 with   = 0.7243                     (7-2) 
 
 
Figure 7-8 – S-N curve for plain concrete under compression (Lee, et al., 2004) 
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Figure 7-9 – S-N curve for plain concrete under flexural loading (Lee, et al., 2004) 
 
Gylltoft (Gylltoft, 1983) studied the progressive tensile failure of plain concrete 
and derived a relation between the number of cycles and the maximum stress. 
The fatigue life can be expressed as a function of the upper stress level (see  
Eq. 7-3). 
 
k = ! $.[# !0.93 − RST #           (Eq. 7-3) 
with ft = the tensile strength [MPa] 
 
Lü et al. investigated the effect of repeated uni-axial tensile loading (with a 
minimum stress level of 0.15) and alternating compressive-tensile loading (with 
minimum stress levels of 0.1 and 0.2) on the fatigue performance of plain 
concrete dog-bone specimens (Lü, et al., 2004). The resulting S-N curves are 
given in Figure 7-10 and Figure 7-11, respectively. The relationship between the 
applied maximum stress levels and the average fatigue life can be written by  
Eq. 7-4 for direct tension and by Eq. 7-5 for tension-compression. Notice that, 
opposed to Eq. 7-3, the influence of the lower stress level is incorporated. 
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k = 16.67		16.76 RST + 5.17 RUd  with  RUd = 0		0.3             (7-4) 
with σmax = the maximum tensile stress [MPa] 
 σmin = the minimum tensile stress [MPa] 
 ft = the tensile strength [MPa] 
 
k = 12.02		10.64 RST − 4.39 RUd  with  RUd = 0.1		0.2             (7-5) 
with σmax = the maximum tensile stress [MPa] 
 σmin = the minimum compressive stress [MPa] 
 fc = the compressive strength [MPa] 
 
 
Figure 7-10 – S-N curve for plain concrete under tensile loading (Lü, et al., 2004) 
 
 
Figure 7-11 – S-N curve for plain concrete under tensile-compressive loading (Lü, et al., 2004) 
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Comparison of Eq. 7-4 and Eq. 7-5 with test data from literature, shows good 
agreement (see Figure 7-12 and Figure 7-13), indicating that the results are 
reliable and that the developed relationships are useful for predicting the 
behaviour of concrete under repeated tensile loading or alternate tension-
compression fatigue loading.  
 
 
Figure 7-12 – Comparison of Eq. 7-4 with available test data from literature (Lü, et al., 2004) 
 
 
 
Figure 7-13 – Comparison of Eq. 7-5 with available test data from literature (Lü, et al., 2004) 
Eq. 7-4 
Eq. 7-5 
Eq. 7-5 
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Even though there is no agreement on the general application of S-N curves for 
different types of specimens, loading configurations, and boundary conditions 
(e.g. (Subramaniam, et al., 2000)), Lee et al. state that dimensionless S-N curves 
represent as closely as possible the true behaviour of concrete under fatigue 
loading, because the dimensionless term S, which represents the fatigue stress 
level, related to the static strength, partly eliminates influences such as specimen 
shape, w/c ratio, type and grading of aggregates, concrete strength, curing 
conditions, moisture content, age at loading, etc. (Lee, et al., 2004). 
A more general approach to predict or estimate the fatigue life of concrete is the 
Aas-Jakobsen relation, allowing to determine the ultimate number of cycles N, 
reckoning with the maximum fatigue stress level σmax, the fatigue stress ratio R 
(=σmin / σmax) and the concrete’s static compressive strength fcm (see Eq. 7-6). It 
has been verified for both compressive and splitting-tensile fatigue loadings, for 
which the material constant β should lie within the range of 0.0640 to 0.0800, or 
equal 0.0685, respectively (Lappa, 2007). In case of flexural fatigue loading, the 
value is determined to be 0.0690 (Oh, 1986). 
 
 = RSTR = 1 − 1 − k                     (7-6) 
 
Experimental research on the fatigue resistance of reinforced concrete is 
restricted to bending tests on beams or plates (as discussed in Section 4.2). The 
total fatigue performance depends on the behaviour of both applied building 
materials and their bond. Therefore, concrete and reinforcing steel are usually 
regarded separately. However, little specific reports have been made on the 
experimental determination of the fatigue resistance of reinforcement steel 
(Milenkovic, et al., 2000). It is assumed that the fatigue behaviour of steel rebars 
is similar to the fatigue of elements in steel construction (Plos, et al., 2007). A 
proposition for assessing the fatigue behaviour of the bond between rebar and 
concrete is discussed at the end of the following section.  
 
7.1.2 Coded S-N curves 
Standardized S-N curves, used for the design of fatigue loaded reinforced 
concrete structures, are based on the experimentally derived ones, but a certain 
deviation is accounted in order to achieve a reliable safety margin (Göransson, et 
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al., 2001). Current codes provide rules to verify reinforcing steel and concrete 
against fatigue failure and recently a design procedure is proposed for the 
fatigue of the bond between these (Lindorf, et al., 2010).  
The S-N curves for the fatigue design of reinforcing steel describes two lines with 
a different slope in a double logarithmic scale (see Figure 7-14). The relationship 
between the stress range Δσ and the number of load cycles N is given by Eq. 7-7, 
in which ΔσR represents a defined resisting stress range value at a limit number 
of load cycles NR. Both values characterize the change of the curve’s slope. The 
two slopes are described by the stress exponent k1 and k2, which are related 
through Eq. 7-8. 
 
 
Figure 7-14 – Shape of S-N curves for reinforcing steel (Lindorf, et al., 2010) 
 
k∆ = kh ∙ ! ∆∆#
/U 					→ 					 ∆k = ∆h ∙ ! FF#
/$ U  (i = 1,2)           (7-7)	
	 = 2$ − 1                     (7-8) 
with N = the number of load cycles [-] 
 Δσ = the stress range caused by the fatigue load [MPa] 
 NR = a limit number of load cycles [-] 
 ΔσR = the stress range at NR load cycles [MPa] 
 k1, k2 = stress exponents (slopes of fatigue strength curves) [-] 
 
NR lg N 
∆σR 
lg ∆σ 
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Somewhat different values of the parameters k1, k2, NR, and ΔσR can be found in 
existing design codes. Table 7-1 contains the values proposed by CEB-FIP Model 
Code 2010, DIN 1045-1 (2008), and EN 1992-1-1 (2004) for straight and bent 
bars, which are embedded in concrete. The matter of fatigue strength of 
reinforcing bars embedded in concrete and their design fatigue limit ΔσR is still a 
subject of controversial discussion (Lindorf, et al., 2010). 
 
Table 7-1 – Parameters of S-N curves for steel reinforcement (after (Lindorf, et al., 2010)) 
 rebar Ø [mm] k1 
[-] 
k2 
[-] 
NR 
[-] 
ΔσR 
[MPa] 
MC 2010    ≤ 16 5 9 10
6
   210 
    16-40 5 9 10
6
   210-160 
DIN 1045-1    ≤ 28 5 9 10
6
   175 
    ≥ 28 5 9 10
6
   145 
EN 1992-1-1  5 9 10
6
   162.5 
 
The fatigue verification of concrete in DIN 1045-1 and EN 1992-1-1 is based on an 
S-N function for concrete in pure compression, introduced by Danielewicz 
(Lindorf, et al., 2010). The curve is characterized by a single slope (see  
Figure 7-15), according to Eq. 7-9. Various ratios of the minimum and maximum 
stresses, normalized to the concrete compressive strength, thus result in 
different S-N lines. The condition for fatigue resistance is stated in Eq. 7-10 for a 
limit number of one million load cycles.  
 
	k = 14 ∙ $/ RSTG$/ RUd  RST⁄                    (7-9) 
with n¢ = ,n¢ ^,nX⁄  £¤ = ,£¤ ^,nX⁄  
^,nX = 0.85		 ^ 	1 − ^250 
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and σck,max = the maximum (characteristic) compressive stress [MPa] 
σck,min = the minimum (characteristic) compressive stress [MPa] 
fck,fat = the reference compressive fatigue strength [MPa] 
βcc(t0) = a coefficient for concrete strength, depending on the age of the 
           concrete at first load application [-] 
t0 = the age of the concrete at the beginning of the load application [day] 
 
$/ RSTG$/ RUd  RST⁄ ≥ $ = 0.43					 → 					 n¢ + 0.43 ∙ G1 − £¤ n¢⁄ ≤ 1.0    (7-10) 
 
 
 
Figure 7-15 – S-N curves for concrete in pure compression  
according to DIN 1045-1 and EN 1992-1-1 (Lindorf, et al., 2010) 
 
According to CEB-FIP Model Code 2010, the S-N curve for concrete under 
compressive loading is divided into different sections, described by Eqs. 7-11 to 
7-13. All occurring terms are defined as explained above (for DIN 1045-1 and EN 
1992-1-1). Figure 7-16 shows the diagram, providing theoretical lines up to 10
28
 
cycles, which is an extremely large value, not likely to occur in realistic situations. 
For instance, in 20 years of service, the concrete foundations of wind power 
plants, subjected to super-high-cycle fatigue, are exposed to only 10
9
 load cycles 
(Göransson, et al., 2001). Besides this large fatigue life range, considered in the 
Model Code, it can also be noticed that, compared to DIN 1045-1 and Eurocode 
2, the slope of the S-N curves changes at one million cycles. For all minimum 
stress levels, the slope become less steep then, resulting in longer fatigue lives at 
number of load cycles N 
normalised max. stress Smax 
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a given maximum stress level, opposed to what is predicted in the other codes. 
The first part of the diagram (up to 10
6
 cycles) in Figure 7-16 also shows bad 
correspondence with the according S-N lines in Figure 7-15: for log N = 6, the 
maximum difference of the Smax values is 13%. Vice versa, for a given maximum 
and minimum stress level, DIN 1045-1 an Eurocode 2 yield a substantially larger 
number of cycles (up to almost six times larger) than what is found when 
applying Model Code 2010. 
 
	k$ = §12 + 16 ∙ £¤ + 8 ∙ £¤ ¨ ∙ 1 − n¢             (7-11) 
	k = 0.2 ∙ 	k$ ∙ 	k$ − 1               (7-12) 
	k[ = 	k ∙ 0.3 − 0.375 ∙ £¤ ∆⁄               (7-13) 
with n¢ = ,n¢ ^,nX⁄  £¤ = ,£¤ ^,nX⁄  ∆ = n¢ − £¤ 
 
If  	k$ ≤ 6, then 	k = 	k$ 	k$ > 6 and ∆ ≥ 0.3 − 0.375 ∙ £¤, then 	k = 	k 	k$ > 6 and ∆ < 0.3 − 0.375 ∙ £¤, then 	k = 	k[ 
 
 
Figure 7-16 – S-N curves for concrete in pure compression  
according to CEB-FIB Model Code 2010 (after (FIB, 2010)) 
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No standardized definition for the S-N relation of the bond between rebar and 
concrete exists. The proposed model by Lindorf and Curbach (Lindorf, et al., 
2010), based on a certain slip increase and verified with results of pull-out tests, 
shows that at low maximum steel stresses, a relative displacement of 0.1mm, 
which is considered allowable, does not occur before reaching the steel fatigue. 
At high maximum loads, on the other hand, exceeding of this slip increase limit 
can be expected before fatigue failure of the reinforcing steel. Fatigue due to a 
reduced bond thus may gain importance, compared to rebar fatigue. This effect 
might be less significant for reinforced structures made from SCC, for which 
improved bond properties have been reported in literature (Zanuy, et al., 2011). 
 
7.2 Damage accumulation rules 
In the Wöhler tests, discussed in Section 7.1.1, the loading is assumed to be 
harmonic, i.e. sinusoidally variant in time. Repeated wheel loads, wind and 
waves, acting on civil engineering constructions, however, are rather random, 
with alternating stress levels. In order to determine the degree of damage due to 
such varying stresses, damage accumulation models can be applied. The most 
common hypothesis is the linear accumulation rule by Palmgren-Miner, which 
was determined on carved aluminum alloy specimens but is also applicable for 
other metals. However, some objections are raised: according to Holmen, the 
hypothesis underestimates damage for variable amplitude loading (Schläfli, et al., 
1998), (Hanjari, 2006) and Cornelissen and Reinhardt, as well as Hilsdorf and 
Kessler, reported that it produces large scatter when based on S-N curves and 
may lead to conservative or unsafe predictions, depending on the load history 
(Schläfli, et al., 1998), (Hanjari, 2006). Moreover, the validity for concrete has not 
been verified yet (Milenkovic, et al., 2000).  
Several adjustments of Miner’s hypothesis and other rules for fatigue damage 
accumulation have been developed, also for concrete (see (Milenkovic, et al., 
2000)), but the material constants and factors, used in the equations, are difficult 
to determine and are poorly documented in literature. The use of crack 
propagation models, based on fracture mechanics (see Section 7.3) seems more 
promising. They are summarized in the following paragraph. 
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7.3 Fracture mechanics approach 
Application of fracture mechanics to fatigue crack growth started with the well-
known Paris law, which was developed in 1963 by Paris and Erdogan. It defines 
the advancement of a fatigue crack per unit cycle as a function of the amplitude 
of stress intensity factor during the crack propagation period of the fatigue 
behaviour of homogeneous materials, such as metals. Later, several adaptations 
of the law were proposed and also different approaches were introduced. For an 
overview, the author would like to refer to (Pugno, et al., 2006), (Pugno, et al., 
2007), and (Ciavarella, et al., 2008). However, all of these models are based on 
LEFM, which is not suitable for concrete. 
One of the first attempts to apply Paris’ law for the study of the fatigue crack 
propagation in concrete, was made by Bazant and Xu (Bazant, et al., 1991), who 
integrated the size-effect by using the size dependent fracture toughness KIc. The 
law gives the crack length increment per cycle as a power function of a size 
adjusted stress intensity factor. The adjustment of size was achieved by 
incorporating the brittleness of the structure and the law was validated with 
experimental results on plain concrete and high strength concrete (Ray, et al., 
2011). 
In 1996, Slowik et al. proposed a model that allows to consider the size-effect as 
well as the loading history on fatigue crack growth (see Eq. 7-14). The law is also 
applicable to variable amplitude loading (Ray, et al., 2011). The crack 
propagation curve is displayed in Figure 7-17, where the three stages correspond 
to those in Figure 7-1, described in Section 4.1 of this chapter. 
Although this crack propagation law is based on LEFM, the effect of the quasi-
brittle nature of concrete and the presence of the FPZ is accounted for by the 
parameter C, which basically gives a measure of crack growth per load cycle and 
is experimentally determined to be equal to 9.5 x 10
3
 and 3.2 x 10
2
 mm/cycle for 
small and large sized specimens, respectively (Sain, et al., 2008a), (Sain, et al., 
2008b). However, Sain and Kishen opposed that the equation for obtaining the 
value of parameter C, does not reckon with the frequency of loading and only 
applies for compact tension tests. Therefore, they modified Slowik’s approach 
and replaced the expression for C by Eq. 7-15, which is validated with 
experimental data from literature. This equation allows to determine the value of 
C for any loading frequency, strength of concrete and size of specimen (Sain, et 
al., 2008a), (Sain, et al., 2008b). 
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"n
"F = = ABRSTR ∆ABdAB«/AB¬­­ + r6, ∆                (7-14) 
with  KIsup = the maximum stress intensity factor ever reached by the structure 
        during its loading history [N√/mm²] 
KIc = the fracture toughness (size dependent) [N√/mm²] 
KImax = the maximum stress intensity factor in a cycle [N√/mm²] 
ΔK = the stress intensity factor range [N√/mm²] 
N = the number of load cycles [-] 
a = the crack length [mm] 
m, n, p = constants equal to 2.0, 1.1 and 0.7, respectively [-] 
F = a function that accounts for overload 
 C = a parameter equal to !−2 + 25 ®# 	× 10/[ [mm/cycle] 
L = the ligament length [mm] 
lch = the characteristic length [mm] 
 
= = −0.0193 ! ®#
 + 0.0809 ! ®# + 0.0209              (7-15) 
 
 
 
Figure 7-17 – Fatigue crack propagation curve (after (Ray, et al., 2011)) 
 
Another fracture-based mechanistic approach for concrete to predict the fatigue 
crack growth, is that of Subramaniam et al. (Subramaniam, et al., 2002). A 
distinction is made between the deceleration stage, were the reduction in the 
crack growth rate per unit crack advance is proportional to the increasing 
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resistance experienced by the crack, and the acceleration stage prior to failure. 
The first is described by Eq. 7-16 and the second by Eq. 7-17. 
 
∆n
∆F = =$@n¤                   (7-16) 
∆n
∆F = =∆:i¤                   (7-17) 
with Da = the total increase in crack length from the beginning of loading 
     = a - a0 
 C1, C2 = constants, to be determined from experimental data 
 n1, n2 = exponents, to be determined from experimental data 
     (C and n from Eq. 7-16 and Eq. 7-17 can be obtained by plotting the  
     logarithm of the crack growth rate versus the logarithms of the total 
     change in crack length and the range of the mode I stress intensity 
     factors, respectively) 
 ΔKI = the range of stress intensity factor between top and bottom 
     of a fatigue load cycle 
 Δa/ΔN = the increase in crack length per cycle of fatigue loading 
 
The NLFM model is validated for tensile loading, produced by flexure, as well as 
for biaxial tensile stresses (Subramaniam, et al., 2002). Later, Gaedicke et al. used 
a similar method to estimate the fatigue life of concrete slabs, and obtained 
satisfactory results, as well (Gaedicke, et al., 2009). Additional research by Mu et 
al. (Mu, et al., 2004) on the damage evolution in concrete under repeated 
uniaxial compressive load, resulted in Eq. 7-18, representing the stiffness loss 
dK/dN as a function of the fatigue life Nf during the steadily increasing 
propagation phase. Notice that the relation is independent  from the amplitude 
of the stress variation. On the other hand, it is only valid for a certain range of 
load levels (e.g. loadings higher than the threshold load level of the materials). 
Moreover, the influence of the minimum load level still needs to be studied. 
 
§k¨ = −0.9444	 !"A"F# + 2.5134               (7-18) 
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Considering the fact that the analysis of fatigue crack growth is complicated by 
the heterogeneous nature of concrete and that subsequently significant 
variations in fatigue crack growth rates may occur, Bhalerao et al. (Bhalerao, et 
al., 2003) presented a statistical/probabilistic framework to investigate the 
influence of different mechanical parameters, including the stress intensity factor 
and the stress ratio. It was found that the stress intensity factor range ΔK is the 
driving force for fatigue crack growth in concrete, even though the specimen size 
provides an important secondary effect. 
Even though numerous models and laws have been formulated during the past 
few decades, the study of the complex matter of concrete fatigue crack growth is 
still ongoing. For instance, recently a size-dependent crack propagation law was 
developed by Carpinteri and Spagnoli (Ray, et al., 2011), based on modelling 
crack surfaces using the concepts of fractal geometry. However, the authors have 
not obtained any closed form expression for the fatigue crack propagation model 
yet. Furthermore, an attempt to study fatigue crack propagation by using global 
energy concept was made by Ray et al. (Ray, et al., 2011). The obtained law takes 
into consideration the effects of tensile strength, fracture toughness, loading 
ratio and structural size. 
 
8 Calculation methods 
In this section, some techniques and rules for predicting the bearing capacity, the 
deflection, and the occurring crack widths in a reinforced concrete beam under 
static loading conditions, are supplied. They origin from Eurocode 2 (CEN, 2004), 
which means that originally, they are intended for design purposes. However, 
when omitting the incorporated safety factors, they can be used as a basis for 
comparison with experimentally obtained data (i.e. the results of the static 4PBTs 
of this investigation). 
 
8.1 Failure load 
The ultimate load of a reinforced concrete beam, subjected to static loading, can 
be determined theoretically by using the standard calculation rules of Eurocode 2 
(CEN, 2004), which are based on the static equilibrium of the specimen. Of 
course, as it is already mentioned, for obtaining the actual failure load of the 
applied specimens in the 4PBT setup no safety factors should be considered.  
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8.2 Deflection 
According to Eurocode 2 (CEN, 2004), the deflection of a reinforced concrete 
element is calculated as an arithmetic mean of two extreme situations: one with 
the concrete section remaining uncracked (index I) and one where the occurring 
cracks in the concrete section are considered (index II). At midspan, the 
deflection is given by Eq. 7-19. 
 
y = 	! ±²³´µ.¶² + ±²²³´µ.¶²²# . ML²                            (7-19) 
with k¶ = β$β !¼´½¼ # ² [-] 
k¶¶ = 1 − k¶ [-] 
and Ecm = Young’s modulus (experimentally determined) [MPa] 
M = flexural moment [kNm] 
L = span length [m]  
β1 = factor, considering the bond characteristics of the reinforcement 
steel = 1 [-] 
β2 = factor, considering the load’s duration or repetition = 1 [-] 
Mcr = cracking moment [kNm] 
 
8.3 Crack width 
Eurocode 2 (CEN, 2004) also provides a formula to calculate the crack widths for 
elements subjected to flexural loading. The mean crack width wm is given by  
Eq. 7-20, whereas the characteristic crack width wk is obtained by multiplying this 
value by 1.7 (see Eq. 7-21). 
 
w¿ = ÀÁ³Á {1 − β$β !¼´½¼ #
 . !50 + 0.2 ∅Ã½#                         (7-20) 
w± = 1.7w¿                              (7-21) 
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with wm = mean crack width [mm] 
 σs = rebar stress [MPa] 
 Es = rebar Young’s modulus (experimentally determined) [MPa]  
β1 = β2 = 1 [-] 
 Mcr = cracking moment [kNm]  
 M = flexural moment [kNm] 
 Ø = rebar diameter [mm] 
 ρr = rebar percentage [%] 
 
9 Conclusions 
Ever since the occurrence of damaged and deteriorated concrete structures due 
to repeated loading actions, the fatigue phenomenon has been thoroughly 
investigated. The typical fatigue crack propagation process and failure mode of 
plain and reinforced normal concrete under different loading configurations is 
well-understood now. Various fatigue life models, such as Goodman or Smith 
diagrams, and Wöhler or S-N curves, representing the constant stress amplitude 
which can be supported repeatedly for a given number of cycles, are available. 
Also several damage theories, related to fracture mechanics concepts, can be 
found in literature, in order to address the varying load amplitude in real 
situations. However, little investigation regarding the fatigue performance of SCC 
has been published.  
Given the different composition of SCC, compared to VC, a distinct fatigue 
behaviour might be expected. Despite the denser microstructure in SCC, the 
higher paste content, which is possibly weaker due to a higher w/c ratio (for 
obtaining a similar strength as VC), as well as the addition of limestone filler, 
make the concrete more sensitive to cracking (which is demonstrated by the 
experiments in Part I – Fracture Mechanics). Furthermore, the lower amount of 
coarse aggregates causes a decreased interlocking and toughening effect. This 
smaller resistance against crack propagation could mean a smaller resistance 
against the damaging process due to fatigue. In fact, when applying the fracture 
mechanics approach, described in this chapter, to the results of the fracture 
parameters, obtained in Part I – Fracture Mechanics, a shorter fatigue life is 
predicted for the more brittle SCC (see Section 7.3). Since the characteristic 
length lch is smaller, the constant C becomes larger (Eq. 7-15). Moreover, the 
stress intensity factor KIC is smaller, as well, leading to a greater crack length 
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increment per load cycle (Eq. 7-14) and a more rapid deterioration, opposed to 
VC, which is proven to have a larger fracture toughness and energy release rate. 
 
  
 CHAPTER 8 
Materials and methods 
For comparison purposes, different VC and SCC mixtures were used to make 
large reinforced concrete beams, which were tested in a four-point bending rig 
to examine their fatigue performance. This chapter contains the description of 
the applied materials, the specimens, and the experimental procedures. 
Additionally, details are provided on the test setup and method of performing 
cyclic WSTs and 3PBTs. 
 
1 Concrete mixtures 
The fatigue resistance research was carried out using the concrete types of 
batches D and E, as already described in Chapter 3, Section 1.2.4 and Section 
1.2.5. The reinforced beams, applied in the four-point bending tests (4PBT) of 
this investigation (Part II -  Fatigue), were cast at the same time as the plain 3PBT 
and WST  specimens of Part I – Fracture Mechanics, thus enabling comparison of 
the obtained results. For a description of the properties of the VC and SCC types 
of batch D-RM and batch E-RM, the author would like to refer to Chapter 4, 
Section 1.4 and Section 1.5. 
 
2 Reinforcement steel 
The steel for the reinforcement bars, used in all specimens, is of quality BE500 
(see EN 10080 (CEN, 2005)). Theoretically, yielding occurs at 500 MPa (fyk) and 
the characteristic tensile strength ftk and Young’s modulus Ec are 550 MPa and 
200,000 MPa, respectively (CEN, 2004). In order to determine the experimental 
values (fy, ft, and Ecm), tensile tests were performed on bars of Ø6mm and 
Ø20mm (which are part of the reinforcement of the beams, see Section 3 and 
182 Chapter 8 - Materials and methods 
Figure 8-1 and Figure 8-2) according to NBN EN ISO 6892-1 (NBN, 2009). The 
results of the tests can be found in Chapter 9, Section 1. 
 
3 Four-point bending test specimens 
During the fatigue life of reinforced concrete specimens under flexure, the 
contribution of the concrete in tension between the cracks is degraded (Zanuy, 
et al., 2007). Therefore, the tensile stresses are mainly supported by the 
reinforcing steel and compression by the concrete. Because of that, it is 
important to understand the fatigue behaviour of concrete in compression and 
its influence in the response of the entire reinforced section.  
Previous tests (De Corte, et al., 2011) on concrete beams with similar 
dimensions, but with rectangular section showed various types of failure modes, 
as different rebar diameters were used (yielding of steel, crushing of concrete, 
shear failure or a combination of these failure modes). Since the purpose of this 
study is to investigate the fatigue behaviour of concrete itself, fatigue of the 
longitudinal rebars and stirrups has to be avoided. Therefore the amount of 
reinforcement is, based on the results of aforementioned experiments (De Corte, 
et al., 2011), chosen much larger than necessary to sustain static bending and 
shear. Hence, the reinforcement consists of three longitudinal rebars Ø20 at the 
bottom side of the mould, two longitudinal rebars Ø6 at the top and vertical 
stirrups Ø6 every 55mm (see Figure 8-1 and Figure 8-2). In addition to this, the 
geometrical section of the concrete beam is adapted in order to achieve concrete 
crushing at ultimate load with the steel rebar deformation remaining fully elastic. 
As shown in Figure 8-2, the upper part of the beam section is narrowed, thus 
generating larger concrete bending stresses than there would occur in case of a 
rectangular section. The length of the beams is 2.40m. 
 
 
Figure 8-1 – Concrete beam reinforcement 
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Figure 8-2 – Concrete beam cross section and geometry 
 
Regarding the use of an over-dimensioned reinforcement quantity for studying 
the compression fatigue of reinforced concrete beams, one could express 
criticism as regards the representativeness for realistic cases. However, other 
investigators (see e.g. (Plos, et al., 2007)) have used over-reinforced concrete 
beams, as well, in an attempt to enlarge the probability of the concrete crushing 
failure mode. Similarly, the experiments of Pullen et al. (Pullen, et al., 2010) for 
the assessment of the shear capacity of prestressed beams are based on an 
intentionally illogical load scheme in order to obtain an extremely large ratio of 
the shear force to the bending moment, which is very unlikely to occur in realistic 
situations. 
In a linear approach, the neutral fibre axis of the chosen beam geometry is 
located 10mm higher compared to a rectangular section of width 150mm and 
height 200mm, thereby enlarging the ratio of the concrete stresses to the rebar 
stresses with 5%. The potential of failure by crushing of the concrete in the 
compression zone, before the steel reinforcement reaches its fatigue limit, is 
thus slightly enhanced. As mentioned earlier (see Chapter 7, Section 4.2.2) 
literature provides contradictory statements on the occurrence probability of the 
concrete crushing failure mode. Moreover, these findings are based on 
experiments on traditional types of concrete (VC) and might not be valid for e.g. 
SCC. 
In the following chapters, for every beam a specific notation will be used, e.g.  
VC-D-RM-10-80 (1). First the concrete type is given (VC) and then the batch 
(batch D, which is a provided ready mix (RM) batch). The subsequent pair of 
numbers represent the lower and upper limit of the fatigue loading (in the 
example the cyclic loading of the specimen varies between 10% and 80% of Pult). 
3 Ø20mm  
x 2.35m 
36 Ø6mm 
2 Ø6mm  
x 2.35m 
Beam length:  
2.40m 
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When more than one beam from a certain concrete type and batch was tested at 
the same loading range, a sequence number is provided between brackets. 
 
4 Four-point bending test procedures 
Both static and cyclic tests were carried out with a load-controlled, 250kN 
capacity hydraulic actuator (see Figure 8-3). The load was applied on a steel 
transfer beam that conveyed it onto the concrete specimen in two points, spaced 
0.50m. The concrete beam was simply supported with a span length of 2.00m, so 
the distance between support and point load was 0.75m.  
Using three strain gauges (Figure 8-4), the structural behaviour of the beam was 
measured and recorded automatically using a computer-controlled data 
acquisition system. Two of these (type PL-60-11, length 60mm) were applied to 
the concrete surface: n°1 in the middle of the top surface and n°2 along the side 
of the beam at 5cm from the top. The last strain gauge (n°3, type 1-LY41-6/120, 
length 6mm) was attached to the lower side of the middle rebar, which was 
locally grinded first. For protecting the strain gauge, an adhesive band was placed 
over it. The vertical displacements at midspan and below the point loads were 
registered using deflection gauges with an accuracy of 10µm. The crack width 
evolution during the tests was measured using a crack width microscope with an 
accuracy of 20µm. 
 
 
Figure 8-3 – 4PBT setup in 250kN capacity hydraulic actuator 
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Figure 8-4 – 4PBT setup (schematically) 
 
4.1 Static tests 
Per concrete type, several reference beams were tested statically until failure in 
order to determine the failure mechanism and the average ultimate load Pult. 
Starting with a minimum load of 0.5kN, the load was further augmented by 
increments of 5kN. Every step the vertical deflection of the beams was noted and 
the crack width was measured with the microscope. The strain was recorded 
continuously. 
 
4.2 Fatigue tests 
The applied load of the fatigue tests was a sinusoidal function with a frequency 
of 1Hz. The minimum and maximum load (Pmin and Pmax) were based on Pult from 
the static tests, which is presumed to correspond with the concrete crushing 
stress fcc at the top fibre, with failure at a strain level of 3.5‰. Various 
percentages of Pult were chosen for the lower and upper limits: in case of batch 
D, three beams of each concrete type were tested at 25-65% of Pult, two at  
10-70%, and two at 10-80%, while for the specimens of batch E, the lower limit 
was always 10% of Pult, and the upper limits 60%, 70%, 80%, and 85% for one 
specimen of each concrete type. Prior to the cyclic test, every beam was 
subjected to a static load up to Pmax in steps of 20kN and the first cracks were 
registered. During the cyclic test itself, every certain amount of cycles (i.e. after 
1; 5; 10; 20; 50; 100; 200; 350; 500; 1,000; 2,000; 5,000; 10,000; and 20,000 
cycles, and afterwards every 20,000 cycles) the hydraulic actuator was 
temporarily set to apply the maximum load Pmax in order to measure the vertical 
displacement and the crack widths. The fatigue loading was then restarted. This 
1 
2 
3 
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procedure was continued until fatigue failure occurred. Concrete and rebar 
strains were recorded continuously during the entire test.  
The inevitable rest periods during the cyclic tests (overnight and during 
weekends), may cause a certain recovery of the fatigue damage, but this may be 
justified because fatigue loading in practical situations (e.g. traffic and wind 
loads) have a similar character. Furthermore, the rather high fatigue stress levels, 
which might be classified in the low-cycle fatigue domain, are chosen in order to 
reduce the duration of the tests, as it was also done in e.g. (Zanuy, et al., 2011). 
Lower amplitude loadings, within the range of high-cycle fatigue, are applied for 
determining S-N relations of the studied concrete types. 
In order to eliminate some of the numerous factors influencing the fatigue 
behaviour of concrete (see Chapter 7, Section 6), the following considerations 
have been taken into account: the test setup and boundary conditions are 
identical for all beams, the applied fatigue load has the same wave form and 
frequency, all specimens are stored under equal curing conditions until testing, 
for which the age is similar, as well. Hence, possible differences in fatigue 
resistance can only be attributed to the loading range (the amplitude of the 
sinusoidal loading), the concrete’s composition and its compressive strength.  
 
5 Cyclic three-point bending – and wedge-splitting test  
The notched beams and cubes for the cyclic 3PBTs and WSTs, respectively, had 
similar dimensions as the ones applied in the static experiments. Details on the 
geometry and the fabrication of the specimens can be found in Chapter 3, 
Section 0. Information on the test procedures is given below. 
 
5.1 Cyclic three-point bending test procedure 
The cyclic 3PBTs, in which a sinusoidal load function was applied, were 
performed in a 15kN capacity compression test device (see Figure 8-5). The lower 
load limit was chosen 10% of the average ultimate load of the static tests carried 
out on specimens of the same batch. For the upper limit various percentages 
were selected: 90%, 80%, 75%, and 70%. Furthermore, a constant speed of 
15kN/s was applied, resulting in a frequency of approximately 0.33Hz. The 
exerted vertical load and the CMOD evolution (at the notch end) were 
continuously measured. 
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Figure 8-5 – Cyclic 3PBT setup in 15kN capacity test device 
 
5.2 Cyclic wedge-splitting test procedure 
The test procedure of the load-controlled, cyclic WSTs on the samples of batch E, 
is similar to what is described in the previous section. Equal minimum and 
maximum load levels were applied (i.e. 10-90%, 10-80%, 10-75%, and 10-70%) 
for the sinusoidal function with a frequency of about 0.33Hz (corresponding with 
a speed of 15kN/s). The same test device was used (Figure 8-6) , and during the 
entire test duration, the load as well as the CMOD evolution was registered. 
 
 
Figure 8-6 – Cyclic WST setup in 15kN capacity test device 
 
6 Conclusions 
Some of the concrete mixtures described in Chapter 3 have also been used for 
producing large reinforced beams (i.e. batch D and batch E). As already 
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mentioned, the VC and the SCC types of each bath contain identical aggregate 
types and sizes, as well as the same cement type in order to avoid a possible 
influence on the results of the comparative study concerning the fatigue 
resistance of VC and SCC. The only difference is the addition of limestone filler 
and a larger amount of superplasticizer in case of SCC. Furthermore, the SCCs 
were given an equal w/c ratio or were designed to achieve a comparable 
compressive strength as the according VCs. 
The inversed T-shaped specimens with intentionally over-dimensioned 
reinforcement quantity have been subjected to static and cyclic 4PBTs, and the 
smaller, plain concrete beams and cubes are tested in a cyclic 3PBT and WST. 
Again for eliminating as much influencing parameters as possible, all samples 
were treated identically (e.g. similar storage conditions) and had fixed 
dimensions (for both VC and SCC). Moreover, the testing equipment and the 
experimental procedure (per type of test) was identical (e.g. identical load 
frequency in the fatigue tests). The only purposely altered parameter is the 
applied amplitude, which addresses both low-cycle and high-cycle fatigue. 
 
 
  
 
  
  
 CHAPTER 9 
Results and discussion 
This chapter first provides some properties of the rebar steel, used in the 
reinforced concrete beams. Then, the results of the static and cyclic 4PBTs on the 
various VC and SCC mixtures of batch D and E are described and discussed. A 
comparison of the concrete types is made, based on deflection, strain, crack 
width and failure mechanism. Furthermore, the outcome of the cyclic WSTs and 
3PBTs on plain concrete specimens (made from batch E) are given and the 
obtained fatigue resistance is compared to the conclusions, based on the 4PBT 
results. Finally, S-N relations are derived from the experimental data of the cyclic 
4PBTs and confronted with findings in literature and with the standardized S-N 
curves in current codes.  
 
1 Reinforcement steel properties 
Table 9-1 lists the results of the individual rebar tensile tests, as well as the 
average values. It is clear that for both applied diameters (Ø6mm and Ø20mm), 
the yield stress and the tensile strength are between 15% and 20% larger than 
the theoretical values, whereas Young’s modulus is 10% smaller than stated in 
(CEN, 2004). 
 
Table 9-1 – Properties reinforcement steel 
  Ø6mm Ø20mm 
Yield stress fy [MPa] 
Bar 1 591 580 
Bar 2 591 578 
Bar 3 586 577 
Average 589 578 
Stdev 3 2 
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Table 9-1 – Properties reinforcement steel (continued) 
  Ø6mm Ø20mm 
Tensile strength ft [MPa] 
Bar 1 619 679 
Bar 2 619 681 
Bar 3 613 678 
Average 617 679 
Stdev 3 2 
Young’s modulus Ecm [MPa] 
Bar 1 201101 197165 
Bar 2 181802 189285 
Bar 3 182785 187339 
Average 188563 191263 
Stdev 10870 5203 
 
2 Static four-point bending tests 
For both batch D and E three beams per concrete type were subjected to a  
static load up until failure. They are noted as numbered reference beams;  
e.g. SCC2-E-RM-REF (1).  
 
2.1 Ultimate load and failure mode 
In Table 9-2 the calculated (Pult,calc) and the experimental (Pult,exp) ultimate load 
and the failure mechanism of the reference concrete beams of batch D and E are 
shown. Clearly, the desired concrete crushing (CC) failure mode is present for all 
specimens. Regarding the theoretical predictions of the maximum load, which 
are based on the results of the cylinder compression tests (Chapter 4, Section 1.4 
and 1.5) and on the experimentally determined yield strength of the 
reinforcement steel (Section 1 of this chapter), a higher value is found for  
VC-D-RM, which is a consequence of its higher compressive strength, compared 
to SCC-D-RM. The experimental values, however, demonstrate nearly no 
difference between these two concrete types. For batch E, the lowest value of 
Pult,exp is noticed in case of VC-E-RM. The higher value for SCC2-E-RM, with equal 
w/c ratio, is not surprising, but SCC1-E-RM, which has a compressive strength at 
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28 days similar to VC-E-RM, can also resist a substantially higher load. An 
explanation is found when considering the compressive strength evolution after 
28 days (see Figure 4-2). The cubic and cylindrical compression tests, performed 
at the same moment as the onset of the 4PBTs, reveal a different relationship 
between the three concrete types; at the age of several months, SCC1 and SCC2 
show a similar compressive strength, while that of VC is considerably smaller. 
When comparing the calculations to the experimental outcome, a good 
agreement is found. The prediction for VC-D-RM exceeds the average of the test 
results with only 6%. In case of SCC-D-RM, the experimentally obtained Pult is 
slightly larger than the calculated one, but here the deviation is even smaller 
(only 1%). Also for VC-E-RM and SCC2-E-RM an overestimation of the mean 
experimental value is noticed, with the largest difference in case of VC (20%, 
opposed to 6% for SCC2). The experimentally obtained Pult of SCC1-E-RM is 
predicted well: the deviation is only 5%.  
Table 9-3 provides the variation percentage of the failure loads for all concrete 
types, along with the deviation of the compressive strength results. However, no 
consistent relationship is noticed. 
 
Table 9-2 – Static ultimate load and failure mode (batch D and E) 
 VC-D-RM-REF 
(1)            (2)           (3) 
 
Av. 
SCC-D-RM-REF 
(1)           (2)          (3) 
 
Av. 
Pult,calc [kN] 153 153 153 153 141 141 141 141 
Pult,exp [kN] 140 145 148 144 144 145 140 143 
Failure mode CC CC CC - CC CC CC - 
 VC-E-RM-REF 
(1)           (2)          (3) 
 
Av. 
SCC1-E-RM-REF 
(1)           (2)          (3) 
 
Av. 
Pult,calc [kN] 158 158 158 158 155 155 155 155 
Pult,exp [kN] 125 135 135 132 155 165 165 162 
Failure mode CC CC CC - CC CC CC - 
   SCC2-E-RM-REF 
(1)           (2)          (3) 
 
Av. 
Pult,calc [kN]     167 167 167 167 
Pult,exp [kN]     150 160 165 158 
Failure mode     CC CC CC - 
194 Chapter 9 - Results and discussion 
Table 9-3 – Variation compressive strength and static ultimate load (batch D and E) 
Variation VC-D-RM-REF SCC-D-RM-REF 
fcm [%] 2.4 11.4 
fc,cub,m [%] 2.4 9.2 
Pult,exp [%] 2.8 1.8 
 VC-E-RM-REF SCC1-E-RM-REF 
fcm [%] 4.3 9.9 
fc,cub,m [%] 8.7 -* 
Pult,exp [%] 4.4 3.6 
  SCC2-E-RM-REF 
fcm [%]  10.8 
fc,cub,m [%]  7.5 
Pult,exp [%]  4.8 
                        * Only one result 
 
2.2 Deflection 
Figure 9-1 depicts the results of the calculations for VC-D-RM and SCC-D-RM, 
according to Eq. 7-19 (see Chapter 7, Section 8.2), together with the average 
experimental midspan deformation, obtained from the displacement gauges. In 
both cases, the deflection of SCC is slightly larger, compared to VC. The 
difference is zero at the beginning of the static test (up to approximately 85kN) 
and reaches a value of 6% near the point of collapse. However, this dissimilarity 
is not significant, when accounting for the difference in compressive strength and 
Young’s modulus (see Table 4-5). On the other hand, the experimental deflection 
at ultimate load is almost 40% higher, with respect to the theoretical values of 
the total deflection, for both VC and SCC.  
A similar graph for VC-E-RM, SCC1-E-RM, and SCC2-E-RM can be found in  
Figure 9-2. The ultimate deflection values are given, but the comparison is made 
at the highest common load of 120kN. In contrast to batch D, it can be seen that 
the experimental deflection of the SCC types is smaller, compared to VC. Again, 
the variation is minimal at the beginning of the test but increases towards failure. 
At a load of 120kN the difference with VC-E-RM is 17% in case of SCC1-E-RM and 
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14% in case of SCC2-RM. Given the fact that VC has the lowest failure load, its 
larger deflection values are not surprising. Furthermore, the theoretical 
predictions of Eq. 7-19 again yield smaller values than experimentally obtained 
by the displacement gauges, especially for VC. At a load of 120kN, the 
experimental deflection is 54% higher, with respect to the theoretical values of 
the total deflection of VC, whereas for SCC1 and SCC2 this is on average 30% .  
The point where cracks start to appear, is located at 10kN, for batch D, as well as 
batch E. Before that point, in the uncracked state I, a proper correspondence 
between the calculated and the experimental values is present, but from then 
on, in the cracked state II, the deviation gradually increases as the load enhances.  
 
 
Figure 9-1 – Calculated and average experimental midspan deflection  
of VC-D-RM-REF and SCC-D-RM-REF 
 
 
Figure 9-2 – Calculated and average experimental midspan deflection  
of VC-E-RM-REF, SCC1-E-RM-REF and SCC2-E-RM-REF 
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Normally, the bending stiffness of reinforced concrete beams is significantly 
higher than that based on a fully cracked section, where concrete in tension is 
assumed to carry zero stress (Behfarnia, 2009). This tension stiffening 
phenomenon is attributed to the fact that concrete undergoes progressive 
micro-cracking and that tensile stresses can be transferred by the concrete 
between primary cracks due to its bond with the reinforcement steel. However, 
the experimental deflection values are even larger than these corresponding 
with a fully cracked section (represented in Figure 9-1 an Figure 9-2 by the thick 
continuous line for VC and the dashed and dotted lines for SCC), in particular 
towards the failure load. Figure 9-3 and Figure 9-4, which represent the relation 
between the experimental and the calculated deflection values for batch D and 
batch E, respectively, also demonstrate that Eq. 10-2 substantially 
underestimates the magnitude of the actual vertical displacements for all 
concrete types. The largest deviations are found for the VC types. For VC-E-RM, 
for instance, the ratio of the experimental to the calculated midspan 
deformation at a load of 5kN measures 262%. This is 39% larger than the 189% of 
SCC1-E-RM and 43% larger than the 183% of SCC2-E-RM. At the same load level, 
the difference between VC-D-RM and SCC-D-RM is only 9%. The relative 
deflection values become smaller towards the ultimate load, with a mean 
difference of 16% between VC-E-RM and SCC1-E-RM and 12% between VC-E-RM 
and SCC2-E-RM. When comparing both SCC types, the maximum deviation (11%) 
is present at a load of 20kN, but decreases to zero as failure is approached. In 
case of batch D, the deviation between VC and SCC is zero at the end of the test.  
 
 
Figure 9-3 – Relative midspan deflection of VC-D-RM-REF and SCC-D-RM-REF 
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Figure 9-4 – Relative midspan deflection of VC-E-RM-REF,  
SCC1-E-RM-REF and SCC2-E-RM-REF 
 
The better correspondence of the theoretical predictions with the test results for 
SCC at lower loading applications is quite surprising, because the calculation rule 
(Eq. 7-19) was not developed for this concrete type. Based on the 
aforementioned findings regarding tension stiffening, a possible explanation 
could be found in the value of β1, which accounts for the bond properties 
between concrete and reinforcement steel. For both VC and SCC a value equal to 
1 is used, as recommended in Eurocode 2. At first sight, this seems to be an 
overestimation of the actual bond strength. Moreover, improved bond 
characteristics have been reported in literature for SCC, in comparison to VC, due 
to the use of large amount of powders and the reduction of bleeding and 
segregation (Valcuende, et al., 2009), (Helincks, et al., 2013), (Pop, et al., 2013). 
However, even when modifying β1 to extremely small values, the large deviation 
with the experimental outcome remains nearly unchanged. Therefore, the 
calculation method appears to be very unconservative, especially in the cracked 
state II. In order to obtain a good fit, the theoretical deflection of VC-D-RM 
should be multiplied by a factor 2 in the uncracked state, and by a factor 1.4 in 
the cracked state. In case of SCC-D-RM, these factors are 1.9 and 1.35, 
respectively. For VC-E-RM the multiplication factors are even larger: 2.55 in the 
uncracked state, and 1.55 in the cracked state. In case of SCC1, factors of 1.95 
and 1.4, respectively, should be applied, and for SCC2 1.95 and 1.35. Possibly the 
actual bond behaviour for both VC and SCC is smaller than believed, causing a 
decreased tension stiffening effect. 
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2.3 Strain 
Monitoring the strain at the aforementioned locations (see Chapter 8, Section 4), 
provides deformation diagrams that are linear along the cross-section of the 
specimens. In Figure 9-5 the average strain values for VC-D-RM-REF and SCC-D-
RM-REF, in accordance with a load of 140kN, are shown. This load corresponds 
with the last step during which the strain could be registered before failure of 
the beams occurred. Analogously, Figure 9-6 presents the linear strain diagrams 
for VC-E-RM, SCC1-E-RM, and SCC2-E-RM, corresponding to a load of 120kN, 
155kN, and 145kN, respectively. The average concrete strain evolution as a 
function of the load, can be found in Figure 9-7 for VC and SCC of batch D and in 
Figure 9-8 for the three concrete types of batch E.  
From these different figures, it is demonstrated that the concrete strain in all 
concrete types reaches the failure limit of 3.5‰, which confirms the concrete 
crushing failure mode. However, in Figure 9-7 a larger strain increase during the 
tests can be noticed for SCC-D-RM. Towards the point of failure, the concrete 
strain exceeds that of VC-D-RM with approximately 15%. On the other hand, 
when taking into account the standard deviation, the difference becomes trivial. 
Nevertheless, the relationship between VC-D-RM and SCC-D-RM is in good 
agreement with that, regarding the deflection of Figure 9-3. It can also be seen 
that the neutral axis (NA) is located lower in case of SCC. More specific, the 
difference in position measures 7.03mm, which may be related to the larger 
concrete strain for SCC. In addition, it is proven that the peak strain of VC and 
SCC with similar strength is higher in case of SCC (Desnerck, 2011). Even though 
SCC has a somewhat lower compressive strength (see Table 4-5), the higher 
strain value is not surprising. 
 
 
Figure 9-5 – Average strain along the beam cross-section: 
 a) VC-D-RM-REF – b) SCC-D-RM-REF 
a b 
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Figure 9-6 – Average strain along the beam cross-section: 
 a) VC-E-RM-REF – b) SCC1-E-RM-REF – c) SCC2-E-RM-REF 
 
When considering the results of batch E in Figure 9-6, it can be stated that, based 
on the comparable standard deviation, a larger ultimate strain value is present 
for SCC1-E-RM, with respect to VC-E-RM and SCC2-E-RM, for which a similar 
deformation diagram is noticed. Of course, the considerably higher static 
strength of SCC1 has to be regarded, which causes larger concrete deformations 
for a given rebar strain level. The lower neutral axis (NA) affirms this statement. 
The evolution of the concrete strain during the tests in Figure 9-8, on the other 
hand, reveals a good agreement of SCC1-E-RM and SCC2-E-RM, and a larger 
strain increase for VC-E-RM. At the highest common load of 120kN, the concrete 
strain in VC exceeds that of the SCC types with approximately 28%, which is not 
surprising, since VC fails at a substantially lower load value. This mutual 
relationship corresponds with that regarding the deflection of Figure 9-2.  
 
 
 
 
a b 
c 
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Figure 9-7 – Average concrete strain evolution of VC-D-RM-REF and SCC-D-RM-REF 
 
 
Figure 9-8 – Average concrete strain evolution of VC-E-RM-REF, 
SCC1-E-EM-REF and SCC2-E-RM-REF 
 
Regarding the strain in the reinforcement steel, the linear stress-strain curves of 
Figure 9-9 and Figure 9-10 clearly indicate that no plastic strain occurs; the 
reinforcement bars deform merely elastic during the tests. Considering VC-D-RM 
and SCC-D-RM (Figure 9-9), there is practically no difference in rebar strain 
between the two concrete types, as could be expected. For batch E, on the other 
hand, there are some remarkable differences between VC, SCC1, and SCC2 at the 
common load of 120kN: the highest strain value is noticed for VC-E-RM, which is 
38% and 20% larger than that of SCC1-E-RM and SCC2-E-RM, respectively. At 
ultimate load (i.e. 155kN for SCC1 and 145kN for SCC2), the difference becomes 
trivial, for SCC1 then reaches 2.495‰, and SCC2 2.440‰. 
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Figure 9-9 – Average rebar strain evolution of VC-D-RM-REF and SCC-D-RM-REF 
 
 
Figure 9-10 – Average rebar strain evolution of VC-E-RM-REF, 
SCC1-E-RM-REF and SCC2-E-RM-REF 
 
2.4 Crack pattern and crack width evolution 
The crack patterns of all the reference beams of batch D and batch E are 
depicted in Figure 9-11 and Figure 9-12, respectively. Regarding the number of 
cracks and the crack pattern over the beams’ span, it can be seen that SCC 
produces slightly more cracks, with consequently smaller crack spacing, opposed 
to VC. These findings correspond with the results of (De Corte, et al., 2011). In 
case of VC-E-RM, the larger rebar strain causes larger vertical deformation, thus 
generating wider, but less cracks. For similar reasons, the highest number of 
cracks and the most dense crack pattern appear in case of SCC1-E-RM. VC-D-RM 
shows a smaller rebar strain, compared to SCC-D-RM, but nevertheless, the 
deflection is larger. 
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Figure 9-11 – Crack patterns of VC-D-RM-REF and SCC-D-RM-REF 
 
 
Figure 9-12 – Crack patterns of VC-E-RM-REF, SCC1-E-RM-REF and SCC2-E-RM-REF 
 
Further crack analysis is based on the cracks in the constant moment region, 
between the point loads. The theoretical crack widths, as calculated by Eqs. 7-20 
and 7-21, and the experimental data are compared in order to determine 
whether the current calculation codes are valid for SCC. Figure 9-13 and  
Figure 9-14 display the average crack width progression for the concrete types of 
batch D and batch E, respectively, during the static loading tests, measured at 
5kN intervals until failure. The theoretical average (wm) and characteristic (wk) 
crack widths are given, as well. A good correspondence of Eq. 7-20 to the test 
data for SCC-D-RM can be observed, although near the ultimate load the 
measured crack widths are 23% larger than the calculated average values. In case 
of VC-D-RM, this same equation, proposed by Eurocode 2, generally yields 
smaller crack widths than there really occur during the static loading tests. The 
maximum deviation here is nearly 30%. Strange enough, Eq. 7-20 turns out to be 
more effectual for SCC in this experiment, while it is originally meant for VC 
types. When regarding the results of the tests on batch E, similar conclusions can 
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be made. It is observed that the calculated average crack width curve (wm) 
approaches the average experimental values of the three concrete types quite 
well, with the smaller deviations for the SCC types (15% for SCC1-E-RM and 19% 
for SCC2-E-RM), compared to VC-E-RM (25%). The characteristic crack width (wk), 
on the other hand, is up to 100% larger than the experimental outcome. At the 
highest common load of 120kN, SCC2 shows the largest average crack width 
value, which is 17% larger than that of VC. The smallest value occurs for SCC1 
and is 16% smaller than that of VC. The difference between the two SCC types 
thus measures 33%. Strange enough, this mutual relationship is different than 
the one, found in Figure 9-10, which contains the strain evolution of the 
reinforcement steel for the three concrete types. Based on this rebar strain, VC is 
expected to produce the largest crack widths, with respect to both SCC types. 
However, the mutual relationship of VC-E-RM and SCC1-E-RM regarding the 
crack width evolution, meets with the findings of the tests on batch D, where the 
smaller difference in crack width between VC-D-RM and SCC-D-RM corresponds 
with the average rebar strain evolution curves of both concrete types in  
Figure 9-9. 
 
 
Figure 9-13 – Average crack width evolution of VC-D-RM-REF and SCC-D-RM-REF 
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Figure 9-14 – Average crack width evolution of VC-E-RM-REF, 
SCC1-E-RM-REF and SCC2-E-RM-REF 
 
2.5 Conclusions 
From the static strength analysis, it is clear that the theoretical predictions of the 
failure load show a better agreement with the SCC types. A much larger deviation 
is present for VC of all batches. The experimental outcome largely meets the 
expectations. In case of batch D, nearly no variation is present regarding the 
maximum load, which is a consequence of the equal compressive strength, as it 
was aimed for. However, when considering the three concrete types of batch E, 
the original intentions are not confirmed by the experimental results. Even 
though VC and SCC1 have a similar compressive strength (which is smaller than 
that of SCC2) at 28 days, an altered relationship is noticed at the moment of the 
4PBTs (at the age of several months). SCC1 then shows a comparable strength 
with SCC2, while that of VC is substantially lower. This consequently affects the 
results of the static 4BTs, where SCC1-E-RM-REF and SCC2-E-RM-REF can sustain 
a higher load, compared to VC-E-RM-REF. Nevertheless, the intended concrete 
crushing failure mode occurred in every specimen of all batches. 
Concerning the deformation (including deflection and strain) of the reinforced 
concrete beams, conflicting results are found. In case of batch D, the 
experimental midspan deflection of SCC-D-RM is slightly larger, compared to  
VC-D-RM. Also the peak strain of SCC is higher than that of VC. In contrast to this, 
the experiments on batch E reveal a totally different relation: the deflection of 
SCC1-E-RM-REF and SCC2-E-RM-REF (which are similar) are significantly smaller 
than in case of VC-E-RM-REF. Both SCC types show a smaller concrete strain 
value at a given load, as well. The theoretical predictions, calculated according to 
the guidelines of Eurocode 2, however, unanimously underestimate the 
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magnitude of the actual vertical displacements. For both batch D and batch E, a 
better correspondence is found for the SCC types. Regarding batch E, the best 
agreement is present for SCC1-E-RM-REF, followed by SCC2-E-RM-REF and VC-E-
RM-REF, respectively. 
The three studied batches show a similar relation, when comparing the crack 
width evolution of VC and SCC. Also considering the related experiments by De 
Corte et al. (De Corte, et al., 2011), it could be concluded that SCC with equal 
strength generates on average smaller crack widths and a denser crack pattern, 
compared to VC. From the experiments on batch E, it is clear that in SCC with 
identical w/c ratio  wider cracks occur than in VC. As regards the calculation rules 
for crack widths, proposed by Eurocode 2 and developed for VC, it is noticed that 
a proper prediction of the mean crack widths can be made for this concrete type, 
when based on the results of the cylinder compression tests and on the 
experimentally determined yield strength of the reinforcement steel. However, 
in all cases, a better theoretical value is found for the SCC types, which is quite 
surprising. 
The better results of the theoretical predictions (for both, deflection and crack 
width), based on Eurocode 2, in case of SCC cannot be attributed to the β1 
coefficient, which considers the bond characteristics of the reinforcement steel, 
since an attempt to modify the parameter’s value does not yield a significantly 
different outcome. The calculation methods are found extremely unconservative, 
especially in the cracked state II.  
 
3 Cyclic four-point bending tests 
For the fatigue tests, different load levels were applied (an overview is presented 
in Table 9-4). In case of batch D, three beams per concrete type were subjected 
to a loading range between 25% and 65% of the static ultimate load Pult, four 
specimens (two made from VC and two made from SCC with comparable 
strength) were tested between 10% and 70% of Pult, and three samples (two VC, 
one SCC) underwent cyclic loading between 10% and 80% of Pult. In their notation 
– e.g. SCC-D-RM-25-65 (1) – first the concrete type and the batch is provided, 
then the lower and upper limit of the fatigue loading is given, and finally a 
specimen serial number is added. For the E-batch the load cycles had a common 
lower limit of 10% of Pult and an upper limit of either 85%, 80%, 70%, or 60% of 
Pult. One specimen of each concrete type was tested per loading range. The 
notation is analoguous.  
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Table 9-4 – Number of specimens per applied fatigue load level for batch D and E 
 25-65% 10-60% 10-70% 10-80% 10-85% 
VC-D-DM 3  2 2  
SCC-D-RM 3  2 1  
VC-E-RM  1 1 1 1 
SCC1-E-RM  1 1 1 1 
SCC2-E-RM  1 1 1 1 
 
3.1 Number of cycles to failure and failure mode 
Table 9-5 and Table 9-6 include the number of cycles to failure and the failure 
mode per loading range for all fatigue tested beams of the batches D and E, 
respectively. In accordance with the static tests, the most common failure 
mechanism is crushing of the concrete (CC) in the compression zone at midspan. 
Before the specimens collapse, narrow horizontal cracks start to appear in the 
compression zone between the two point loads, which propagate during the 
further loading process. Finally, a large piece of concrete is pushed out as a result 
of the compressive fatigue failure (see Figure 9-15). The tensile cracks at the 
bottom of the beams, however, show no remarkable evolution during this failure 
mechanism. This corresponds to what is found in literature (see Chapter 7, 
Section 4.2.2). 
 
 
Figure 9-15 – Compressive fatigue failure after collapse 
 
However, two beams (i.e. VC-D-RM-25-65 (1) and SCC-D-RM-10-70 (7)) collapsed 
by rebar fatigue failure (RF) due to the extremely large amount of cycles. In 
contrast to the rather slowly proceeding compressive failure mode, rebar fatigue 
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takes place suddenly, without any visible changes on the outside of the beam. 
Only a few cycles prior to collapse, a horizontal crack appears in the vicinity of 
the reinforcement steel, which propagates quickly until the beam abruptly 
fractures (see also Chapter 7, Section 4.2.2). Examining the longitudinal rebar of 
the two beams, the fracture surface clearly displays the three typical zones of 
rebar fatigue failure, as described by Rocha and Brühwiler (Rocha, et al., 2012). 
The fatigue damage starts in point 1 in Figure 9-16, from which conchoidal lines 
slowly progress through zone 2. This zone keeps expanding towards the middle 
of the section until the remaining, undamaged surface is not capable of 
sustaining the tensile stresses any longer and snaps (zone 3). The reinforcement 
steel of the other specimens show no visible damage, except for VC-D-RM-25-65 
(2), VC-D-RM-25-65 (3) and SCC-D-RM-25-65 (1). These beams, which underwent 
the largest number of cycles compared to the remaining samples, clearly 
demonstrate fatigue crack propagation, as shown in Figure 9-17. The fracture 
surfaces of the reinforcement fatigue cracks are presented in Figure 9-18, where 
the propagation zone of the fatigue crack is clearly visible. For the other beams 
this is probably restricted to imperceptible crack initiation.  
Regarding batch E, it can be seen that the lower the upper load limit, the greater 
the possibility of rebar fatigue. For the beams, tested at a loading interval of 10-
85% and 10-80% of Pult, crushing of the concrete (CC) in the compression zone 
occurs, but from then on, the number of cycles increases and becomes too large 
for the reinforcement steel to cope with. At the lower load levels, rebar fatigue 
damage occurs and further develops more quickly than the deterioration process 
in the compressed concrete takes place. Specimen SCC1-E-RM-10-70 is an 
exception, but examination of the reinforcement steel after collapse 
demonstrated fatigue crack propagation, as  depicted in Figure 9-17 and  
Figure 9-18. The other beams, which failed by crushing of the concrete, showed 
no visible damage at the rebar surface. 
 
 
Figure 9-16 – Rebar fatigue fracture surface 
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Figure 9-17 – Rebar fatigue crack propagation 
 
 
Figure 9-18 – Rebar fatigue crack propagation fracture surfaces 
 
Considering the fatigue life data of the concrete beams in Table 9-5 and  
Table 9-6, some scatter is present, which can be attributed to the material’s 
heterogeneity and inherent variability. Given the variation percentages of the 
static ultimate load (see Table 9-3), the dispersed number of cycles to failure of 
the fatigue tested specimens is not surprising. Moreover, even under carefully 
controlled test procedures large variations occur in fatigue resistance of concrete 
(Goel, et al., 2012). Nevertheless, it is clear that the total number of cycles to 
failure depends on the loading range. The higher the upper load limit, the least 
cycles the beam can sustain because the deterioration process of either the 
compressed concrete, or the reinforcement steel proceeds at an accelerated 
level. Additionally, the results might be affected by the sustained load situation 
during measurement of the mechanical properties (deflection, crack width…). 
Especially when the stress level is higher than 75% of the static strength, as 
stated in Chapter 7, Section 6.2, these short periods of permanent loading might 
have a detrimental influence on the fatigue performance of the specimens. 
Furthermore, the results confirm the statement made by Zhang et al. (Zhang, et 
al., 1999) that the higher the minimum stress level, the longer the fatigue life, 
due to a reduction of the crack bridging degradation.  
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When comparing SCC to VC, however, the limited number of tests and the 
scattered results do not allow to draw definite conclusions, even though Model 
Code 2010 (FIB, 2010) mentions a lower fatigue resistance for SCC, opposed to 
VC, attributed to the higher paste content and the different pore structure. 
Based on the averages of the batch D-specimens, this seems to be true only for 
the loading range 25-65% Pult. Regarding batch E, a similar relationship is noticed. 
It could be stated that VC-E-RM performs best in the cyclic tests with lower load 
levels (10-70% and 10-60% of Pult). The higher load levels (10-70% and 10-80% Pult 
in case of batch D and 10-80% and 10-85% Pult in case of batch D), on the other 
hand, indicate the opposite, with the highest number of cycles occurring for 
SCC1-E-RM in case of the loading interval 10-85%, and for SCC2-E-RM in case of 
10-80%. 
 
Table 9-5 – Number of cycles to failure and failure mode (batch D) 
 VC-D-RM-25-65 
(1)            (2)           (3) 
 
Av. 
SCC-D-RM-25-65 
(1)           (3)          (4) 
 
Av. 
# cycles 404966 347777 400000 384248 
±  
31682 
360000 88523 320000 29734 
± 
50912 
Failure 
mode 
RF CC
+
 CC
+
 - CC
+
 LD* CC - 
 VC-D-RM-10-80 
(4)                   (5) 
 
Av. 
SCC-D-RM-10-80 
(5)                   (6) 
 
Av. 
# cycles 2914 500 1707 
± 
1707 
11842 20 5931 
± 
8359 
Failure 
mode 
CC CC - CC CC - 
 VC-D-RM-10-70 
(6)                   (7) 
 
Av. 
SCC-D-RM-10-70 
(7) 
 
Av. 
# cycles 275504 55968 165736 
± 
155235 
550569 - 
Failure 
mode 
CC CC - RF - 
        +
 Steel rebar fatigue crack propagation present - *Local Damage 
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Table 9-6 – Static ultimate load and failure mode (batch E) 
 VC-E-RM 
10-85     10-80     10-70     10-60 
SCC1-E-RM 
10-85      10-80      10-70     10-60 
# cyles 5 17812 290598 1050056 9837 16402 206989 378618 
Failure mode CC CC RF RF CC CC CC
+
 RF 
   SCC2-E-RM 
10-85      10-80      10-70      10-60 
# cycles     992 126443 234500 339551 
Failure mode     CC CC RF RF 
        +
 Steel rebar fatigue crack propagation present 
 
Other experiments on fatigue of (reinforced) concrete yield a comparable 
number of cycles to failure as found in this research. If not, the evolution of the 
investigated characteristics are only regarded up to maximum 10
6
 cycles (Lee, et 
al., 2004), (Lindorf, et al., 2009), (Rteil, et al., 2011). So it appears that other 
investigators also consider fatigue lives in the same range as this study. Also 
when comparing the stress levels in the reinforcement bars, based on the tensile 
strengths in Table 9-1, and the resulting number of cycles in case of rebar 
fracture to data from literature, a good agreement is found (e.g. (Afseth, 1993)). 
 
3.2 Deflection evolution 
The results of the midspan deflection measurements during the fatigue tests on 
batch D, at the predetermined number of cycles, are displayed in Figure 9-19, 
Figure 9-20, and Figure 9-21 for the load levels 25-65%, 10-70%, and 10-80% of 
Pult, respectively. Regardless the loading interval, a similar evolution is present for 
all the beams, which corresponds to the distinct phases described in literature 
(see Chapter 7, Section 4.1). The first period, characterized by an important and 
decelerated vertical deformation is less explicitly present, but the subsequent 
longer period of stable deformation is clearly observed, as well as the final rapid 
growth until fatigue failure occurs. For both VC-D-RM and SCC-D-RM, the phase 
of steady increase (before the final, rapid growth) covers approximately 80% of 
the total fatigue life of the beams, which is in agreement with what is stated in 
literature (Alliche, 2004). Furthermore, the deflection’s starting value differs with 
the applied load range: the higher the upper load limit, the higher the initial  
– and consequently the ultimate – deflection.  
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Figure 9-19 – Experimental midspan deflection evolution  
of VC-D-RM-25-65 and SCC-D-RM-25-65 
 
Figure 9-20 – Experimental midspan deflection evolution  
of VC-D-RM-10-70 and SCC-D-RM-10-70 
 
Figure 9-21 – Experimental midspan deflection evolution  
of VC-D-RM-10-80 and SCC-D-RM-10-80 
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When calculating the deflection values, corresponding to the different upper 
fatigue load limits, from the measured deflection evolution during the static 
tests, the ranges of Table 9-7 are obtained. Most of the cyclically tested 
specimens of batch D show an initial deflection value within these ranges. 
However, VC-D-RM-25-65 (3) demonstrates a smaller deflection than expected, 
whereas for the two VC samples subjected to the loading level 10-70%, and for 
SCC-D-RM-10-80 (6) a higher initial deflection value is noticed. This might 
indicate that the applied fatigue load limits are smaller, respectively larger, than 
intended, which is again attributed to the heterogeneous nature of concrete and 
the consequent strength variability amongst the specimens. As a result, deviating 
number of cycles are found. 
 
Table 9-7 – Statically determined initial deflection range per applied upper load limit  
for batch D and E 
 65% 60% 70% 80% 85% 
VC-D-DM 9.2 – 9.9  10.1 – 10.8 12.0 – 12.6  
SCC-D-RM 8.8 – 10.3  9.8 – 11.3 11.6 – 13.1  
VC-E-RM  8.8 – 9.1 9.9 – 10.7 11.5 – 12.5 12.5 – 13.5 
SCC1-E-RM  6.7 – 8.3 8.0 – 9.8 9.3 – 11.3 10.0 – 12.2 
SCC2-E-RM  7.1 – 8.6 9.0 – 10.1 10.3 – 11.6 10.9 – 12.4 
 
Comparing VC and SCC, conflicting results are found. Only in case of the highest 
load level (10-80% Pult) the deflection of SCC is consistently larger than that of VC. 
The beams which failed by rebar fatigue (VC-D-RM-25-65 (1) and SCC-D-RM-10-
70 (7)) show a lower overall deformation, opposed to the other ones subjected 
to an equal loading interval. On the other hand, the extreme high values for SCC-
D-RM-10-80 (6) are not surprising either, given the very short fatigue life of only 
20 cycles. As explained above, the upper load limit of 80% of the average failure 
load obtained from the three static tests, possibly has been more than 80% of 
the ultimate load of this specific beam. Furthermore, the deflection of SCC-D-
RM-25-65 (3) is the smallest, probably due to the local damage at the loading 
points. 
As regards the midspan deflection evolution for the concrete types of batch E, 
which are presented in Figure 9-22, Figure 9-23, Figure 9-24, and Figure 9-25 for 
the load levels 10-60%, 10-70%, 10-80%, and 10-85% of Pult, respectively, similar 
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observations can be made. In each one of the graphs the S-shaped curve  
appears, as it is also present in the figures of batch D. Furthermore, the starting 
deflection value is again higher as the applied upper load limit increases. 
The relationship between VC-E-RM, SCC1-E-RM, and SCC2-E-RM, on the other 
hand, is not unique, but also depends on the loading interval. In case of the 
lowest loading ranges (10-60% and 10-70% Pult), where most of the specimens 
failed by rebar fatigue and where VC showed the longest fatigue life, the 
deflection of VC is consistently smaller than that of the SCC mixtures. The higher 
load levels (10-80% and 10-85% Pult), with concrete crushing as the most 
common failure mode, indicate a larger deviation between the three concrete 
types, and the highest midspan deflection occurs for SCC1, followed by VC and 
SCC2, respectively. However, these observations can be partly explained by 
comparison of the initial deflection values to the data in Table 9-7. From this, it is 
noticed that the initial deflection values are larger than expected for both SCC 
types in the loading levels 10-60% and 10-70%, and for SCC1 in the loading 
ranges 10-80% and 10-85%. Thus, the smaller number of cycles to failure, with 
respect to the other concrete types subjected to the same upper load limit, is not 
surprising for these specimens.  
 
 
Figure 9-22 – Experimental midspan deflection evolution  
of VC-E-RM-10-60, SCC1-E-RM-10-60, and SCC2-E-RM-10-60 
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Figure 9-23 – Experimental midspan deflection evolution  
of VC-E-RM-10-70, SCC1-E-RM-10-70, and SCC2-E-RM-10-70 
 
Figure 9-24 – Experimental midspan deflection evolution  
of VC-E-RM-10-80, SCC1-E-RM-10-80, and SCC2-E-RM-10-80 
 
Figure 9-25 – Experimental midspan deflection evolution  
of VC-E-RM-10-85, SCC1-E-RM-10-85, and SCC2-E-RM-10-85 
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3.3 Strain evolution 
The constantly registered concrete and rebar strain in the specimens of batch D 
are considered as a function of the number of cycles in Figure 9-26, Figure 9-27, 
and Figure 9-28. Even though it is not clearly manifested in case of the 10-80% 
loading interval, the lower ranges show the S-shaped curve with its three distinct 
periods, as reported in (Zanuy, et al., 2007), according to whom the tripartite 
progress is the macroscopic result of the internal material changes. At the 
beginning, microcrack initiation is dominant due to the bond deterioration 
between concrete paste and aggregates. The second phase is characterized by 
stable microcracking until finally a macro-crack takes place and fatigue failure 
occurs. This phenomenon is related to a redistribution of the stresses in the 
compression zone during the cyclic loading process, as it is described in  
Chapter 7, Section 4.2.2. The stresses are transferred from the most compressed 
and most degraded top fibres towards the lower and less damaged fibres in the 
compression zone, thereby increasing the curvature of the section. Once the 
redistribution process has taken place, the concrete strains and stresses remain 
stable. 
In agreement with the deflection graphs, the starting point of the strain 
evolution curves is located higher as the upper load limit increases. However, not 
one beam, which have been tested between 25% and 65% of Pult and which 
collapsed by crushing of the concrete at the top, reaches the maximum concrete 
strain of 3.5‰. In case of the 10-70% and 10-80% loading conditions the 3.5‰ 
strain limit is attained. Of course, the highest concrete strain values are found for 
the specimens which collapsed early (i.e. after 500 cycles in case of VC-D-RM-10-
80 (5) and after 20 cycles in case of SCC-D-RM-10-80 (6)).  
Despite the fact that a distinct bond behaviour of VC and SCC in static loading 
conditions have been reported in literature (Valcuende, et al., 2009), (Pop, et al., 
2013), no explicit difference between VC and SCC can be derived, although a 
faster concrete strain increase is noticed for SCC. For this reason, it is assumed 
that cyclic creep (Bazant, et al., 2014) of the concrete is the main cause of the 
increasing deflection during the fatigue tests (see Figure 9-19, Figure 9-20, and 
Figure 9-21). 
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Figure 9-26 – Experimental concrete strain evolution  
of VC-D-RM-25-65 and SCC-D-RM-25-65 
 
 
Figure 9-27 – Experimental concrete strain evolution  
of VC-D-RM-10-70 and SCC-D-RM-10-70 
 
 
Figure 9-28 – Experimental concrete strain evolution  
of VC-D-RM-10-80 and SCC-D-RM-10-80 
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In Figure 9-29 to Figure 9-32 the concrete strain evolution during the fatigue 
tests on batch E is given for the different load levels. The distinct phases of the  
S-shaped curve are not clearly visible in these graphs, but in agreement with the 
deflection evolution, the strain values increase with increasing upper load limit. 
Yet, little difference is noticed between the concrete deformation for the load 
levels 10-60% and 10-70% of Pult, but this might be related to the fact that the 
beams, tested at these loading intervals, all fail by rebar fatigue (except for SCC1-
E-RM-10-70). Strangely, none of the specimens – not even those which collapsed 
by crushing of the concrete – achieves the 3.5‰ strain limit. Comparison of the 
three concrete types yields no explicit relationship. Only a faster concrete strain 
increase in case of SCC, as it is present for batch D, is found (though to a lesser 
extent). 
 
 
Figure 9-29 – Experimental concrete strain evolution  
of VC-E-RM-10-60, SCC1-E-RM-10-60, and SCC2-E-RM-10-60 
 
Figure 9-30 – Experimental concrete strain evolution  
of VC-E-RM-10-70, SCC1-E-RM-10-70, and SCC2-E-RM-10-70 
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Figure 9-31 – Experimental concrete strain evolution  
of VC-E-RM-10-80, SCC1-E-RM-10-80, and SCC2-E-RM-10-80 
 
Figure 9-32 – Experimental concrete strain evolution  
of VC-E-RM-10-85, SCC1-E-RM-10-85, and SCC2-E-RM-10-85 
 
Regarding the reinforcement strain evolution for batch D in Figure 9-33 to  
Figure 9-35), it is noticed that the beams which collapsed by rebar fatigue or 
which had a long fatigue life, show high values and a strong increase towards 
failure (i.e. VC-D-RM-25-65 (1), VC-D-RM-25-65 (3), and SCC-D-RM-10-70 (7)). In 
the other cases, merely elastic deformations occur, for both VC and SCC, with an 
increasing initial rebar strain value as the upper load limit increases. However, 
for VC the rebar steel strain is generally larger than for the SCC specimens, which 
might be attributed to a decrease of the tension stiffening effect due to an 
inferior bond between concrete and reinforcement, opposed to SCC.  
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Figure 9-33 – Experimental rebar strain evolution  
of VC-D-RM-25-65 and SCC-D-RM-25-65 
 
Figure 9-34 – Experimental rebar strain evolution  
of VC-D-RM-10-70 and SCC-D-RM-10-70 
 
Figure 9-35 – Experimental rebar strain evolution  
of VC-D-RM-10-80 and SCC-D-RM-10-80 
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Considering the reinforcement strain development for the specimens of batch E 
(see Figure 9-36 to Figure 9-39), again nearly horizontal curves are observed, 
indicating elastic deformations of the rebar. In contrast to the findings for batch 
D, the location of the curves (high or low values) is not influenced by the loading 
interval, neither by the failure mechanism or the number of cycles. The mutual 
relationship between VC, SCC1, and SCC2, however, corresponds with that, 
derived from the deflection evolution in Section 3.2.  
Notice that for SCC1-E-RM-10-60 and SCC2-E-RM-10-85 the rebar strain could 
not be registered due to a broken strain gauge. 
 
 
Figure 9-36 – Experimental rebar strain evolution  
of VC-E-RM-10-60, SCC1-E-RM-10-60, and SCC2-E-RM-10-60 
 
Figure 9-37 – Experimental rebar strain evolution  
of VC-E-RM-10-70, SCC1-E-RM-10-70, and SCC2-E-RM-10-70 
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Figure 9-38 – Experimental rebar strain evolution  
of VC-E-RM-10-80, SCC1-E-RM-10-80, and SCC2-E-RM-10-80 
 
Figure 9-39 – Experimental rebar strain evolution  
of VC-E-RM-10-85, SCC1-E-RM-10-85, and SCC2-E-RM-10-85 
 
3.4 Crack pattern and crack width evolution 
Figure 9-40 provides the crack patterns of the batch D-beams (both VC and SCC), 
not only at the end of the cyclic tests, but also at intermediate moments. Notice 
that for beams VC-D-RM-25-65 (1) and SCC-D-RM-25-65 (3) the first crack pattern 
was drawn and the first crack width measurement took place after 5 cycles, 
instead of 1 cycle. It can be seen that the initial crack pattern (after 1 or 5 cycles) 
does not significantly differ from the ultimate crack pattern (at the last 
measurement). The crack lengths only slightly grow, whereas the crack widths 
(measured in the constant moment region at predetermined numbers of cycles 
up until failure) substantially increase during the fatigue experiments (see  
Figure 9-41, Figure 9-42, and Figure 9-43 for the loading ranges 25-65%, 10-70%, 
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and 10-80%, respectively). Also the crack patterns for VC-E-RM, SCC1-E-RM, and 
SCC2-E-RM (see Figure 9-44 and Figure 9-45), drawn during the fatigue tests, also 
show no substantial differences between the initial crack lengths (at the 
beginning of the experiment) and the ultimate crack lengths (at the end of the 
fatigue life). The crack widths, which do increase significantly during the cyclic 
tests, are considered as a function of the number of cycles in Figure 9-46,  
Figure 9-47, Figure 9-48, and Figure 9-49 for the loading ranges 10-60%, 10-70%, 
10-80%, and 10-85%, respectively. 
Regardless the different load levels and notwithstanding that scatter is present, 
the curves for VC-D-RM and SCC-D-RM have an initial crack width of about 
0.1mm, whereas for the concrete types of batch E an initial crack width between 
0.1mm and 0.2mm is found, depending on the different load levels. However, in 
case of both batches, the crack widths first gradually increase before a final short 
period of rapid growth takes place. The crack propagation during the initial 
period is quite similar for all concrete types, but it is rather stable for VC, while 
the cracks widths in SCC grow at an accelerated level. Considering batch E, the 
faster crack growth for the SCC mixtures is especially present in case of the 
highest loading intervals (10-80% and 10-85% of Pult). These findings agree with 
the results of related research (De Corte, et al., 2011) and an explanation can be 
found in (Zanuy, et al., 2011), where it is stated that due to the better bond 
properties of SCC the rebar stresses at the cracks are significantly larger than in 
the bar lengths between the cracks. When considering the number of cracks, SCC 
(and particularly SCC2-E-RM) tends to produce more cracks, compared to VC, 
which might be attributed to the development of negative tension stiffening 
(negative bond stresses at the steel-concrete interface between cracks) during 
unloading stages, as observed by Zanuy et al. (Zanuy, et al., 2011).  
Considering the specimens of batch D which failed by rebar fatigue, VC-D-RM-25-
65 (1) clearly generates the largest crack widths, whereas the values for SCC-D-
RM-10-70 (7) do not differ from the other beams tested at the same load level. 
Strangely, this does not correspond with the outcome of the rebar strain 
evolution. In case of batch E, minimal differences in crack width values occur for 
the loading ranges 10-60% and 10-80% of Pult. In case of the load levels 10-70% 
and 10-85% Pult, SCC1-E-RM shows the largest values, followed by VC-E-RM and 
SCC2-E-RM, respectively. These findings cannot be related to the failure mode or 
to the number of cycles to failure, and there is also no correspondence with the 
rebar strain evolution.  
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Figure 9-40 – Crack patterns 
of VC-D-RM and SCC-D-RM 
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Figure 9-41 – Average crack width evolution  
of VC-D-RM and SCC-D-RM 
 
Figure 9-42 – Average crack width evolution  
of VC-D-RM and SCC-D-RM 
 
Figure 9-43 – Average crack width evolution  
of VC-D-RM and SCC-D-RM 
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Figure 9-44 – Crack patterns of VC-E-RM and  SCC1-E-RM 
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Figure 9-45 – Crack patterns of SCC2-E-RM 
 
 
Figure 9-46 – Average crack width evolution  
of VC-E-RM-10-60, SCC1-E-RM-10-60, and SCC2-E-RM-10-60 
Chapter 9 - Cyclic four-point bending tests 227 
 
Figure 9-47 – Average crack width evolution  
of VC-E-RM-10-70, SCC1-E-RM-10-70, and SCC2-E-RM-10-70 
 
Figure 9-48 – Average crack width evolution  
of VC-E-RM-10-80, SCC1-E-RM-10-80, and SCC2-E-RM-10-80 
 
Figure 9-49 – Average crack width evolution  
of VC-E-RM-10-85, SCC1-E-RM-10-85, and SCC2-E-RM-10-85 
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3.5 Conclusions 
It is clear that the T-shaped beam geometry is advantageous (for this research) in 
relation to the proportion of concrete and rebar stresses as the configuration 
allows for a stress situation for which direct compressive fatigue failure takes 
place. This is the case for most of the tested beams (both static and cyclic). 
However, the statement that concrete compressive fatigue failure only occurs if 
the applied stresses are higher than 60% of the cylindrical compressive strength 
(Schläfli, et al., 1998), seems to be correct, as well. Only in case of SCC1-E-RM-10-
70, which failed at a considerably larger number of cycles, this is not true. Due to 
a substantial variation in the static ultimate load, caused by the material’s 
heterogeneity and inherent variability, the loading range is not always exact the 
intended value. This leads to highly scattered results for the number of cycles to 
failure of the fatigue tested specimens, and consequently different failure 
modes. Hence, specimen SCC1-E-RM-10-70 suffered rebar fatigue failure. The 
other rebar fracture cases are related to the lower load levels (10-60% of the 
ultimate static load Pult). Hence, it appears that fatigue of the reinforcement steel 
occurs at an upper load limit of 70% of Pult or lower. Furthermore, increasing the 
lower stress limit, prolongs the fatigue life of the beams. Practically, this means 
that fatigue of concrete is crucial in low-cycle fatigue situations, such as 
earthquakes and storms, characterized by high loading amplitudes and a small 
number of cycles. Airport and highway pavements, bridges, and wind power 
plants, on the other hand, are subjected to high-cycle fatigue loading with a 
greater possibility for rebar fatigue. 
The parameters, measured during the static and the fatigue experiments show 
good correspondence between the batches D and E. The vertical displacement 
and strain data, however, show large scatter. When considering batch D, only at 
the highest load level (10-80% Pult) the midspan deflection is consistently larger 
for SCC, when compared to VC. In agreement with this, the vertical 
displacements during the fatigue tests on batch E, are larger for VC in case of the 
highest load, so it can be stated that the deformation of SCC is larger during the 
cyclic experiments when an upper load limit of 80% of Pult or higher is applied. In 
case of lower loading applications, no clear distinction between the concrete 
types is found. VC and SCC do show a similar deformation evolution during the 
fatigue tests and the concrete strain increase is generally larger in case of SCC. 
In agreement with the static tests, SCC (especially SCC2) generates, on average, a 
larger amount of cracks (with smaller crack spacing) than VC in the cyclic 
experiments, even though the difference is less explicitly present. This 
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corresponds with findings in literature (De Corte, et al., 2011). For both batch D 
and batch E the crack widths are similar for all concrete types, but the fatigue 
crack propagation process takes place at an accelerated level for SCC, when 
compared to VC. In particular the loading intervals 10-80% and 10-85% of Pult 
(batch E) yield a faster crack width growth.  
Regarding the fatigue life of the tested reinforced concrete beams, large scatter 
is observed. No consistent relationship, covering the full loading scope, between 
the two concrete types can be found. The total number of cycles to failure 
strongly depends on the applied load level and both the lower and upper stress 
limit influence the fatigue resistance of the specimens. In case of batch D, at the 
higher load levels (up to 70% and 80% of Pult), SCC can sustain more cycles, but 
for the lowest load limit (up to 65%) the opposite is true. As to batch E, VC also 
shows the best fatigue resistance in case of the lower loading ranges, whereas 
SCC1 performs best at 10-85% of Pult and SCC2 at 10-80% of Pult. 
 
4 Cyclic three-point bending – and wedge-splitting tests 
4.1 Cyclic three-point bending tests 
Table 9-8 provides the total number of load cycles up to failure of the cyclic 
3PBTs on the concrete types of batch E. The notation ‘A’ or ‘B’ is added in case 
two specimens were tested at the same load range. It is clear that the fatigue life 
increases as the upper load limit decreases. For all applied load levels, SCC2 
shows the best fatigue resistance, compared to the other mixtures. SCC1, which 
turned out to be the most brittle in the static 3PBTs (see Chapter 4,  
Section 3.1.3), performs worst. This relationship seems to correspond with the 
values of the compressive strength, which is the largest in case of SCC2 and the 
smallest  for SCC1 (although there is little difference with VC). Strangely, there is 
no agreement with the outcome of the fatigue tests on the reinforced concrete 
beams of Section 3, where SCC2-E-RM only indicated the best fatigue 
performance in case of a loading range between 10% and 80% of the static 
strength. 
The evolution of the CMOD during the cyclic experiments is depicted in  
Figure 9-50 to Figure 9-53 for the different load limits. As stated in (Horii, et al., 
1992), the mechanism of fatigue crack growth under cyclic loading generally 
consists of an initiation phase and a propagation phase. The micro-crack 
initiation is dominant in the beginning and is followed by a stable propagation 
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period until a macro-crack is formed, which grows rapidly up to failure (Zanuy, et 
al., 2007). Since in the conducted tests an existing crack is present by means of a 
notch, only the propagation stage (with slowly ascending part and a subsequent 
quickly growing part) is visible in the graphs. Notice that the slope of the CMOD 
growth curve becomes steeper and the number of cycles in the final phase 
becomes smaller as the load level increases. The specimens which failed after 
only a few load cycles, probably were subjected to a higher load level than 
intended, because their static failure load presumably would have been lower 
than the mean value of the actual conducted static tests. Indeed, when 
comparing the average static load-CMOD curve to the dynamic ones (see  
Figure 9-54 and Figure 9-55), it can be seen that the CMOD values, corresponding 
to the maximum applied load level of these dynamically tested specimens, 
already exceed the CMOD value at peak load of the static curve. Due to the large 
deformations occurring in the latter’s descending branch and the substantial 
decrease in stiffness, certain specimens prematurely fail after one load cycle.  
 
Table 9-8 – Number of cycles to failure in 3PBTs on VC-E-RM, SCC1-E-RM, and SCC2-E-RM 
 VC-E-RM SCC1-E-RM SCC2-E-RM 
10-90%  1 1 8 
10-80% A 2 2 3 
10-80% B 1 3 39 
10-75%  31 7 65 
10-70% A 25 3 404 
10-70% B 51 18 677 
 
 
Figure 9-50 – Evolution of CMOD during cyclic 3PBT with limits 10-90% 
on VC-E-RM, SCC1-E-RM, and SCC2-E-RM 
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Figure 9-51 – Evolution of CMOD during cyclic 3PBT with limits 10-80% 
on VC-E-RM, SCC1-E-RM, and SCC2-E-RM 
 
 
Figure 9-52 – Evolution of CMOD during cyclic 3PBT with limits 10-75% 
on VC-E-RM, SCC1-E-RM, and SCC2-E-RM 
 
 
Figure 9-53 – Evolution of CMOD during cyclic 3PBT with limits 10-70% 
on VC-E-RM, SCC1-E-RM, and SCC2-E-RM 
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Figure 9-54 – Premature collapse of  VC 10-90% and VC 10-80% B 
during cyclic 3PBT 
 
 
Figure 9-55 – Premature collapse of  SCC1 10-90%, SCC1 10-80% A,  
and SCC1 10-70% A during cyclic 3PBT 
 
4.2 Cyclic wedge-splitting tests 
The outcome of the cyclic WSTs is illustrated by Table 9-9, which contains the 
fatigue life data of all tested specimens. In contrast to the 3PBTs, no unique 
relationship between VC-E-RM, SCC1-E-RM, and SCC2-E-RM can be found 
regarding the fatigue resistance. SCC2 can sustain the highest number of cycles 
to failure in case the load level 10-90% is applied, whereas for the other upper 
VC 10-90% 
VC 10-80% B 
SCC1 10-80% A 
SCC1 10-70% A 
SCC1 10-90% 
Chapter 9 - Cyclic three-point bending – and wedge-splitting tests 233 
load limits (80%, 75%, and 70%) VC scores best. However, this largely 
corresponds with the results of the cyclic 4PBTs, where the beams made from 
VC-E-RM indicated the best fatigue performance in the lower loading ranges 
(with an upper limit lower than 80% of the static strength). When implicating the 
results of the static WSTs, in which VC showed to be the toughest, it would seem 
more logic that this concrete type would have the best overall fatigue resistance 
(i.e. for all load levels). Due to scatter in the results of the cyclic experiments, 
caused by the heterogeneous nature of concrete, however, no definite 
conclusion can be drawn. Also only for VC, the number of cycles consistently 
increases with decreasing upper load limit. 
 
Table 9-9 – Number of cycles to failure in WSTs on VC-E-RM, SCC1-E-RM, and SCC2-E-RM 
 VC-E-RM SCC1-E-RM SCC2-E-RM 
10-90% A 368 7 743 
10-90% B 271 334 726 
10-80% 13,088 2,066 545 
10-75% A 77,409 7,061 11,002 
10-75% B - 384 - 
10-70% 110,941 1,168 3,099 
 
 
Figure 9-56 – Evolution of CMOD during cyclic WST with limits 10-90% 
on VC-E-RM, SCC1-E-RM, and SCC2-E-RM 
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Figure 9-57 – Evolution of CMOD during cyclic WST with limits 10-80% 
on VC-E-RM, SCC1-E-RM, and SCC2-E-RM 
 
 
Figure 9-58 – Evolution of CMOD during cyclic WST with limits 10-75% 
on VC-E-RM, SCC1-E-RM, and SCC2-E-RM 
 
 
Figure 9-59 – Evolution of CMOD during cyclic WST with limits 10-70% 
on VC-E-RM, SCC1-E-RM, and SCC2-E-RM 
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Figure 9-56 to Figure 9-59 show the CMOD evolution as a function of the number 
of cycles for the different load levels. In accordance with the results of the 
fatigue loaded 3PBT beams, first a stable propagation period is present, until a 
macro-crack is formed, which grows rapidly up to failure (Zanuy, et al., 2007). 
Even though two samples (one made from VC and a second made from SCC2), 
subjected to the load range 10-75%, could not be tested until failure, Figure 9-58 
clearly demonstrates that the rapid crack growth phase is already on-going. 
Furthermore, a premature collapse of the second SCC1 specimen at load level 
10-90% (marked as “SCC1 10-90% B”) has been detected from the comparison of 
its dynamic load-CMOD curve with the average static curve (see Figure 9-60). At 
its first cycle the CMOD value, corresponding to the maximum applied load, 
slightly exceeds the CMOD value at peak load of the static curve, resulting in a 
limited fatigue life.  
 
 
Figure 9-60 – Premature collapse of  SCC1 10-90% B during cyclic WST 
 
4.3 Conclusions 
When considering the cyclic 3PBTs on batch E, SCC1 (with similar strength as VC) 
performs worst, whereas SCC2-E-RM (with equal w/c ratio as VC-E-RM), which 
has the largest compressive strength of the three concrete types, shows the 
highest overall fatigue resistance. Hence, it appears that the fatigue performance 
and the cracking behaviour of plain concrete under cyclic loading (in a 3PBT 
setup) depends on the static compressive strength, which is related to the w/c 
ratio and thus the strength cement paste. In case of SCC1, the higher w/c ratio 
SCC1 10-90% B 
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makes the concrete more brittle and less resistant to crack propagation. The 
smaller fracture parameters, obtained from the static 3PBTs, affirm this 
statement. However, scatter is present in the fatigue life data due to the 
inevitable spread in the static strength of the samples, which is caused by the 
heterogeneous nature of the material. Therefore, it is difficult to draw definite 
conclusions. Furthermore, there is no agreement with the outcome of the cyclic 
4PBTs on the same batch. The altered relationship of the concrete types, 
opposed to the 4PBTs, might be attributed to the absence of reinforcement and 
the according bond properties. The presence of the notch in the plain specimens 
might influence the fatigue resistance, as well. 
Regarding the cyclic WSTs on batch E, a totally different outcome, opposed to 
the 3PBTs, is found. Here, VC-E-RM is the toughest concrete type, for it can 
sustain the most load cycles to failure, at least for the load ranges 10-80%,  
10-75%, and 10-70%. VC also yielded the largest fracture parameters in the static 
WSTs, compared to the SCC types. This could be ascribed to the larger amount of 
coarse aggregates and thus the more prominent interlocking mechanism during 
fracture. However, in case the load level 10-90% is applied, SCC2-E-RM shows the 
best fatigue resistance. This largely meets the findings of the cyclic 4PBTs, 
possibly indicating a more reliable outcome. But again, the scattered results do 
not allow to draw definite conclusions. 
 
5 S-N curves 
From the experimentally obtained number of cycles to failure of the cyclic 4PBTs 
at the different fatigue load levels (see Section 3 of this chapter), S-N curves were 
extracted by putting the maximum stress level in relation to the logarithm of the 
number of cycles. The results are compared graphically to the S-N curves for 
concrete found in literature (e.g. the methods proposed by Aas-Jakobsen and 
Model Code 2010 (FIB, 2010)). Also the theoretical S-N curve for reinforcement 
steel from the Model Code is considered, in order to verify the rebar fatigue 
failure mechanism of the beams in the fatigue tests. 
 
5.1 S-N curves based on cyclic four-point bending tests 
The S-N curves below are based on the experimental results of the cyclic 4PBTs 
on batch D and E, and represent the relationship between the normalized 
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maximum applied fatigue stress Smax (=σc,max/fcc) and the number of load cycles N 
which caused fatigue failure. Both, the maximum stress level σc,max and the 
ultimate static concrete crushing stress fcc were determined by applying a non-
linear calculation method. Incorporation of fcc partly eliminates possible 
influences, such as w/c ratio, moisture content, age at loading, etc. (Lee, et al., 
2004).  
First, batch D and batch E are considered separately in Figure 9-61, and  
Figure 9-62, respectively. Afterwards, all the fatigue life data are put together in 
Figure 9-63 and a comparison is made. An overview of the fitted curves’ slopes is 
provided in Table 9-10. Notice that, at this stage, all the specimens are taken into 
account, regardless the failure mode. Almost identical, gently descending curves 
appear for batch D, as well as for batch E. As a result, Figure 9-63 is not 
significantly different either. Moreover, the slope of the fitted lines is very similar 
for all concrete types (see also Table 9-10), meaning that, when a certain fatigue 
stress level is applied, VC, SCC with comparable strength, and SCC with equal w/c 
ratio are able to endure the same amount of load cycles before failing.  
 
 
 
Figure 9-61 – S-N curve based on cyclic 4PBTs on batch D (CC + RF) 
 
 
Figure 9-62 – S-N curve based on cyclic 4PBTs on batch E (CC + RF) 
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Figure 9-63 – S-N curve based on cyclic 4PBTs on batch D and batch E (CC + RF) 
 
Table 9-10 – Slopes of the fitted S-N curves 
Batch D (Fig. 9-61) Batch E (Fig. 9-62) All (Fig. 9-63) 
VC-D-RM -0.0503 VC-E-RM -0.0484 VC -0.0496 
SCC-D-RM -0.0504 SCC1-E-RM -0.0469 SCC equal strength -0.0489 
  SCC2-E-RM -0.0488 SCC equal w/c ratio -0.0488 
Batch D (Fig. 9-64) Batch E (Fig. 9-65) All (Fig. 9-66) 
VC-D-RM -0.0497 VC-E-RM -0.0370 VC -0.0482 
SCC-D-RM -0.0510 SCC1-E-RM -0.0389 SCC equal strength -0.0457 
  SCC2-E-RM -0.0335 SCC equal w/c ratio -0.0335 
 
When the results of the beams which suffered rebar fatigue failure are excluded, 
the curves from Figure 9-64 regarding batch D, do not show remarkable 
differences, while in Figure 9-65 a less steep slope can be observed for VC-E-RM, 
SCC1-E-RM, and SCC2-E-RM. Nevertheless, the mutual relationship of the 
concrete types per batch is similar to what is noticed in Figure 9-61 and  
Figure 9-62 (i.e. nearly identical slopes). When comparing batch D and batch E, 
however, a large deviation of the slopes is present, resulting in the altered S-N 
curves of Figure 9-66, opposed to Figure 9-63. The large differences for VC and 
SCC with equal strength are averaged, resulting in a higher slope value, 
compared to the SCC mixture with identical w/c ratio, which is only present in 
batch E (see Table 9-10). This would mean that, in contrast to the conclusion 
from Figure 9-61 to Figure 9-63, SCC2 has a better fatigue resistance than the 
other concrete types. However, it needs to be mentioned that the S-N lines are 
sometimes based on merely two experimental values, if only the concrete 
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crushing failure mode is considered. Therefore, it is believed that the S-N curves 
which account for all specimens (and thus both occurring failure mechanisms) 
are more correct. Hence, further investigation makes allowances for all data, 
without omitting the rebar failure mode. 
 
 
Figure 9-64 – S-N curve based on experiments on batch D (only CC) 
 
 
Figure 9-65 – S-N curve based on experiments on batch E (only CC) 
 
 
Figure 9-66 – S-N curve based on experiments on batch D and batch E (only CC) 
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5.2 Comparison with literature 
Comparison of the experimentally determined S-N curves with those from 
literature in Figure 7-8 and Figure 7-9, reveals good agreement. In fact, a better 
agreement is noticed with the curve for plain concrete in compression, which has 
a slightly less steep slope, compared to the one for plain concrete under flexural 
loading. However, the data show a significant deviation and care is required in 
the interpretation of the regression lines. Thereby, it should be kept in mind that 
the analyzed fatigue data originate from a variety of testing configurations, 
materials and procedures. Also the fitted S-N curves from this research are to be 
taken carefully, given the rather low number of tests, so that definite conclusions 
cannot be drawn. 
Various approaches to predict or estimate the fatigue life of concrete subjected 
to repeated loading actions, can be found in literature (see Chapter 7,  
Section 7.1). Moreover, the influence of the lower stress level, which is not 
considered in the experimentally obtained S-N curves, can be included as a third 
variable. The Aas-Jakobsen relation (Eq. 7-6), for instance, allows to determine 
the ultimate number of cycles N, reckoning with the maximum fatigue stress 
level σmax, the fatigue stress ratio R (=σmin/ σmax), and the concrete’s static 
compressive strength fcm. Different β-values are proposed, so in order to verify 
their applicability each one (0.064, 0.069, and 0.080) is applied for determining 
the S-N relationship, valid for the conducted fatigue tests (i.e. based on the 
experimental values of σmin, σmax, and fcc instead of fcm). The results are depicted 
in Figure 9-67, Figure 9-68, and Figure 9-69. The continuous lines represent the 
lower and upper limit of R for batch D (0.13 and 0.40, respectively), while the 
dashed lines correspond with the limits of R for batch E (0.12 and 0.17). It is clear 
that a perfect fit is found for β=0.064, which actually is a value suggested for 
plain concrete under repeated compressive loading, involving a uniform stress 
situation. The reinforced concrete beams in this research are subjected to 
bending, where the compressive stresses are distributed totally different. Yet, 
this correspondence with pure compression is also present when comparing the 
experimental data with Figure 7-8. 
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Figure 9-67 – S-N curve based on Aas-Jakobsen (β=0.064) 
 
 
Figure 9-68 – S-N curve based on Aas-Jakobsen (β=0.069) 
 
 
Figure 9-69 – S-N curve based on Aas-Jakobsen (β=0.080) 
 
Reckoning with a β-value of 0.064, a comparison is made of the experimental 
outcome and the theoretically determined S-N curves. Batch D and batch E are 
considered separately in Figure 9-70 and Figure 9-71, respectively. The bold black 
lines represent the lower and upper limits of R, which comprise all occurring 
stress ratios: R=0.12, R=0.13, R=0.15, R=0.17, and R=0.40 address the loading 
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intervals 10-60% Pult, 10-70% Pult, 10-80% Pult, 10-85% Pult, and 25-65% Pult, 
respectively. Regarding batch D, a good agreement is found for the lower  
R-values (R=0.12 and R=0.13), particularly for VC, whereas in case of batch E only 
the results (of all concrete types) for R=0.15 show proper correspondence with 
the calculated lines. When putting all data together (see Figure 9-72), it can be 
observed that the scattered experimental points are mostly located between the 
boundaries of the Aas-Jakobsen approximation, even though some data do not 
meet with these limits. However, the fitted S-N curves for VC, SCC with similar 
strength, and SCC with equal w/c ratio, which are nearly identical, lie within the 
defined range, indicating that the Aas-Jakobsen method is not unsuited. 
 
 
Figure 9-70 – Comparison experiments on batch D with Aas-Jakobsen 
 
 
Figure 9-71 – Comparison experiments on batch E with Aas-Jakobsen 
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Figure 9-72 – Comparison experiments with Aas-Jakobsen 
 
A second S-N approach which makes a distinction between different minimum 
fatigue stress levels, is that found in the Model Code 2010 (FIB, 2010). Notice 
that these theoretical curves are valid only for plain, vibrated concrete in pure 
compression, while the experimental data in this study are derived from bending 
tests (with a different stress distribution) on reinforced concrete beams. Hence, 
these latter all lie in the left domain of the graph (less than 10
6
 load cycles), 
because the applied test configuration with reinforced concrete specimens 
subjected to flexural fatigue is not suited for a long fatigue life of the concrete, 
since fatigue failure of the rebar steel already might occur at about 250,000 
cycles (e.g. SCC2-E-RM-10-70). When applying the calculation rules, prescribed 
by the code (see also Chapter 7, Section 7.1.2), the experiments approximate the 
theoretical prediction perfectly, for both batch D and batch E (see Figure 9-73 
and Figure 9-74). However, when comparing the experimental outcome to the 
proposed theoretical S-N curves, Figure 9-75 shows a decent correspondence 
only for Smin=0.28 (VC-D-RM) and Smin=0.29 (SCC-D-RM). For the lower Smin values 
a large deviation is present. In case of batch E, the experimentally determined 
points are located higher than the corresponding theoretical line (Smin=0.1). This 
might be attributed to the fact that the Model Code offers rules for design, which 
can be considered as rather conservative (including a safety margin). 
Nevertheless, it appears that for higher minimal stress levels, Model Code 2010 
(FIB, 2010) yields a good and less conservative approximation. This conclusion is 
affirmed by Figure 9-77, providing fitted lines for VC, SCC1 with similar strength, 
and SCC2 with equal w/c ratio. All experiments are regarded (batch D and batch 
E together), for which the dashed S-N curves are almost identical and approach 
the theoretical line for Smin=0.4. 
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Figure 9-73 – S-N curve based on MC 2010 (batch D) 
 
 
Figure 9-74 – S-N curve based on MC 2010 (batch E) 
 
 
Figure 9-75 – Comparison experiments on batch D with MC 2010 
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Figure 9-76 – Comparison experiments on batch E with MC 2010 
 
 
Figure 9-77 – Comparison experiments with MC 2010 
 
5.3 Conclusions 
When only considering the results of the beams which failed by crushing of the 
concrete in the compressed zone, the fitted S-N curves reveal similar slopes for 
VC and SCC1 with equal strength, and a less steep slope in case of SCC2 with 
equal w/c ratio, indicating a better fatigue resistance for VC and SCC1, opposed 
to SCC2. However, these findings are doubtful, since they are based on too little 
experimental data. Adding the rebar fatigue failure mechanisms thus yields 
another mutual relationship: all studied concrete types show identical slopes, 
meaning that they are able to sustain the same amount of load cycles before 
failing. This outcome seems more correct and also corresponds well with what is 
found in literature for plain concrete in compression. 
From the comparison of the experimental results with the Aas-Jakobsen relation, 
it is noticed that parameter β should equal 0.064, which is in fact a value 
proposed for plain concrete under repeated compressive loading. Furthermore, a 
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good prediction can be made for lower fatigue stress ratios (especially for VC).  
R-values higher than 0.15 do not yield a proper agreement. As regards the Model 
Code design rules, which are again only valid for plain, vibrated concrete in pure 
compression, a good correspondence is found for both VC and SCC. Considering 
low Smin values, a large deviation is present. 
Generally, it can be stated that VC, SCC with similar strength, and SCC with equal 
w/c ratio do not show a remarkably different fatigue behaviour. For predicting or 
estimating their fatigue performance, it is recommended to use the Aas-
Jakobsen equation in case of low minimum stress levels (e.g. 10% of the static 
strength), and the Model Code method in case of larger minimal load limits (e.g. 
25% of Pult), regardless the concrete type.  
 
5.4 Rebar fatigue 
The fatigue life data of the beams which failed due to rebar fracture are 
compared to the S-N curve for the design of reinforcing steel from Model Code 
2010 (FIB, 2010) in Figure 9-78. The double logarithmic diagram gives the stress 
range Δσ (determined by a non-linear calculation method) as a function of the 
number of load cycles N. It is noticed that all experimental values (with stress 
ranges varying from 150MPa to 300MPa) are located around the first theoretical 
S-N line (characterized by a slope of -1/5 and a number of cycles smaller than 
10
6
). Strangely, the experimentally obtained number of cycles to failure for a 
certain stress level is smaller than what is predicted by the Model Code, 
indicating that the design rules would be unconservative (only in case of the one 
specimen of SCC-D-RM this is not true, but the difference with the calculated S-N 
line is rather small). This seems to be not logical. Also when considering all 
concrete types together, a strongly deviating fitted curve (represented by the 
dashed line) is obtained with a slope of almost -1/10, which is half the slope of 
the S-N curve proposed by Model Code 2010. However, it needs to be mentioned 
that the large scatter amongst the experimental results yields an R
2
 value for the 
regression line far below unity (0.07). Therefore, the representativeness of the 
data is rather doubtful and no definite conclusions can be drawn. It can only be 
stated that the best correspondence is observed for VC-E-RM, whereas VC-D-RM 
shows the largest deviation. 
Chapter 9 - S-N curves 247 
 
Figure 9-78 – Rebar fatigue: comparison experiments (only RF) with MC 2010 
 
 
  
  
 CHAPTER 10 
FE Modelling 
In order to reveal the complete behaviour of the concrete and the reinforcement 
bars, a non-linear analysis is required, which takes into account the stiffness 
changes and redistribution of stresses after cracking. For the simulation of the 
4PBTs, described in the previous chapters, the Concrete Damaged Plasticity (CDP) 
model form the ABAQUS software is used. After a short introduction on the 
development and the properties of this material model (and some other 
approaches) the material input parameters and additional modelling features are 
identified. The outcome of the analysis is compared to the experimental results.  
 
1 Introduction 
Recently, modelling of failure and fracture has become one of the fundamental 
issues in structural mechanics and particularly in concrete structures (Jankowiak, 
et al., 2005). Reinforced concrete is a complex material and its mechanical 
behaviour is certainly not completely described by the idealization of isotropic 
hardening and softening (Vermeer, et al., 1984). However, it is important to find 
a balance between accuracy and simplicity. A less precise model provides the 
possibility of truly understanding the material behaviour, while this merit is lost 
when complex functions are used in the formulation of the model. Therefore, 
concrete is best considered on a macro-level, which means that it is treated as a 
homogeneous, isotropic continuum, and it is assumed that cracking occurs when 
the tensile strength is reached in a direction perpendicular to the direction of the 
maximum tensile stress (Hordijk, 1992). On the other hand, the accuracy of the 
finite element analysis (FEA) depends on the input parameters, amongst which 
the tensile properties of concrete after cracking and the concrete-steel bond are 
very important (Okumus, et al., 2012). 
Existing linear finite element predictions, with a linear elastic concrete material 
model, are simple and cheap (from a computational perspective), and the 
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material behaviour is simulated well until the concrete reaches its cracking 
strength. However, once cracking occurs, a redistribution of stresses is expected 
to take place and the rebars become engaged. Elastic material models are not 
able of capturing the stiffness loss in concrete elements during cracking and the 
subsequent crack growth. As a results, the concrete strains and rebar stresses are 
largely underestimated (Okumus, et al., 2012). 
A proper material model should represent both the elastic and plastic behaviour 
of concrete in compression and tension, including hardening and softening 
regimes, and local bond effects in reinforced concrete elements (Sinaei, et al., 
2012). The non-linear behaviour of reinforced concrete, such as concrete 
cracking, tension stiffening, concrete plasticity, and yielding of reinforcement 
steel, has been studied by various researchers and numerous constitutive laws 
have been proposed (Hu, et al., 2004). Two fundamentally different approaches 
for the description of cracking and damage in quasi-brittle materials are the 
Smeared Crack (SC) approach, introduced in 1960 by Rashid et al., and the 
Discrete Crack (DC) method, developed in 1981 by Saouma & Ingraffea (Jendele, 
et al., 2001). The latter is directly based on the principles of fracture mechanics 
or the fictitious crack concepts (Jendele, et al., 2001) and it is aimed at simulating 
the initiation and propagation of dominant cracks, while the first is based on the 
idea that in concrete, due to its heterogeneity and the presence of 
reinforcement, many small cracks nucleate which only in a latter stage of the 
loading process link up to form one or more dominant cracks (de Borst, et al., 
2004). Both of these, however, have several disadvantages. The DC model, for 
instance, requires an adaptive remeshing technique or a meshless method, in 
order to account for phenomena such as progressive failure (Jendele, et al., 
2001). Because of the continuous change in topology, as the dominant crack 
propagates through the material, difficulties may occur in case of robust three-
dimensional implementations and moreover, the model demands a high 
computational cost (de Borst, et al., 2004). The SC method, on the other hand, 
uses concepts of elastic degradation and/or softening plasticity within a fixed 
mesh approach (Jendele, et al., 2001), but still it may lead to convergence 
problems, unrealistic and distorted crack patterns, and furthermore, the crack 
propagation is highly sensitive to the direction of the mesh lines (de Borst, et al., 
2004). 
Considering the numerous, successful investigations, found in literature (e.g. 
(Birtel, et al., 2006), (Wahalathantri, et al., 2011), (Okumus, et al., 2012), (Sinaei, 
et al., 2012), (Ali, 2014)), a more promising method for modelling the failure and 
fracture of concrete structures, is the so-called Concrete Damaged Plasticity 
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model (CDP), which is partly based on the SC approach. This material model is 
present in the ABAQUS material library and is said to provide a general capability 
for modelling plain or reinforced concrete in all types of structures, subjected to 
monotonic, cyclic or dynamic loading. It uses concepts of isotropic damaged 
elasticity in combination with isotropic tensile and compressive plasticity to 
describe the irreversible damage which occurs during the fracturing process 
(Abaqus Analysis User's Manual, 2012). 
 
2 Material modelling 
The two main failure mechanisms of concrete are cracking under tension and 
crushing under compression. However, concrete strength determined in simple 
states of stress (i.e. uniaxial compression or tension) radically differs from that 
established in complex states of stress (e.g. biaxial or triaxial failure) (Kmiecik, et 
al., 2011), (Hu, et al., 2004), (Sinaei, et al., 2012). The Concrete Damaged 
Plasticity (CDP) model is defined by various constitutive material parameters 
which account for the complex behaviour of concrete. The key aspects of this 
model and some general background information are summarized below. The 
actual parameters for concrete and rebar, used as an input in ABAQUS/Standard, 
are given in Section 2.4 and Section 2.5, respectively. 
 
2.1 Yield surface 
The yield surface used in the CDP model was initially proposed by Lubliner et al. 
and later elaborated by Lee and Fenves to reflect the different responses of 
concrete in tension and compression (Gao, et al., 2013). The function is 
expressed in terms of effective stresses, which incorporates the degradation of 
the material, and it represents a surface in the effective stress space which 
determines the states of failure or damage (Jankowiak, et al., 2005). Inside the 
surface are the states of safe, elastic behaviour, whereas the material’s plasticity 
is governed by the so-called flow potential function, also located in the effective 
stress space (Jankowiak, et al., 2005). Once this plasticity surface is crossed, an 
increase in strain occurs with no change in stress, after which the material 
weakens and ruptures (Kmiecik, et al., 2011). The approach is based on the 
Drucker-Prager yield criterion, incorporating provisions for handling materials 
with different tensile and compressive yield strengths (see Figure 10-1). Since 
both normal and shear forces can determine failure of concrete structures, the 
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hypothesis is applicable to concrete. However, some important extensions to the 
original Drucker-Prager theory are made: the use of a hyperbolic (instead of 
linear) yield surface in the meridional plane (see Figure 10-2a), the use of a non-
circular (instead of circular) yield surface in the deviatoric stress plane (see  
Figure 10-2b), and the use of non-associated flow laws (i.e. plasticity not 
associated to a yield criterion) (Abaqus Theory Manual, 2012). These 
modifications are governed by several constitutive parameters, such as the 
parameter κc, the eccentricity ϵ, the ratio fb0/fc0, and the dilation angle ψ. The 
first parameter κc determines the shape of the deviatoric cross-section (see 
Figure 10-2b) and is assumed 2/3 (Abaqus Analysis User's Manual, 2012). It must 
be identified based on full triaxial tests on concrete (Jankowiak, et al., 2005). 
Similarly, the shape of the plastic potential surface in the meridional plane is 
adjusted to a hyperbolic curve through the plastic potential eccentricity ϵ (see 
Figure 10-2a), which defines the rate at which the function approaches the 
asymptote (Abaqus Theory Manual, 2012). It can be calculated as the ratio of the 
tensile strength to the compressive strength, but for the CDP model a value of 
0.1 is recommended (Kmiecik, et al., 2011). In order to determine the ratio fb0/fc0 
biaxial laboratory tests are required (Jankowiak, et al., 2005), for it represents 
the ratio of the strength in the biaxial state to the strength in the uniaxial state 
(Kmiecik, et al., 2011). Another method is to use Kupfer’s curve, as shown in 
Figure 10-3, to calculate the biaxial stress components. The default value in the 
(Abaqus/CAE User's Manual, 2012) is 1.16. Finally, an experiment on concrete in 
hydrostatic stress state, combined with uniaxial compression, must be conducted 
for the derivation of the dilation angle ψ (Jankowiak, et al., 2005). According to 
(Vermeer, et al., 1984) dilatancy may be described as the change in volume 
associated with shear distortion of an element in the material, and the 
accompanying angle represents the ratio of plastic volume change to plastic 
shear strain. In (Kmiecik, et al., 2011) the dilation angle is defined as the angle of 
inclination of the failure surface towards the hydrostatic axis, measured in the 
meridional plane. It is also stated that it can be physically interpreted as the 
internal friction angle of concrete, usually equal to 36° or 40°. 
Besides the parameters described above, which identify the shape of the flow 
potential surface and the yield surface in the three-dimensional stress space, 
other parameters, describing the performance of concrete are determined for 
uniaxial stresses. The concrete stress-strain relation for uniaxial compression and 
tension are explained in the following sections.  
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Figure 10-1 – Drucker-Prager boundary surface (Kmiecik, et al., 2011) 
    
Figure 10-2 – a) Hyperbolic surface of plastic potential in meridional plane  
 b) Deviatoric cross section of failure surface in CDP model (Abaqus Theory Manual, 2012)  
 
 
Figure 10-3 – Yield surface in plane stress (Kupfer’s curve) (Abaqus Theory Manual, 2012) 
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2.2 Concrete in compression 
The typical stress-strain curve for concrete in compression consists of three 
parts. The first section is nearly linear, next a part with monotonically decreasing 
slope is present, and finally the post-peak region is characterized by a negative 
slope of the curve. In terms of plasticity theory, one speaks of elastic behaviour, 
hardening behaviour, and softening behaviour, respectively (Vermeer, et al., 
1984), (Gao, et al., 2013). The CDP model uses inelastic strains, which can be 
deducted from the total strains registered in a uniaxial compression test by 
determining the elastic part, corresponding to the undamaged material. If 
detailed laboratory test results are not available, the curve can also be plotted on 
the basis of literature. The most commonly applied formulas are summarized in 
(Kmiecik, et al., 2011).  
 
2.2.1 Elastic region 
At the onset of loading, the behaviour of a concrete specimen may be 
approximated as elastic, as all deformations are recovered upon unloading. Here, 
a loading-unloading cycle produces so little hysteresis that energy dissipative 
processes are negligible. Hence, there is little or no microcracking in the 
specimen. Hooke’s law may be applied, and assuming isotropy, Young’s modulus 
E0 and Poisson’s ratio suffice for describing the material’s behaviour (Vermeer, et 
al., 1984). The end point of the elastic region is characterized by the stress value 
σco (as depicted in Figure 10-4).  At higher stress levels the material is defined as 
non-linearly elastic up to the ultimate compressive strength σcu. 
 
2.2.1 Hardening regime 
In the non-linear elastic or hardening stage of the stress-strain evolution the 
deformation gradually becomes inelastic due to frictional sliding along micro-
cracks. The total strain rate is the sum of an elastic and a plastic contribution. 
Near the end of the hardening regime, however, the elastic strain is almost zero, 
because the stress hardly increases, resulting in further strain increments of 
plastic nature (Vermeer, et al., 1984). 
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Figure 10-4 – Compressive strains for concrete under uniaxial stress  
(Abaqus Analysis User's Manual, 2012) 
 
2.2.2 Softening behaviour/compression damage 
When the concrete specimen is unloaded after the peak strength is reached, the 
unloading response in the CDP model is observed to be weakened (see  
Figure 10-4) (Abaqus Theory Manual, 2012). A uniaxial damage variable dc is 
defined to describe this so-called strain softening branch of the stress-strain 
curve. The elastic stiffness of the material E0 gets damaged or degraded 
according to Eq. 10-1, and the plastic strain is calculated by Eq. 10-2 (Abaqus 
Analysis User's Manual, 2012). 
 
P → 1 − 	P                  (10-1) 
)̃`  = )̃£¤ − "$/"                   (10-2) 
 
with )̃£¤ = ) − )7   the inelastic strain 
 σc the total stress 
 εc the total strain 
 )7   the elastic strain corresponding to the undamaged material 
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The degradation variable dc ranges from zero (for the undamaged material) to 
one (for the total loss of load-bearing capacity (Kmiecik, et al., 2011)). 
 
2.3 Concrete in tension 
A plain concrete specimen, subjected to uniaxial tension, first reacts elastically, 
resulting in a linear load-deformation relation almost up to the peak load ft. At a 
macro-level, the stresses and strains are uniformly distributed over the 
specimen’s cross-section, and therefore the load-deformation relation can be 
directly replaced by a stress-strain relation. At peak load, the strains start to 
localize within a narrow zone of microcracks (FPZ), after which a continuous 
macro-crack will develop and a load reduction takes place (softening zone). Here, 
it is no longer correct to use strain for the horizontal axis instead of deformation. 
For modelling the tensile behaviour of concrete, deformations must be split up 
into a stress-strain relation for the bulk material and a stress-crack opening 
relation for the crack, as presented in Figure 10-5 (Hordijk, 1992). 
 
 
Figure 10-5 – Tensile stress-deformation relation for concrete ((Hordijk, 1992)) 
 
2.3.1 Softening behaviour/tension damage 
When the tensile strength is reached, the stress does not decrease sharply, but 
gradually, for concrete is not regarded as a brittle-elastic material (Kmiecik, et al., 
2011). After cracking, the concrete still has some tensile strength in the direction 
normal to the crack (Sinaei, et al., 2012). This post-failure behaviour of plain 
concrete is called strain softening and is mainly attributed to the phenomenon of 
aggregate interlocking. In the CDP model, the cracked concrete’s progressive 
degrading is incorporated through the damage parameter dt (see Figure 10-6) 
and the post-failure stress is defined in terms of cracking strain (Abaqus Analysis 
User's Manual, 2012), (Sinaei, et al., 2012). Analogous to the compression 
Chapter 10 - Material modelling 257 
damage variable, dt is a value between zero and one. The initial elastic stiffness 
E0 thus gradually changes, as given by Eq. 10-3, and the plastic strain is 
determined using the relationship of Eq. 10-4. 
 
P → 1 − 	XP                  (10-3) 
)X̃`  = )X̃ − "$/"                   (10-4) 
with )X̃ = )X − )X7   the inelastic strain 
 σt the total stress 
 εt the total strain 
 )X7   the elastic strain corresponding to the undamaged material 
 
 
Figure 10-6 – Tensile strains for concrete under uniaxial stress  
(Abaqus Analysis User's Manual, 2012) 
 
In reinforced concrete members, the tensile behaviour of cracked concrete is 
more complicated due to the interaction with the reinforcing steel. Although the 
concrete between the flexural cracks in the tension zone does not significantly 
affect the load-bearing capacity of the beam, the concrete-steel bond offers the 
ability to carry a certain tensile force (Behfarnia, 2009), (Gao, et al., 2013). 
Hence, the effective stiffness of a reinforced concrete beam is considerably 
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larger than calculated on the basis of a fully cracked section, where the concrete 
in tension is assumed to carry zero stress (Behfarnia, 2009). Therefore, this effect 
is referred to as tension stiffening. The implementation of the interaction 
between concrete and rebar in the ABAQUS model is further discussed in  
Section 2.6. 
 
2.4 ABAQUS input parameters for concrete 
The input parameters, which identify the shape of the flow potential surface and 
the yield surface in the three-dimensional stress space (dilation angle ψ, 
eccentricity ϵ, ratio fb0/fc0, and parameter κ), are listed in Table 10-1 for the 
different concrete batches used in the 4PBTs. The values are based on what is 
reported in literature. The applied Young’s moduli are the experimentally 
determined ones, as given in Table 4-5 for batch D, and Table 4-6 for batch E (see 
Chapter 4, Section 1.4 and 1.5). Furthermore, for the mass density and Poisson’s 
ratio, commonly used values are chosen (2.4 x 10
-9
 ton/mm³ and 0.2, 
respectively). An optimized viscosity parameter of 5 x 10
-5
 Ns/mm² is obtained 
through investigation of its influence on the problem solution result in 
ABAQUS/Standard. The adjustment to a minimal positive value is required in 
order to avoid problems with solution convergence (Kmiecik, et al., 2011), (Hu, et 
al., 2004). 
The concrete stress-strain relations for uniaxial compression and tension, used in 
this research, are based on the specifications of Model Code 2010 (FIB, 2010) and 
AASHTO LRFD Bridge Design Specifications (2008), which is reported to be a 
successful approach for the numerical investigation of reinforced concrete 
members (Okumus, et al., 2012). The function graphs are depicted in Figure 10-7 
and Figure 10-8, along with the formulas for calculating the important threshold 
values, which can be found in Appendix 4, Tables A4-1 to A4-10. Notice that the 
post-cracking stage of concrete in tension is defined in terms of fracture energy 
GF in order to overcome the issue of mesh sensitivity (Okumus, et al., 2012). 
Figure 10-9a shows the concrete beam as it is modelled in ABAQUS. 
In case of the fatigue model, the stiffness degradation damage, caused by 
cracking of the concrete (tensile failure), is assigned a compression recovery 
factor zero, while the stiffness degradation damage due to compressive crushing 
is ascribed a tension recovery factor of 0.8, based on the findings of (Ali, 2014). 
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Table 10-1 – ABAQUS input parameters (concrete elasticity and plasticity) 
Parameter VC-D-RM SCC-D-RM VC-E-RM SCC1-E-RM SCC2-E-RM 
Mass density 
[ton/mm³] 
2.4 x 10
-9
 2.4 x 10
-9
 2.4 x 10
-9
 2.4 x 10
-9
 2.4 x 10
-9
 
Young’s modulus [MPa] 38210 33082 38423 38092 35290 
Poisson’s ratio [-] 0.2 0.2 0.2 0.2 0.2 
Dilation angle [°] 36 36 36 36 36 
Eccentricity [-] 0.1 0.1 0.1 0.1 0.1 
fb0/fc0 [-] 1.16 1.16 1.16 1.16 1.16 
κ [-] 0.66666 0.66666 0.66666 0.66666 0.66666 
Viscosity parameter  
[Ns/mm²] 
5 x 10
-5
 5 x 10
-5
 5 x 10
-5
 5 x 10
-5
 5 x 10
-5
 
 
 
Figure 10-7 – Constitutive model for concrete in compression, used in ABAQUS  
after (Okumus, et al., 2012) 
 
Ecm 
Ec1 
εc1 εc1,lim 
fcm 
0.40fcm 
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Figure 10-8 – Constitutive model for concrete in tension, used in ABAQUS  
after (Okumus, et al., 2012) 
 
2.5 ABAQUS input parameters for rebar 
From the experimental results it is clear that the deformation of the steel creates 
only elastic strains, which are fully recovered if the applied load is removed. 
Thus, the rebar steel is modelled as a linear elastic material, since neither the 
longitudinal reinforcement nor the stirrups are expected to yield in both the 
static and the fatigue loaded model. Table 10-2 contains the parameters 
describing this fully elastic behaviour. The mass density and Poisson’s ratio are 
given commonly used values of 7.8 x 10
-9
 ton/mm³ and 0.3, respectively. The 
experimentally determined Young’s modulus and yield stress (see Chapter 9, 
Section 1, Table 9-1) are used, for both applied diameters (Ø6mm and Ø20mm). 
The plastic strain, corresponding with the yield stress, is zero. 
 
Table 10-2 – ABAQUS input parameters (rebar steel elasticity) 
Parameter Ø6mm Ø20mm 
Mass density [ton/mm³] 7.8 x 10
-9
 7.8 x 10
-9
 
Young’s modulus [MPa] 188536 191263 
Poisson’s ratio [-] 0.3 0.3 
Yield stress [MPa] 589 578 
Plastic strain [-] 0 0 
Ecm 
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2.6 Interaction between concrete and rebar 
The interaction between the reinforcement steel and the surrounding concrete is 
implemented by embedding the rebar elements in the concrete (designated as 
the host element). This means that the response of the concrete elements is 
used to constrain the translational degrees of freedom of the rebar nodes. Once 
concrete elements reach their cracking limit, their stress carrying capacity 
decreases with increasing deformation, transferring the forces to the 
reinforcement (Okumus, et al., 2012).  
 
  
  
Figure 10-9 – ABAQUS model – a) Concrete beam – b) Reinforcement 
 
On the other hand, ABAQUS provides no direct modelling option for the bond 
between the reinforcement steel and the concrete. Other effects associated with 
a 
b 
262 Chapter 10 - FE Modelling 
the rebar-concrete interface, such as bond slip and dowel action, cannot be 
considered, either. The presence of reinforcement steel and its influence on the 
concrete cracking behaviour (e.g. load transfer across cracks) can only be 
mimicked by modifying some aspects of the plain concrete properties (Abaqus 
Theory Manual, 2012). Generally, this is done by invoking a fracture energy 
cracking criterion through specification of the post-failure stress as a tabular 
function of the crack opening, where the value of the fracture energy is slightly 
enlarged for obtaining an increased ductility (Abaqus Analysis User's Manual, 
2012). However, in reinforced concrete applications, the overall response of the 
structure might be affected by the stabilizing presence of the rebar (Abaqus 
Theory Manual, 2012). Therefore, it is said to be often appropriate to define 
tension stiffening as a post-failure stress-strain relationship. For relatively heavily 
reinforced concrete, modelled with a fairly detailed mesh, it is reasonable to 
assume that the strain softening after failure reduces the stress linearly to zero at 
a total strain of about 10 times the strain at failure. Considering a failure strain of 
10
-4
 (which is typical for standard concretes), the total strain at zero stress is 10
-3
 
(Abaqus Analysis User's Manual, 2012). 
Since it has been successfully applied in e.g. (Okumus, et al., 2012) and (Ali, 2014) 
for both reinforced and prestressed concrete specimens, the 4PBT simulations 
are also run with the softening option, as described in Section 2.3 and 2.4. 
Afterwards, the tension stiffening methods are tested for one concrete type and 
compared to the experimental outcome in order to identify whether these 
techniques are able to approach the actual structural behaviour of the reinforced 
concrete beams better. One should bear in mind that the tension stiffening effect 
also depends on other factors besides the bond between the rebar and the 
concrete, such as the relative size of the concrete aggregates to the rebar 
diameter, which cannot be modelled in ABAQUS. 
 
3 Loading conditions 
3.1 Static tests 
Even though the static experiments are conducted by gradually increasing the 
load, a load-controlled simulation is not capable of addressing the post-peak 
behaviour of the concrete. When the failure load is reached, the stress drops 
instantly without any softening. Therefore the FE model in ABAQUS of the static 
4PBTs is run displacement-controlled: a downward displacement of 30mm is 
applied at the point loads. 
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3.2 Fatigue tests 
The development of a reliable model for cyclic loading on concrete structures is a 
quite challenging task. In case of the 4PBTs, the simulation is conducted load- 
controlled, in agreement with the experiments. The sinusoïdal loading, applied at 
the point loads, is implemented in ABAQUS through a so-called smooth step 
amplitude, which contains the percentages of the imposed pressure load, 
functioning as lower and upper limit.  
 
4 Mesh 
The chosen mesh elements for the concrete beam are 20-node quadratic brick, 
3D solid elements with reduced integration (C3D20R), because they follow the 
constitutive law integration accurately and are very suitable for nonlinear static 
and dynamic analyses (Ali, 2014). For the longitudinal rebars two-node linear 3D 
truss elements (T3D2) were used, which are compatible with the surrounding 3D 
elements representing the concrete. Furthermore, all the elements in the model 
(concrete beam, longitudinal reinforcement bars, and stirrups) are purposely 
assigned an identical mesh size to ensure that the different materials share their 
nodes. Since the fracture energy concept is used, the model is not mesh-sensitive 
(Okumus, et al., 2012). Hence a relatively coarse mesh with element sizes of 
25mm (see Figure 10-9a) can be used in order to reduce the computational cost 
without loss of accuracy. 
 
5 Results and discussion 
5.1 Static four-point bending test 
5.1.1 Failure load 
The loads at which the beams of the different concrete types of batch D and 
batch E fail according to the FE model are presented in Table 10-3, along with the 
experimentally determined values and the calculated ones. Generally, a fairly 
good correspondence is present, particularly for the concrete types of batch E. 
For batch D, the failure loads, generated by ABAQUS, are 19% smaller than the 
experimental bearing capacity of both VC-D-RM and SCC-D-RM. Compared to the 
calculations, based on the standard rules of Eurocode 2 (CEN, 2004), the 
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deviation of the numerical values is comparable: 24% in case of VC, and 18% in 
case of SCC. Notice, though, that the FE model produces nearly identical failure 
loads for the two concrete types, which is in agreement with the results of the 
tests.  
When considering batch E, it can be seen that the ABAQUS software again 
underestimates the experimental ultimate load for SCC1-E-RM by 9%. However, 
in case of VC-E-RM and SCC2-E-RM, respectively, the numerical values are 5% 
and 15% larger than what is found from the static 4PBTs. Regarding the 
calculations, a similar relationship is noticed. The deviation, with respect to the 
numerical outcome for VC-E-RM, SCC1-E-RM, and SCC2-E-RM is 13%, 5%, and 8% 
(in that order). 
 
Table 10-3 – FEA failure loads for batch D and E (static model) 
 VC-D-RM SCC-D-RM VC-E-RM SCC1-E-RM SCC2-E-RM 
Failure load FEA [kN] 117 116 138 147 182 
Failure load exp. [kN] 144 143 132 162 158 
Failure load calc. [kN] 153 141 158 155 167 
 
5.1.2 Deflection 
Figure 10-10 and Figure 10-11 show the ultimate vertical deformation (i.e. at 
failure load) at midspan of the beams, made from batch D and batch E, 
respectively, with a colour code. Similar values are noticed for VC-D-RM and  
SCC-D-RM. Regarding the three concrete types of batch E, it is clear that the 
deflection at collapse is the largest for SCC2-E-RM, compared to VC-E-RM and 
SCC1-E-RM, which is a direct consequence of its higher ultimate load. 
The deflection evolution during the entire loading process for VC-D-RM and  
SCC-D-RM is depicted in Figure 10-12 and Figure 10-13, respectively. In these 
graphs the experimentally determined and the calculated deflections are given, 
as well. The largest difference between the numerical and the experimental 
curve occurs towards failure: 27% in case of VC-D-RM and 24% for SCC-D-RM. As 
to the theoretical evolution, calculated according to Eurocode 2 (CEN, 2004), the 
FE results overall deviate more for VC, as well. 
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For VC-E-RM, SCC1-E-RM, and SCC2-E-RM, the progression of the vertical 
deformation during the static test simulation is shown in Figure 10-14,  
Figure 10-15, and Figure 10-16, respectively. The results demonstrate that, at a 
given load, VC-E-RM deforms more, compared to the other concrete types, for 
which a similar deflection value is found. This corresponds with the findings from 
the experiments described in Chapter 9, Section 2.2. However, the highest 
ultimate deformation occurs for SCC2-E-RM, which is not surprising given its 
larger bearing capacity. When comparing the simulated deflection evolution to 
the results from the tests, a maximum difference of 27%, 15%, and 23% is 
present for VC, SCC1, and SCC2, respectively.  
For all concrete types of batch D and E, the FE model clearly underestimates the 
magnitude of the actual vertical displacements. On the other hand, a good 
agreement can be seen between the numerical results and the calculated values 
up to about 80kN. Afterwards, the curves, obtained from the ABAQUS software, 
exceed the ones, determined by the calculations, deviating towards the 
experimental outcome. In general, slightly better corresponding numerical 
results are noticed regarding the SCC types. Also notice that the non-linear 
behaviour of the concrete prior to collapse is visibly present in Figure 10-12 to 
Figure 10-13, as well as in Figure 10-14 to Figure 10-16.  
 
 
Figure 10-10 – FEA deflection at failure of batch D (static model) 
 
 
Figure 10-11 – FEA deflection at failure of batch E (static model) 
SCC-D-RM 
VC-D-RM 
VC-E-RM 
SCC1-E-RM 
SCC2-E-RM 
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Figure 10-12 – FEA deflection evolution of VC-D-RM (static model) 
 
 
Figure 10-13 – FEA deflection evolution of SCC-D-RM (static model) 
 
 
Figure 10-14 – FEA deflection evolution of VC-E-RM (static model) 
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Figure 10-15 – FEA deflection evolution of SCC1-E-RM (static model) 
 
 
Figure 10-16 – FEA deflection evolution of SCC2-E-RM (static model) 
 
5.1.3 Concrete strain 
The ultimate concrete strain at the top fibre in the middle of the beams is given 
in Figure 10-17 for both VC-D-RM and SCC-D-RM and in Figure 10-18 for the 
three concrete types of batch E. The evolution of the concrete strain as a 
function of the increasing load can be found in Figure 10-19 to Figure 10-23. 
From these graphs, it is noticed that the highest ultimate concrete strain occurs 
in case of SCC2-E-RM, which is in agreement with the experimental results and 
which is attributed to the highest failure load value, opposed to the other 
concrete types. At lower loads, similar strain values are found for VC-E-RM,  
SCC1-E-RM, and SCC2-E-RM (see Figure 10-21, Figure 10-22, and Figure 10-23). 
This does not exactly correspond with the results of the 4PBTs, where VC showed 
the largest concrete strain. As a result, the largest deviation between the 
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numerical and experimental values, is present for VC-E-RM. The underestimation 
by ABAQUS measures 21%. Also for SCC2 the FEA yields up to 12% smaller values 
than the experimentally measured, despite the overestimated value of the 
bearing capacity. Towards failure, on the other hand, the strain calculated by 
ABAQUS is 4% larger. In case of SCC1 the error with respect to the experimental 
outcome is only 4%.  
Regarding batch D, the best FEM approximation (with a maximum deviation of 
6%) is again made for the SCC type (see Figure 10-20), whereas for VC-D-RM the 
numerically obtained curve starts deviating from the experimental outcome at a 
load of about 80kN and a maximum error of 29% is found at the point of collapse 
(Figure 10-19).  
Notice that all of the FEA curves display a non-linear progression towards failure, 
while none of these attain the failure limit value of 3.5‰. 
 
 
Figure 10-17 – FEA concrete strain at failure of batch D (static model) 
 
 
Figure 10-18 – FEA concrete strain at failure of batch E (static model) 
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Figure 10-19 – FEA concrete strain evolution of VC-D-RM (static model) 
 
 
Figure 10-20 – FEA concrete strain evolution of SCC-D-RM (static model) 
 
 
Figure 10-21 – FEA concrete strain evolution of VC-E-RM (static model) 
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Figure 10-22 – FEA concrete strain evolution of SCC1-E-RM (static model) 
 
 
Figure 10-23 – FEA concrete strain evolution of SCC2-E-RM (static model) 
 
5.1.4 Rebar stain 
When considering the rebar strain at midspan, generated by ABAQUS, the 
ultimate values for batch D and E in Figure 10-24 and Figure 10-25, respectively, 
show slightly lower values for VC-D-RM and SCC-D-RM. This is also visible in the  
evolution curves of Figure 10-26 to Figure 10-30. The largest rebar strain at 
failure is noticed in case of SCC2-E-RM, for which the argument of the largest 
bearing capacity again applies. The numerically obtained rebar strain progression 
for this concrete type (see Figure 10-30), however, demonstrates similar values 
at a given load level, compared to VC-E-RM and SCC1-E-RM (see Figure 10-28 and 
Figure 10-29, respectively), as could be expected, given the merely elastic 
deformations of the reinforcement during the experiments and the concrete 
crushing failure mode of the specimens. Hence, also regarding VC-D-RM and  
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SCC-D-RM, only small differences are noticed (Figure 10-26 and Figure 10-27). 
This agrees quite well with the actual rebar strains, measured by the strain 
gauges in the static 4PBTs on batch D. Nevertheless, the maximum deviation 
between the FEA results and the experimental values is 45% for VC-D-RM and 
39% for SCC-D-RM.  
Concerning batch E, however, the experimental outcome indicates a slightly 
altered mutual relationship: the highest values occur in case of VC, followed by 
SCC2 and SCC1, respectively. The best correspondence between the numerically 
determined curve and the experimentally obtained one is found for SCC1-E-RM. 
Here, the deviation is 17%, compared to 55% in case of VC-E-RM and 35% in case 
of SCC2-E-RM. Despite the fact that only for SCC2 the concrete strain at failure 
load attains the 3.5‰ limit, the rebar strain shows a linear evolution for all three 
concrete types, affirming the observation that all the beams fail by pure crushing 
of the concrete in the compression zone, as it was also the case in the static 
experiments.  
 
 
Figure 10-24 – FEA rebar strain at failure of batch D (static model) 
 
 
Figure 10-25 – FEA rebar strain at failure of batch E (static model) 
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Figure 10-26 – FEA rebar strain evolution of VC-D-RM (static model) 
 
 
Figure 10-27 – FEA rebar strain evolution of SCC-D-RM (static model) 
 
 
Figure 10-28 – FEA rebar strain evolution of VC-E-RM (static model) 
 
Chapter 10 - Results and discussion 273 
 
Figure 10-29 – FEA rebar strain evolution of SCC1-E-RM (static model) 
 
 
Figure 10-30 – FEA rebar strain evolution of SCC2-E-RM (static model) 
 
5.1.5 Crack pattern and number of cracks 
When plotting the equivalent plastic strain (for tension) at the moment of 
collapse, an idea of the crack pattern is provided. For batch D, the results are 
given in Figure 10-31, from which a comparable number of cracks can be seen for 
both concrete types. Also Figure 10-32, which depicts the crack images from the 
ABAQUS simulation for VC-E-RM, SCC1-E-RM, and SCC2-E-RM, the amount of 
cracks does not significantly vary. When comparing these figures to the 
experimentally obtained crack patterns of Figure 9-11 and Figure 9-12, it can be 
seen that the numerical model yields a smaller number of cracks: less bending 
cracks appear in the constant moment region and the shear-bending cracks 
towards the supports are even missing. Since VC generated the least cracks in the 
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static 4PBTs, a better agreement is found with the results of the FE model. 
Regarding the SCC types, a larger deviation is present, especially for SCC1-E-RM. 
 
 
Figure 10-31 – FEA crack pattern at failure of batch D (static model) 
 
 
Figure 10-32 – FEA crack pattern at failure of batch E (static model) 
 
5.1.1 Effect of tension stiffening 
In Figure 10-33 the experimental deflection evolution is presented as a function 
of the applied static load for SCC-D-RM (as an example). Additionally, the results 
of the FEA with the two different methods for incorporating the tension 
stiffening effect, as described in Section 2.6 of this chapter, are shown, as well as 
the outcome for the concrete modelled with a softening behaviour (see  
Section 2.4). It can be seen that the best agreement with the experimentally 
determined deflection values is obtained when tension stiffening is specified as a 
stress-strain relationship, given the maximum deviation of 15%, opposed to 30% 
or more in case of the other approaches. Also regarding the rebar strain in  
Figure 10-35, the tension stiffening technique, based on stress-strain data, 
appears to be most appropriate. The concrete strain evolution in Figure 10-34, 
on the other hand, demonstrates an altered mutual relationship of the three 
rebar-concrete interface models with a less accurate outcome for the strain-
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related tension stiffening method (which is not surprising given the larger rebar 
strain values). Hence, it seems that the real structural response of the reinforced 
concrete beams in the 4PBT setup is, better approached by using the stress-
strain relationship for modelling the tension stiffening behaviour instead of the 
fracture energy approach (or the softening behaviour), at least regarding the 
deflection and the rebar strain. The concrete strain, however, is underestimated, 
and the failure load even more: the FEA (with tension stiffening as a stress-strain 
relation) yields a bearing capacity of only 99kN, compared to the experimental 
value of 143kN. 
 
 
Figure 10-33 – Influence tension stiffening on deflection 
 
 
Figure 10-34 – Influence tension stiffening on concrete strain 
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Figure 10-35 – Influence tension stiffening on rebar strain 
 
5.1.1 Influence of Young’s modulus 
In order to investigate the effect of altering the value of the concrete's Young's 
modulus, a FEA is conducted for SCC-D-RM with E equaling a smaller value 
(30000MPa) and a larger value (38000MPa) than the experimentally determined 
33093MPa. The resulting deflection, concrete strain, and rebar strain evolution is 
shown in Figure 10-36, Figure 10-37, and Figure 10-38, respectively.  
From these graphs, it can be seen that this has no influence on the rebar strain, 
which is not surprising. Consequently, also the deflection of the entire reinforced 
concrete beam during the static test is similar for the diverse values of Young's 
modulus. The largest deviation is approximately 10%. Regarding the concrete 
strain, however, some important differences can be noticed. The experimentally 
measured elastic modulus of SCC-D-RM yields a good agreement of the 
numerical concrete strain evolution to the results of the static 4PBTs, with a 
maximum error of 7% at the point of failure. Applying a higher E-value causes the 
curve to deviate more from the experimental values, while the lower Young's 
modulus of 30000MPa produces a numerical outcome which is nearly identical to 
the experimental findings. 
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Figure 10-36 – Influence Young's modulus on deflection 
 
 
Figure 10-37 – Influence Young's modulus on concrete strain 
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Figure 10-38 – Influence Young's modulus on rebar strain 
 
5.2 Cyclic four-point bending test 
Given the fact that the cyclic 4PBTs are conducted load-controlled and that the 
inevitable scatter in the static failure load can cause deviating fatigue load limits, 
the FEA is performed for VC-E-RM, because of the best correspondence between 
the numerically obtained ultimate load (138kN) and the average experimental 
result (132kN). During the implementation, however, regularly serious 
convergence problems are experienced. Therefore, the model is developed in 
steps, for which the results are verified with the findings from the experiments.  
 
5.2.1 One load cycle at highest loading level 
As a first step in the modelling procedure, only one load cycle, ranging between 
10% and 85% of the average experimental static failure load (Pult) of VC-E-RM, is 
applied (with a frequency of 1Hz) and the structural response of the reinforced 
concrete beam is examined and compared to the experimental outcome, as well 
as to the results of the static FEA. Based on the experimental data, the lower and 
upper load limit should be 13.2kN and 112.2kN, respectively. Figure 10-39, 
however, shows that the applied upper load level in ABAQUS is smaller, even 
though the lower limit is correct. Compared to the failure load of the static 
model (i.e. 138kN), the deviation is even larger. As a direct consequence, the 
deflection and the concrete strain evolution during this one cycle, depicted in 
Figure 10-40 and Figure 10-41 as a function of the time, also differ from the 
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experimental measurements. The numerical deflection at maximum load of 
7.20mm (Figure 10-40) is substantially smaller than the range of 12.5 to 13.5, 
obtained from the fatigue tests (see Table 9-7). Also the concrete strain of 
1.632‰ (Figure 10-41) is smaller, opposed to the experimentally determined 
value of about 2‰. However, the numerically obtained deflection and strain 
values do correspond with the outcome of the static FE model (see Figure 10-14 
and Figure 10-19). 
From the figures, it can also be seen that, when the lower load limit is attained 
after one cycle, both the deflection and the concrete strain values are slightly 
enlarged with respect to the values before the loading and unloading procedure. 
Likewise, when plotting the deflection and the concrete strain as a function of 
the load (see Figure 10-42 and Figure 10-43, respectively), some hysteresis is 
noticed. This indicates that the material model for the concrete is capable of 
registering the damage, suffered during this one load cycle. 
 
 
Figure 10-39 – Load evolution during one load cycle (10-85) 
 
 
Figure 10-40 – Deflection evolution during one load cycle (10-85) 
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Figure 10-41 – Concrete strain evolution during one load cycle (10-85) 
 
 
Figure 10-42 – Load-deflection curve for one load cycle (10-85) 
 
 
Figure 10-43 – Load-concrete strain curve for one load cycle (10-85) 
 
5.2.2 Twenty load cycles at highest loading level 
Figures 10-44 and 10-45 display the evolution of the deflection and the concrete 
strain, respectively, during twenty load cycles between 10% and 85% of Pult, 
where the phenomenon of damage accumulation is visible up to the first three 
cycles (particularly for the deflection). Afterwards, both the deflection and the 
concrete strain values remain nearly constant as the number of cycles further 
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increases. For instance, after 5 load cycles the concrete strain at maximum load 
measures 1.6397‰ and after 20 cycles 1.6398‰. The deflection even slightly 
decreases from 7.379mm (5 cycles) to 7.377mm (20 cycles). However, this 
evolution agrees with the damage observations in (Alliche, 2004), where the 
strain evolution during fatigue loading is divided into three stages. The primary 
stage, covering the first 10% of the total fatigue life, is characterized by a rapid 
strain increase due to the extension of pre-existing cracks until a second, stable 
state is reached, which continues for the following 80% of the fatigue life. The 
last 10% is governed by instable crack propagation, leading to failure. 
 
 
Figure 10-44 – Deflection evolution during twenty load cycles (10-85) 
 
 
Figure 10-45 – Concrete strain evolution during twenty load cycles (10-85) 
 
However, when applying more load cycles, the FE model becomes unstable. 
Enlarging the number of iterations whilst lowering the number of Fourier terms 
per increment of the analysis could solve this problem, but then the calculation 
time grows towards unfeasible extents. Furthermore, given the very small 
changes during the second, stable phase of the deformation evolution, it is 
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rather doubtful that the developed simulation technique can reasonably 
accumulate the experienced damage.  
In the ABAQUS Analysis User’s Manual (Abaqus Analysis User's Manual, 2012) it 
is found that ABAQUS/Standard offers a general option for modelling progressive 
damage and failure for ductile materials due to the accumulation of inelastic 
strain energy in a low-cycle fatigue analysis. The damage propagation is modelled 
based on the principles of LEFM. Adapted techniques for quasi-brittle materials, 
such as concrete, are not provided, though. Moreover, the available low-cycle 
fatigue analysis for ductile materials is intended to predict the fatigue life of a 
structure up to its stabilized response (after a certain number of cycles). Because 
the computational cost to simulate the slow progressive damage over many load 
cycles is prohibitively expensive, numerical fatigue life studies usually involve 
modelling the response of an engineering structure subjected to only a small 
fraction of the actual loading history. The results are then extrapolated over a 
larger number of cycles by using empirical formulas, such as the Coffin-Manson 
relationship (Abaqus Analysis User's Manual, 2012). 
Thus, the restricted capability of the developed model for the reinforced 
concrete beams in the 4PBT setup is not surprising, and it means that ABAQUS is 
not adequate for directly assessing the entire fatigue life of the studied 
specimens, especially not for low loading levels (for which the number of cycles 
to failure is typically large). Nevertheless, when considering the findings of 
Alliche (Alliche, 2004), as described above (and also in Chapter 7, Section 4.1), it 
might suffice to determine the number of cycles of the first stage. Knowing that 
this part comprises 10% of the fatigue life, the total number of cycles can be 
approximated. When doing so for the VC-E-RM specimen, subjected to the 
loading range of 10-85% Pult, the three cycles of the first, rapidly increasing 
period would result in a total fatigue life of 30 cycles. Compared to the 
experimentally determined 5 load cycles, this is not a bad estimate, bearing in 
mind the lower value of the numerical upper load limit. Considering the good 
correspondence between the results of the cyclic 4PBTs in Chapter 9, Section 3 
and Alliche’s theory, this approach is believed to be valid. 
 
5.2.3 One load cycle at lower loading level 
In order to verify the above described method for determining the fatigue life of 
the cyclically loaded reinforced concrete beams, the simulation is implemented 
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for a somewhat lower loading interval (10-70% of Pult). For comparison purposes, 
the same concrete types is used (i.e. VC-E-RM). 
Figure 10-46 displays the lower and upper limit of the applied loading interval, 
from which it is noticed that the upper load value of 81.39kN is again smaller 
than 70% of the experimental bearing capacity, as well as than 70% of the static 
numerical failure load (92.4kN and 96.6kN, respectively). Consequently, the 
deflection and the concrete strain at maximum load in Figure 10-47 and  
Figure 10-48 are considerably underestimated with respect to the outcome of 
the experiments (see Table 9-7, Figure 9-23, and Figure 9-30). This may lead to a 
longer predicted fatigue life, opposed to the number of cycles to failure in the 
static 4PBTs. 
As regards the deflection and concrete strain evolution during the first load cycle, 
Figure 10-47 and Figure 10-48, as well as Figure 10-49 and Figure 10-50 clearly 
demonstrate the irreversible damage. Compared to the hysteresis in case of the 
10-85% loading range, however, the deflection and concrete strain increase is 
slightly smaller, which is logic since the applied load is less severe. 
 
 
Figure 10-46 – Load evolution during one load cycle (10-70) 
 
 
Figure 10-47 – Deflection evolution during one load cycle (10-70) 
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Figure 10-48 – Concrete strain evolution during one load cycle (10-70) 
 
 
Figure 10-49 – Load-deflection curve for one load cycle (10-70) 
 
 
Figure 10-50 – Load-concrete strain curve for one load cycle (10-70) 
 
5.2.4 Twenty load cycles at lower loading level 
When modelling twenty load cycles between 10% and 70% of Pult, the different 
deflection and concrete strain evolution in Figure 10-51 and Figure 10-52, 
respectively (opposed to Figure 10-44 and Figure 10-45) yield promising results. 
The deflection increase (at maximum load) over twenty cycles measures 
0.027mm (from 5.658mm to 5.6mm). Compared to the increase of 0.145mm 
Chapter 10 - Results and discussion 285 
during the accelerated stage of the 10-85% loading case (i.e. the first three 
cycles), it is clear that the primary phase is longer here and probably still ongoing. 
A similar outcome is noticed for the concrete strain evolution (Figure 10-52). 
During the applied twenty load cycles the maximum strain increases from 
1.3114‰ to 1.3134‰, which is a growth of 0.0020‰. When the loading range 
between 10% and 85% of Pult is imposed the concrete strain increase during the 
first stage is 0.0039‰. 
 
 
Figure 10-51 – Deflection evolution during twenty load cycles (10-70) 
 
 
Figure 10-52 – Concrete strain evolution during twenty load cycles (10-70) 
 
However, at a higher number of load cycles the FE model again becomes 
unstable and convergence problems impede to further simulate the fatigue 
behaviour of the reinforced concrete beam, subjected to a cyclic load between 
10% and 70% of the static failure load. In correspondence with the highest 
loading level (10-85%), where the instability problem could be assigned to the 
model’s incapacity to capture the very small changes, here it also appears that 
the deformation increments are too limited (due to the lower maximum load) for 
ABAQUS to calculate the structural response for larger amounts of cycles. 
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Bearing in mind the experimental number of cycles to failure (i.e. 290598) this 
might be attributed to the fact that the 10-70% loading application is not a low-
cycle fatigue case anymore. Hence, the fatigue life cannot be estimated, not even 
the initial 10%. 
 
6 Conclusions 
When considering the FEM of the static 4PBTs, generally, similar results are 
obtained for VC and SCC with comparable strength and a substantially altered 
behaviour is noticed for SCC with equal w/c ratio (in case of batch E). This might 
be addressed to the substantially larger compressive strength (and consequently 
also the tensile strength), which is used in the concrete material model. 
Nevertheless, some differences between VC and SCC with similar strength, 
observed during the experiments, are not visible in the numerical outcome, 
especially not for the deflection, concrete strain, and rebar strain. One of the 
reasons could be that the softening behaviour of plain concrete is considered in 
the material description instead of the tension stiffening effect due to the 
presence of the reinforcement steel. However, comparison of the available 
methods to mimic tension stiffening (through the use of a post-peak stress-strain 
relationship or a fracture energy cracking criterion) with the softening approach, 
revealed that the better fit of the strain-based tension stiffening method 
regarding the deflection and the rebar strain derogates the accuracy regarding 
the concrete strain. Hence, it can be concluded that none of the techniques for 
representing the behaviour of (reinforced) concrete in tension is able to 
completely approximate the real structural response of the beams. To the 
author's knowledge, the only possible explanation for the missing differences 
between VC and SCC in the developed model is that the rebar-concrete 
interaction itself is neglected, since ABAQUS provides no direct modelling option 
for incorporating the bond strength or slip between reinforcement and concrete. 
On the other hand, even if there was an option, the improved bond 
characteristics of SCC, opposed to VC, could probably not be implemented, 
because the FE software considers concrete on a macro-level and the 
constitutive material model does not account for microstructural properties. The 
description of the behaviour of the different studied concrete types is merely 
based on mechanical properties, such as strength and Young’s modulus. Hence, 
the strongly deviating behaviour of SCC2-E-RM, compared to the other batches, 
is mainly attributed to its substantially larger compressive strength. 
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Comparing the numerical outcome to the results of the experimental program, it 
is found that the conducted FEA generally underestimates the actual behaviour 
of the reinforced concrete beams. A slightly better agreement is noticed for the 
SCC types. Furthermore, the influence of the concrete's modulus of elasticity has 
been investigated, from which it is proven that a lower value for E (equal to 
30000MPa), compared to the value from the deformation tests (i.e. 33093MPa), 
yields a concrete strain curve, almost identical to the experimentally measured 
one. The numerical results for the deflection and the rebar strain, on the other 
hand, are not affected by altering the value of Young's modulus. 
Regarding the fatigue resistance of the reinforced concrete beams, an attempt is 
made to develop a numerical model. Two loading ranges have been considered 
for the concrete type VC-E-RM: the highest one between 10% and 85% of the 
experimentally determined static strength, and a lower interval of 10-70%. In 
both cases ABAQUS fails to simulate the total fatigue life of the specimens. 
Concerning the highest load application, the damage increase during the second, 
stable phase of the deformation evolution is so small that the material model 
cannot capture these minor changes. The 10-70% loading range, on the other 
hand, is not severe enough to obtain a small number of cycles to failure, within 
the low-cycle fatigue domain.  
It is believed that ABAQUS/Standard is simply not suited for assessing the fatigue 
behaviour of reinforced concrete. The manual only mentions an option for 
modelling progressive damage and failure for ductile materials, based on the 
principles of LEFM. Since it is well-known that such an approach is not valid for 
the quasi-brittle material concrete, the restricted capability of the developed 
numerical model for the reinforced concrete beams in the 4PBT setup is not 
surprising. Furthermore, because the computational cost for fatigue analysis over 
many load cycles is prohibitively expensive, usually only a small fraction of the 
actual loading history is modelled. When the stabilized response of the structure 
is attained, the results can be extrapolated. 
Therefore, even though the FE software is not adequate for directly assessing the 
entire fatigue life of the studied specimens, the number of load cycles to failure 
can be approximated from the amount of cycles in the first, rapidly increasing 
deformation stage. Based on the findings of Alliche (Alliche, 2004), this initial 
period equals 10% of the total fatigue life. For the VC-E-RM specimen, subjected 
to the highest loading interval (between 10% and 85% of Pult), the total number 
of cycles thus is 30. Compared to the experimentally determined 5 load cycles, 
this is not a bad estimate, bearing in mind the lower value of the numerical 
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upper load limit, with respect to the maximum load level in the cyclic 4PBTs. 
Considering the numerical outcome for the lower loading case (10-70% of Pult), 
however, this method cannot be applied and the fatigue life cannot be 
estimated, because the results of the FE model do not even yield the initial 10% 
of the ultimate number of load cycles. 
As a general conclusion it might be stated that ABAQUS only has a limited 
capability of analyzing fatigue loaded, reinforced concrete beams. For very high 
loading ranges, the fatigue life can be approximated through application of an 
extension technique on the first 10% of the total amount of cycles. In case of 
lower loading levels (e.g. 10-70% of the static strength), for which the number of 
cycles to failure is larger than what is typical for low-cycle fatigue, the developed 
FE model does not yield proper results. 
 
 
 
  
  
 
 
 CHAPTER 11 
Conclusions 
The aim of Part II – Fatigue has been to obtain better insight into the fatigue 
performance and failure mechanisms of concrete elements, made from various 
types of concrete: normal, vibrated concrete (VC), self-compacting concrete with 
similar compressive strength (SCC1) and self-compacting concrete with equal w/c 
ratio (SCC2). Four-point bending tests (4PBTs) with diverse fatigue loading rates 
are conducted on large reinforced concrete beams in order to examine the 
evolution of the mechanical properties of the concrete, including deflection, 
strain, and crack widths. Also the number of cycles to failure has been 
determined experimentally for the different concrete types.  
Additionally, fatigue tests on plain concrete specimens are performed in a three-
point bending test (3PBT) and a wedge-splitting test (WST) setup, from which the 
results have been compared to the outcome of the 4PBTs on the reinforced 
samples from the same concrete batches. 
Furthermore, several commonly used fatigue life assessment methods for 
structural elements have been investigated. Both theoretical S-N approaches and 
experimental results from literature have been compared to the outcome of this 
research.  
Finally, numerical simulations of the tests are made through finite element 
modelling (FEM) in ABAQUS/CAE. The results are verified with the experimental 
data. 
The main conclusions of all these aspects are summarized in this chapter. 
 
1 Literature statements 
In Chapter 7, a brief literature overview is given on the effect of repeated loading 
actions on concrete structures. A definition of fatigue and some examples are 
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provided, as well as the different types of fatigue and several influencing factors. 
Furthermore, the present knowledge on the damage mechanism and fatigue 
resistance of plain and reinforced concrete is discussed, and diverse methods for 
fatigue life assessment are reviewed. This information has been related to the 
experimental outcome, for which the most important findings are listed below. 
 
1.1.1 Failure mechanisms of reinforced concrete 
The two most common failure mechanisms of reinforced concrete subjected to 
bending occurs in the experiments of this research. Crushing of the concrete in 
the compression zone takes place when high upper loading limits are applied. 
This seems to affirm the statement on slabs (Schläfli, et al., 1998) that concrete 
compressive fatigue failure can be expected if the stresses are higher than 60% 
of the cylindrical compressive strength. Lower loads imply an increase in the 
number of cycles, resulting in an increased possibility for rebar fatigue failure. 
Apparently, in such loading conditions, the rebar damage propagation develops 
more quickly than the deterioration process in the concrete compression zone 
takes place. Eventually, the rebar section becomes too small to carry the tensile 
stresses. Due to the fact that the initially linear stress distribution along the 
concrete compression zone of the beams becomes parabolic, the tensile stress at 
the bottom of the steel bars increases. Therefore, there is a higher potential for 
rebar fatigue fracture. This phenomenon is related to the loading range. From 
the test results, it appears that fatigue of the reinforcement steel occurs at an 
upper load limit of 70% of the static strength or lower, which strangely is the 
opposite of what is mentioned in (Zanuy, et al., 2007). 
 
1.1.2 Fatigue crack growth process 
Regarding the mechanism of fatigue crack growth, described in Chapter 7, 
Section 4, the gradual material weakening process due to internal structural 
changes, is clearly visible in the results of the performed tests. For instance, 
when considering the deflection evolution in terms of the number of cycles, a 
rapid increase is noticed towards the point of failure. Moreover, the 
redistribution of stresses, explained by Zanuy et al. (Zanuy, et al., 2007), 
depending on the degradation of the different fibres along the cross-section, 
takes place, which is noticed in the decreasing concrete strain values, measured 
at the top fibre in the middle of the beams. The initiation phase of the tripartite 
process, however, is not always present. This might be attributed to the 
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heterogeneous nature of concrete and its inherently existing flaws and 
microcracks. 
 
1.1.3 Concrete-steel bond properties 
Improved bond characteristics between concrete and reinforcing steel in static 
loading conditions have been reported in literature for SCC, in comparison to VC, 
due to the use of large amount of powders and the reduction of bleeding and 
segregation (Valcuende, et al., 2009), (Helincks, et al., 2013), (Pop, et al., 2013). 
As a result, in the static 4PBTs, SCC with equal strength generates on average 
smaller crack widths and a denser crack pattern, compared to VC, whereas SCC 
with identical w/c ratio reveals wider cracks than in VC. Also when considering 
the fatigue tests the effect of the better bond properties of SCC becomes clear. A 
rather stable crack propagation phase is found for VC, while the crack widths in 
SCC grow faster, which might be attributed to the fact that the rebar stresses at 
the cracks in SCC are significantly larger than in the bar lengths between the 
cracks (Zanuy, et al., 2011). SCC tends to produce slightly more cracks, compared 
to VC, as well, caused by the development of negative tension stiffening 
(negative bond stresses at the steel-concrete interface between cracks) during 
unloading stages (Zanuy, et al., 2011). 
 
2 Experimental program 
Large reinforced concrete beams, made from various VC and SCC mixtures, have 
been tested statically and cyclically in a four-point bending rig. Details on the 
applied materials, experimental procedures, and data processing methods have 
been described in Chapter 8, and a thorough discussion of the results has been 
provided in Chapter 9. This section summarizes the main conclusions on the 
performance of the different concrete types during the static and cyclic 4PBTs. 
 
2.1 Static four-point bending tests 
2.1.1 Failure mode 
All the reference beams of the static tests fail by pure concrete crushing, as was 
aimed for by over-reinforcing the specimens and by altering the cross-sectional 
geometry. In a linear approach, the neutral fibre axis of the inversed T-shape is 
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located 10mm higher, compared to a rectangular section with similar 
dimensions, thereby enlarging the ratio of the concrete stresses to the rebar 
stresses with 5%. 
 
2.1.2 Failure load 
Regarding the load at which the specimens collapse, the experimental outcome 
largely meets the expectations. In case of batch D, nearly no variation is present 
in the maximum load of VC and SCC, which is a consequence of the equal 
compressive strength (as it was aimed for). However, when considering the three 
concrete types of batch E, the original intentions are not confirmed by the results 
of the static 4PBTs. Even though VC and SCC1 have a similar compressive 
strength (smaller than that of SCC2) at 28 days, an altered relationship is noticed 
at the age of several months (when the beams were tested). SCC1 then shows a 
comparable strength with SCC2, while that of VC is substantially lower. This 
consequently affects the bearing capacity of the beams in bending, where  
SCC1-E-RM-REF and SCC2-E-RM-REF can sustain a higher load, compared to  
VC-E-RM-REF.  
Furthermore, it is demonstrated that the theoretical predictions of the failure 
load, based on the calculation rules of Eurocode 2 (CEN, 2004) show a better 
agreement with the SCC types. Even though they were not developed for this 
concrete type, a much larger deviation is present for VC. 
 
2.1.3 Deformation 
Concerning the deformation (including deflection and strain) of the reinforced 
concrete beams, conflicting results are found. In case of batch D, the 
experimental midspan deflection of SCC is slightly larger, compared to VC. Also 
the peak strain of SCC is higher than that of VC, which corresponds with what is 
stated in (Desnerck, 2011). In contrast to this, the experiments on batch E reveal 
a totally different relation: the deflection of SCC1-E-RM-REF and SCC2-E-RM-REF 
(which are similar) are significantly smaller than in case of VC-E-RM-REF. Both 
SCC types show a smaller concrete strain value at a given load, as well. As 
explained in the previous section, this is related to the compressive strength at 
larger age. 
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The theoretical deflection values, calculated according to the guidelines of 
Eurocode 2 (CEN, 2004), unanimously underestimate the magnitude of the actual 
vertical displacements. For both batch D and batch E, strangely a better 
correspondence is found for SCC, compared to VC. Regarding batch E, the best 
agreement is present for SCC1-E-RM-REF, followed by SCC2-E-RM-REF and VC-E-
RM-REF, respectively. Normally, the bending stiffness of reinforced concrete 
beams is significantly higher than that based on a fully cracked section, where 
concrete in tension is assumed to carry zero stress (Behfarnia, 2009). This tension 
stiffening phenomenon is attributed to the fact that concrete undergoes 
progressive microcracking and that tensile stresses can be transferred by the 
concrete between primary cracks due to its bond with the reinforcement steel. 
However, the experimental deflection values are even larger than the calculated 
ones corresponding with a fully cracked section. Possibly the actual concrete-
steel bond behaviour, especially for VC, is smaller than believed, causing a 
decreased tension stiffening effect. 
 
2.1.4 Cracking behaviour 
The three studied batches show a similar relation, when comparing the crack 
width evolution of VC and SCC. Also considering related experiments (De Corte, 
et al., 2011), it can be concluded that SCC with equal strength generates on 
average smaller crack widths and a denser crack pattern, compared to VC. From 
the experiments on batch E, it is clear that in SCC with identical w/c ratio wider 
cracks occur than in VC.  
As regards the calculation rules, proposed by Eurocode 2 (CEN, 2004) and 
developed for VC, it is noticed that they do not yield a proper prediction for this 
concrete type, even when they are based on the results of the cylinder 
compression tests and on the experimentally determined yield strength of the 
reinforcement steel. In all cases, a better theoretical value is found for the SCC 
types, which is quite surprising. Again, the tension stiffening phenomenon, as 
described above, might provide a possible explanation. 
 
2.2 Cyclic four-point bending tests 
According to the definitions in Chapter 7, Section 5, in this research low-cycle, as 
well as high-cycle fatigue has been addressed through the variation of the 
loading range, hence affecting the number of cycles to failure. When making the 
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comparison between VC and SCC, it should be noted that most of the influencing 
parameters, such as loading pattern and frequency, boundary conditions, and 
some environmental effects, have been eliminated by ensuring equal storage 
and testing conditions for all specimens. Only some internal factors, related to 
the concrete compositions and consequently their strength, can cause 
differences in fatigue resistance between the studied concrete types. 
The parameters, measured during the fatigue experiments show good 
correspondence between the batches D and E and mostly are in agreement with 
what is found in literature. 
 
2.2.1 Failure mode 
As it was also the case in the static experiments, it is clear that the T-shaped 
beam geometry is advantageous (for the present investigation) in relation to the 
proportion of concrete and rebar stresses as the configuration allows for a stress 
situation for which direct compressive fatigue failure occurs. Most of the 
cyclically tested beams collapsed by this type of failure mode, but some 
specimens did suffer rebar fatigue failure. The resulting failure mechanism is 
related to the loading range. As already mentioned in Section 1.1.1 of this 
chapter, crushing of the concrete in the compressed zone occurs if the applied 
stresses are higher than 60% of the cylindrical compressive strength. When an 
upper load limit of 70% of the static ultimate load or lower is applied, fatigue of 
the reinforcement steel is more likely to take place. 
 
2.2.2 Deformation 
The vertical displacement and strain data, obtained from the fatigue tests show 
large scatter. Still, it can be stated that the deformation of SCC is larger during 
the cyclic experiments when an upper load limit of 80% of the static failure load 
or higher is applied. In case of lower loading ranges, no clear distinction between 
the concrete types is found. VC and SCC do show a similar deformation evolution 
during the fatigue tests and the concrete strain increase is generally larger in 
case of SCC. 
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2.2.3 Cracking behaviour 
In agreement with the static tests, SCC (especially SCC2 with equal w/c ratio) 
generates, on average, a larger amount of cracks than VC in the cyclic 
experiments, but the difference is less explicitly present. The reason might be 
found in the development of negative tension stiffening in SCC during unloading 
stages due to its better concrete-steel bond properties (Zanuy, et al., 2011). For 
both batch D and batch E the crack widths are similar for all concrete types, but 
the fatigue crack propagation process takes place at an accelerated level for SCC, 
opposed to VC. In particular the loading intervals 10-80% and 10-85% of the 
static ultimate load (batch E) yield a faster crack width growth, which might be 
caused by larger rebar stresses at the cracks than in the bar lengths between the 
cracks in case of SCC (Zanuy, et al., 2011). 
 
2.2.4 Fatigue life 
Concrete fatigue tests are known to exhibit large scatter, mainly due to the 
inevitable variation in the static strength (and thus in the normalized stress 
levels). This is also the case in this research. Nevertheless, some general 
conclusions can be drawn. First, no consistent relationship, covering the full 
loading scope, between the two concrete types can be found. The total number 
of cycles to failure strongly depends on the applied load level and both the lower 
and upper stress limit influence the fatigue life of the specimens. In case of batch 
D, at the higher load levels (up to 70% and 80% of the static bearing capacity), 
SCC can sustain more cycles, but for the lowest load limit (up to 65%) the 
opposite is true. As to batch E, VC also shows the best fatigue resistance in case 
of the lower loading ranges, whereas SCC1 (with similar compressive strength, 
compared to VC) performs best at 10-85% of the static failure load and SCC2 
(with identical w/c ratio) at 10-80%. Furthermore, increasing the lower stress 
limit, prolongs the fatigue life of the beams. 
 
2.3 S-N curves 
From the experimentally obtained number of cycles to failure at the different 
load levels, S-N curves have been extracted by putting the normalized maximum 
stress level in relation to the logarithm of the number of cycles which caused 
fatigue failure. All the fatigue life data of batch D and E have been considered 
and a comparison of the fitted curves’ slopes has been made in order to detect 
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differences in fatigue resistance between the studied concrete types. 
Furthermore, some existing approaches to estimate the fatigue life of concrete 
subjected to repeated loading actions have been applied, where the influence of 
the lower stress level is included as a third variable. 
When applying fracture mechanics concepts to the values of the fracture 
parameters, obtained in Part I – Fracture Mechanics, a shorter fatigue life could 
be expected for SCC, which appeared to be more brittle. However, the 
experimentally obtained data, as well as the predictions based on the Aas-
Jakobsen relation and Model Code 2010, reveal another result. Generally, it can 
be stated that VC, SCC with similar strength, and SCC with equal w/c ratio do not 
show a remarkably different fatigue behaviour. Moreover, the four-point 
bending test setup, applied in this fatigue research, creates a stress situation in 
the upper, compressed cross-sectional area which is comparable to the stress 
distribution of plain concrete under pure compressive fatigue loading. 
 
2.3.1 Experimental results 
If only the results of the beams which failed by crushing of the concrete in the 
compressed zone are taken into account, the fitted S-N curves reveal similar 
slopes for VC and SCC1 with equal strength, and a less steep slope in case of SCC2 
with equal w/c ratio, indicating a better fatigue resistance for VC and SCC1, 
opposed to SCC2. However, caution is required when interpreting these findings, 
since they are based on little experimental data. Adding the rebar fatigue failure 
mechanisms thus yields another mutual relationship, which is believed to be 
more correct: all studied concrete types show identical slopes, meaning that they 
all are able to sustain the same amount of load cycles before failing. This 
outcome contrasts the prediction based on the fracture mechanics criteria. On 
the other hand, a good correspondence of the slopes is present with what is 
found in literature for plain concrete in compression. 
 
2.3.2 Aas-Jakobsen relation 
A comparison has been made of the experimental outcome (without omitting the 
rebar failure mode) and the theoretically determined S-N curves by using the 
Aas-Jakobsen relation (Lappa, 2007). Diverse stress ratios,  corresponding to 
different loading intervals applied in the cyclic 4PBTs, have been regarded. From 
the results, it is noticed that parameter β should equal 0.064, which is in fact a 
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value proposed for plain concrete under repeated compressive loading. 
Furthermore, the fitted S-N curves for VC, SCC with similar strength, and SCC 
with equal w/c ratio, which are nearly identical, lie within the boundaries of the 
Aas-Jakobsen approximation, indicating that the approach is not unsuited for 
these concrete types. However, a better prediction can be made for lower 
fatigue stress ratios (especially for VC). For increased lower stress limits, the Aas-
Jakobsen formula tends to overestimate the actual fatigue life of the studied 
concrete batches. 
 
2.3.3 Model Code 2010 
As to the Model Code design rules (FIB, 2010), which are only valid for plain, 
vibrated concrete in pure compression, a good correspondence is found for both 
VC and SCC. However, the experimentally obtained results are located in the left 
part of the theoretical graph (less than 10
6
 cycles, which is the most relevant 
scope in practice), because the applied test configuration with reinforced 
concrete specimens subjected to flexural fatigue is not suited for a long fatigue 
life of the concrete, since fatigue failure of the rebar steel already occurs at 
about 250,000 cycles. It appears that for higher minimal stress levels, Model 
Code 2010 yields a good approximation. Considering lower stress ratios, a larger 
deviation is present and the number of cycles to failure is underestimated. 
The experimental fatigue life data of the specimens, failed due to rebar fatigue, 
have been confronted to the S-N curves for reinforcing steel, provided in Model 
Code 2010 (FIB, 2010), which actually do not apply for rebars embedded in 
concrete. Nevertheless, a general correspondence is noticed, even though most 
reinforced concrete beams fail at a number of load cycles slightly smaller than 
expected on the basis of the Code. This demonstrates the conservative nature of 
the design rules. On the other hand, this might also point at a possible effect of 
the presence of the surrounding concrete. 
On average, the number of cycles at which fatigue failure of the rebar steel 
occurs, is larger for VC, opposed to the SCC types of the same batch. This means 
that VC is able to endure a larger amount of cycles (in the test setup of this 
research) before rebar fatigue damage causes the specimen to collapse. These 
findings are important to bear in mind when designing structural elements, made 
from SCC. Given the fact that for assessing the fatigue life of a reinforced 
concrete structure the fatigue resistance of both materials is generally regarded 
separately, incorrect conclusions may be drawn when the fatigue performance of 
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reinforcement steel is believed to be independent from the concrete type in 
which it is embedded. Design rules or methods for estimating the effect of the 
rebar-concrete interaction on the overall fatigue behaviour of a reinforced 
concrete structure, for which the onset is already given by Lindorf and Curbach 
(Lindorf, et al., 2010), should be further developed. 
 
2.4 Cyclic three-point bending – and wedge-splitting tests 
As it was also the case for the static 3PBTs and WSTs, both setups yield a 
different outcome in the cyclic experiments regarding the studied concrete 
mixtures. In the former tests, SCC with equal w/c ratio, compared to VC, shows 
the worst fatigue resistance, whereas in the latter this concrete type strangely 
performs best, at least in case of the highest applied fatigue load level. For the 
other loading ranges, used in the WST, VC can sustain the highest number of 
cycles to failure. These findings largely correspond with the results of the cyclic 
4PBTs, where the reinforced concrete beams made from VC-E-RM indicated the 
best fatigue performance in the lower loading ranges (with an upper limit smaller 
than 80% of the static strength. 
 
3 FE modelling 
3.1 Static test simulation 
For modelling fracture and failure of reinforced concrete structures, a proper 
material law is required, which is able to represent both the elastic and plastic 
behaviour of concrete in compression and tension, including hardening and 
softening regimes, and local bond effects with the reinforcement steel. The 
concrete damaged plasticity (CDP) model in ABAQUS provides such a capability. 
It is said to be suited for all types of structures, subjected to monotonic, cyclic or 
dynamic loading. Based on the concept of isotropic damaged elasticity in 
combination with isotropic tensile and compressive plasticity, the irreversible 
damage, which occurs during the fracturing process, is described. 
When applying the CDP material approach to the performed static 4PBTs (and 
disregarding the tension stiffening effect), the finite element analysis (FEA) 
generally underestimates the true structural behaviour of the reinforced 
concrete beams, especially in case of VC. The numerical results for SCC1 with 
similar strength show the best agreement with the experimental data, while a 
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larger deviation is found for the SCC2 type with equal w/c ratio as VC. Actually, 
the developed model yields a similar outcome for VC and SCC1. The reason for 
this is their similar strength and the fact that the material description of the 
different concrete types is merely based on mechanical properties, such as 
strength and Young’s modulus. Hence, the deviating behaviour of SCC2-E-RM, 
compared to the other batches, is not surprising given its substantially larger 
compressive strength. So, it could be stated that the created FE model provides a 
tool to approach the real structural behaviour of reinforced concrete beams 
subjected to static loading conditions, without the need for time-consuming 
tests.  
However, the simulation is not capable of addressing some differences between 
VC and SCC, as they have been observed in the experimental program. For 
instance, the improved bond behaviour of SCC with the reinforcement steel, 
opposed to VC, cannot be implemented, because ABAQUS considers concrete on 
a macro-level and the constitutive model does not account for microstructural 
properties. This is a great deficiency when a comparative study of different 
concrete types is intended.  
 
3.2 Fatigue test simulation 
The developed numerical model for fatigue loading has to be considered as a 
prototype. It is suited for simulating a very small amount of load cycles, but not 
for assessing the fatigue life of a reinforced concrete structure, especially not for 
low loading ranges. A similar modelling option for ductile materials, mentioned in 
the ABAQUS manual (Abaqus Analysis User's Manual, 2012), is also merely 
intended for low-cycle fatigue conditions. The applied CDP approach fails to 
capture the gradual and minimal damage increase occurring during the cyclic 
load history.  
In case of very high loading levels, however, an initial stage of rapid deflection 
and concrete strain growth, counting only a few cycles, takes place. Afterwards, a 
rather steady phase begins, within which the progressive damage still proceeds. 
The lower the applied upper load limit (and thus the larger the eventual number 
of cycles to failure), the slower the degradation process and hence, the smaller 
the damage increase per cycle. The problem is that the magnitude of these 
deformation increments are mostly too small for the constitutive model to 
accumulate. Furthermore, stability issues and convergence difficulties already 
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occur when more than twenty load cycles are implemented and the computation 
time becomes unfeasibly large. 
The only possible useful application of the FE model is determining the amount 
of cycles of the initial stage in the deformation evolution and extrapolating the 
results for larger numbers of cycles by applying the theory of Alliche (Alliche, 
2004): i.e. the first, rapidly increasing phase comprises 10% of the total fatigue 
life. Verification of this method with the highest loading case of the cyclic 4PBTs 
(10-85% of the static strength) shows a fairly accurate agreement. In case of 
lower load levels (e.g. 10-70%), on the other hand, the initial period of the 
developing damage counts much more cycles than the FEA can generate within a 
reasonable time. 
 
 
   
 CHAPTER 12 
General conclusions and perspectives 
The aim of this research was to study the fatigue performance and failure 
mechanisms of self-compacting concrete (SCC) in comparison with vibrated 
concrete (VC). The typical composition of SCC influences its characteristics in 
fresh and hardened state, resulting in several important differences, opposed to 
VC. Besides an altered compressive, tensile, and shear strength, a dissimilar 
stiffness, and a distinct fracture behaviour, which have already been reported in 
literature (Desnerck, 2011), (De Schutter, et al., 2008), (De Schutter & Boel, 
2007), (Domone, 2007), (de Oliveira e Sousa, et al., 2001), etc., an increased 
brittleness and a somewhat different response to cyclic loading of SCC has been 
proven in this work. The emphasis is being placed on observed tendencies rather 
than on quantitative descriptions. 
In the first part of the experimental investigation, various fracture parameters of 
different types of SCC (one with comparable strength and one with equal w/c 
ratio, compared to VC) were determined by performing three-point bending 
tests (3PBTs) and wedge-splitting tests (WSTs) on small, plain specimens. 
Afterwards, the mechanical properties of these concrete mixes under diverse 
fatigue loading rates were examined in a four-point bending rig on large 
reinforced beams, including failure mechanism, deflection, strain, and crack 
width evolution. Moreover, numerical simulations of all test setups have been 
performed with finite element software (ABAQUS), which were verified with the 
experimental data. 
 
1 Fracture mechanics properties 
By registering the applied load and the according crack mouth opening 
displacement (CMOD) at the notch during the 3PBTs and WSTs, the softening 
behaviour of the various studied concrete types could be determined, as well as 
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several fracture parameters (such as the fracture energy GF, the critical stress 
intensity factor KIc, and the characteristic length lch). 
 
1.1 General observations 
1.1.1 Softening behaviour and fracture process zone 
The strain softening phenomenon, characterized by a decreasing post-peak load 
with increasing deformation, was clearly observed in the experiments. Moreover, 
it has been successfully captured in bilinear softening diagrams (as proposed by 
Petersson (Elices, et al., 1996)) by applying the inverse analysis method, 
developed by Ostergaard (Ostergaard, 2003). Most of the derived fracture 
parameters, however, were generally larger than those, obtained from the 
experimental outcome. 
The length of the non-linear region in which concrete undergoes softening 
damage (the fracture process zone or FPZ) was calculated, based on the findings 
of (Ceriolo, et al., 1998) and (Bazant, 2005). No differences were found between 
VC and SCC, since they were composed of equal aggregate types and sizes. 
However, the presence of size-effect was discovered, because the length of the 
FPZ turned out to be larger than the cross-sectional dimensions of the applied 
3PBT and WST samples, but this occurrence is less important in the comparative 
study of VC and SCC. 
 
1.1.2 Crack resistance mechanism 
When concrete matrix cracks propagate, they tend to follow the weakest path 
(i.e. around aggregate particles), creating highly irregular and tortuous crack 
shapes. This was mainly observed in the WSTs. Depending on the amount of 
coarse aggregates (VC opposed to SCC), the inclusion toughening effect caused 
the aggregates to be pulled out. In the 3PBTs, however, the bridging mechanism 
was less explicitly present, because the w/c ratio and the strength of the cement 
paste seemed to have a more important influence. As a result, the crack path ran 
through the aggregates. 
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1.2 SCC compared to VC 
1.2.1 Experimental outcome 
In order to perform a correct comparison between VC and SCC, most of the 
numerous factors, related to the concrete’s material properties and the applied 
test method, and affecting a sample’s resistance against fracture, were 
eliminated through the use of identical constituent materials for all mixtures, the 
application of equally shaped test specimens and a similar sample preparation 
and test procedure. 
As a general conclusion from the 3PBTs and the WSTs, it can be stated that SCC is 
more brittle than VC. Furthermore, there are several reasons for this altered 
cracking resistance, depending on the test setup, possibly attributed to the 
dissimilar specimen size, shape, and self-weight, a diverse FPZ length, a varying 
stress state near the crack, and a potential storage of elastic energy during 
testing. 
In the WST it has been noticed that the interlocking mechanism due to the 
presence of coarse aggregates plays the most crucial role. For both SCC types, 
which lacked a large amount of such bridging and toughening elements, smaller 
fracture parameters were obtained, demonstrating the less tough behaviour. 
Furthermore, cracking took place through the aggregates, instead of around. 
Probably, the larger amount of superplasticizer, added to the SCC mixes, made 
more water available for the moisturing of the aggregates and for the hydration 
process of the cement, thus improving the quality of the paste and the interfacial 
transition zone (ITZ) with the aggregates  (Alsadey, 2012). Also the higher 
content of fine particles (limestone filler) could have made the ITZ stronger, due 
to a denser packing of the cement grains at the aggregate surface (De Schutter, 
et al., 2008). 
From the results of the 3PBTs, on the other hand, it was found that the strength 
of the cement paste is more important for the concretes’ resistance against 
fracture, given the largest brittleness in case of SCC with similar strength, 
compared to VC. For achieving the comparable strength, significantly more water 
was added to the SCC mixture, hence increasing its w/c ratio and weakening its 
cement paste. Moreover, the addition of the limestone filler could have affected 
the fracture behaviour, for it is proven by Parra et al. (Parra, et al., 2011) that the 
splitting tensile strength of SCC made with limestone filler is lower than that of 
VC with comparable strength and without limestone filler. 
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1.2.2 Numerical simulations 
Opposed to the experimental outcome, the FE calculation yielded a similar 
outcome for both test setups regarding the maximum tensile stress and the crack 
development, because ABAQUS considers concrete on a macro-level and the 
constitutive material model does not account for microstructural properties. The 
description of the behaviour of the different studied concrete types is merely 
based on mechanical properties, such as strength and elasticity. So, the 
numerically obtained differences between the studied concrete types were a 
direct consequence of the varying tensile strength of the VC and SCC mixtures 
(where SCC with equal w/c ratio had the largest tensile strength, since it has 
been calculated from the experimentally determined compressive strength 
values). 
However, the load-CMOD curves, generated by the FE model, revealed an 
important distinction between the 3PBT and the WST setup. In case of the WST, 
the model showed to be very suitable for approaching the experimentally 
observed load-CMOD relation, whereas the 3PBT simulation produced strongly 
deviating descending branches of the curves. This deficiency was explained by 
the fact that the input parameters are based on bilinear softening curves, 
whereas the post-peak damage evolution law, applied in ABAQUS, is linear. 
Therefore, the model fails to correctly capture the true post-peak behaviour of 
the concrete specimens, especially when they are subjected to a 3PBT. Similar 
findings have been reported in (Hordijk, 1992). 
 
2 Fatigue behaviour 
Since the fatigue failure mechanism of concrete is strongly related to crack 
propagation (a gradual strength and stiffness decrease takes place during the 
fatigue damaging process due to progressive growth of microcracks) the cracking 
resistance of concrete is crucial for its fatigue performance. Based on the 
outcome of the fracture mechanics tests, from which it was demonstrated that 
SCC is more brittle, a shorter fatigue life could be expected for this concrete type, 
opposed to VC. 
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2.1 General observations 
2.1.1 Failure mode 
From the results of the 4PBTs, it appeared that the inversed T-shaped beam 
geometry is advantageous (at least for this research) in relation to the proportion 
of concrete and rebar stresses as the configuration allows for a stress situation 
for which compressive fatigue failure is more likely to take place. Indeed, the 
most common failure mechanism of the reinforced concrete beams was crushing 
of the concrete in the compression zone at midspan, as it was aimed for. 
Nevertheless, some specimens suffered rebar fatigue failure. A relation with the 
applied fatigue load (and thus also with the total number of cycles) was found. 
Failure due to crushing of the concrete took place when high upper loading limits 
were applied (with stresses higher than 70% of the static bending strength or 
60% of the cylinder compressive strength), which corresponded with the findings 
for concrete slabs in (Schläfli, et al., 1998). Under less severe loading conditions, 
the rebar damage propagation developed more quickly than the deterioration 
process in the concrete compression zone. Because the initially linear stress 
distribution along the compressed cross-sectional area of the beams becomes 
parabolic during the cyclic load application, the tensile stress at the bottom of 
the steel bars increases, resulting in a higher potential for rebar fatigue fracture. 
Practically, this means that fatigue of concrete is crucial in low-cycle fatigue 
situations, such as earthquakes and storms, characterized by high loading 
amplitudes and a small number of cycles. For airport and highway pavements, 
bridges, and wind power plants, which are subjected to high-cycle fatigue 
loading, there is a greater possibility for rebar fatigue. 
 
2.1.2 Deterioration process 
When considering the evolution of the midspan deflection, the concrete strain, 
and the crack width as a function of the number of cycles, the typical tripartite 
process, as described in literature, was clearly visible. Even though the initial 
period, characterized by an important and decelerated deformation, was 
sometimes less explicitly present, the subsequent phase of stable increase, as 
well as the final, rapid growth could be observed. Moreover, the duration of 
these stages over the total fatigue life of the reinforced concrete beams agreed 
with the 10%-80%-10% distribution, found by Alliche (Alliche, 2004). 
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2.2 SCC compared to VC 
2.2.1 Experimental outcome 
Considering the fatigue life data of the cyclic 4PBTs, inevitable scatter (attributed 
to the material’s heterogeneity and inherent variability) was present, with no 
unique relationship, covering the full loading scope, between VC and SCC. VC 
showed the largest fatigue resistance in case of the lower loading levels (up to 
70% of the static ultimate load), whereas for the higher loading intervals, SCC 
performed best. This is not completely in agreement with what is stated in Model 
Code 2010 (FIB, 2010) regarding an overall lower fatigue resistance of SCC, 
opposed to VC, due to the higher paste content and the different pore structure. 
Also the expectations, based on the more brittle behaviour of SCC in the fracture 
mechanics tests, are not exactly met. 
The vertical displacements during the experiments were larger for SCC (both SCC 
with comparable strength and SCC with equal w/c ratio, compared to VC), 
subjected to cyclic loading with a higher upper load limit and the concrete strain 
increase was generally larger, with respect to VC. Furthermore, SCC (especially 
the one with equal w/c ratio as VC) generated, on average, a larger amount of 
cracks with a smaller crack spacing. The crack widths were similar for all studied 
concrete types, but the fatigue crack propagation took place at an accelerated 
level for SCC, in particular at the highest loading ranges. Based on these findings, 
caution is recommended when SCC is applied in low-cycle fatigue situation, given 
the faster deterioration process, opposed to VC. 
From the investigated S-N relationships, the Aas-Jakobsen equation appeared to 
be the best method for predicting the fatigue performance of the reinforced 
concrete beams, subjected to cyclic bending loads with low minimum stress 
levels. In case of larger minimal load limits, it is advised to use the method, 
provided in the Model Code (FIB, 2010), regardless the concrete type. 
 
2.2.2 Numerical simulations 
For numerically analyzing the fatigue behaviour of the reinforced concrete 
beams, the concrete damaged plasticity model in ABAQUS was used. It is based 
on the concept of isotropic damaged elasticity in combination with isotropic 
tensile and compressive plasticity, and it is said to describe the irreversible 
damage, which occurs during the progressive cracking process.  
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First of all, by running the FEA for static loading conditions, it was found that the 
bond characteristics of VC or SCC with the reinforcement steel cannot be 
implemented in this material approach. Once again, concrete is considered on a 
macro-level, thereby neglecting microstructural properties, which is a great 
deficiency when a comparative study of different concrete types is intended. 
Furthermore, the irreversible damage accumulation during fatigue loading 
conditions seemed to be only working for very severe load applications, where 
the degradation progression occurred quite fast (i.e. with sufficiently large 
damage increases). When the deformation increments were smaller, which was 
the case for lower loading intervals, the constitutive model experienced stability 
issues and convergence difficulties, probably because of its incapability of 
cumulating the small changes. Therefore, the preliminary FE model is only suited 
for low-cycle fatigue analysis. 
Nevertheless, by applying Alliche’s theory (Alliche, 2004), a useful possibility has 
been created. Based on the stated tripartite deformation evolution and the 
distribution of the distinct phases over the entire fatigue life (i.e. 10%-80%-10%), 
it suffices to determine the number of cycles of the initial stage for knowing the 
total amount of cycles to failure. This was verified for the loading range between 
10% and 85% of the beam’s static bending strength, and a fairly good agreement 
with the experimental outcome was found. 
 
3 Perspectives for further research 
In this research, the fracture behaviour and fatigue performance of different 
concrete types was investigated. Even though SCC turned out to be more brittle 
in the fracture mechanics tests, the cyclic 4PBTs yielded no overall shorter 
fatigue life for this concrete type. Apparently, the cracking resistance of plain 
concrete specimens is not the only determinative factor for the fatigue 
performance in a reinforced structure. The concrete-rebar interaction seems to 
be equally (or even more) important. The altered bond characteristics of SCC, 
compared to VC, in static loading conditions are already sufficiently documented 
in literature, but a lack of knowledge exists regarding this feature in fatigue 
loaded structures. Specific experiments are needed to assess the bond strength 
deterioration of reinforced VC and SCC during cyclic loading. Moreover, diverse 
load intervals should be considered. The results of such tests would be useful for 
further explaining the observed differences between the two concrete types, as 
well as for application in the numerical fatigue model. 
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Besides the implementation of the bond aspect, the developed prototype-model 
for fatigue loaded reinforced concrete structures, needs further refinement. The 
instability of the FEA should be investigated in order to solve the convergence 
problems at larger number of load cycles. 
Additionally, it could be worthwhile to perform a comparative study of plain 
concrete under cyclic compression and reinforced concrete under bending 
fatigue loading. Given the similarities, observed repeatedly in this study, it is 
possible that a relationship exists. If this is indeed the fact, this would mean that 
cyclic compression tests on plain concrete samples (which require less 
preparation and are much easier to implement) suffice to assess the fatigue 
performance of the concrete in reinforced specimens, subjected to bending. 
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1 Fracture test data from literature 
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 2 Fracture test results from WSTs and 3PBTs 
 
Table A2-1 – Results WSTs on VC-E-RM, SCC1-E-RM, and SCC2-E-RM 
 Specimen n° VC-E-RM SCC1-E-RM SCC2-E-RM 
Fsp,max [kN] 
1 10.069 11.595 9.601 
2 10.315 11.334 9.057 
3 10.038 11.670 10.258 
4 10.216 9.019 10.369 
5 10.547 12.202 10.555 
6 10.314 9.249 11.294 
7 10.189 9.708 10.853 
8 12.240 10.788 9.718 
9 11.099 10.378 - 
10 8.902 9.327 8.667 
11 10.198 8.639 10.734 
12 11.251 10.518 8.821 
Average 10.448 10.369 9.993 
Stdev 0.810 1.179 0.880 
CMOD at Fsp,max [mm] 
1 0.040 0.035 0.034 
2 0.033 0.037 0.020 
3 0.040 0.028 0.022 
4 0.049 0.032 0.030 
5 0.046 0.026 0.036 
6 0.043 0.023 0.032 
7 0.044 0.039 0.045 
8 0.045 0.025 0.039 
9 0.045 0.030 - 
10 0.045 0.031 0.031 
11 0.051 0.031 0.034 
12 0.046 0.046 0.023 
Average 0.044 0.032 0.031 
Stdev 0.005 0.006 0.007 
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Table A2-1 – Results WSTs on VC-E-RM, SCC1-E-RM, and SCC2-E-RM (continued) 
 Specimen n° VC-E-RM SCC1-E-RM SCC2-E-RM 
GF [N/m] 
1 81 85 76 
2 99 84 61 
3 92 72 75 
4 91 76 80 
5 107 74 85 
6 94 81 103 
7 88 72 90 
8 115 87 87 
9 105 89 - 
10 90 81 64 
11 105 73 84 
12 110 80 77 
Average 98 79 80 
Stdev 10 6 12 
lch [mm] 
1 199 251 202 
2 244 250 164 
3 227 214 200 
4 225 226 212 
5 264 219 226 
6 231 240 275 
7 216 214 240 
8 283 257 232 
9 259 264 - 
10 221 240 170 
11 259 217 223 
12 271 237 206 
Average 242 236 214 
Stdev 26 18 31 
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Table A2-1 – Results WSTs on VC-E-RM, SCC1-E-RM, and SCC2-E-RM (continued) 
 Specimen n° VC-E-RM SCC1-E-RM SCC2-E-RM 
KIc [10
6
 N/m
3/2
] 
1 1.76 1.80 1.63 
2 1.95 1.79 1.47 
3 1.88 1.66 1.63 
4 1.87 1.70 1.68 
5 2.03 1.68 1.73 
6 1.90 1.76 1.91 
7 1.84 1.66 1.78 
8 2.10 1.82 1.75 
9 2.01 1.84 - 
10 1.86 1.76 1.50 
11 2.01 1.67 1.72 
12 2.06 1.74 1.65 
Average 1.94 1.74 1.68 
Stdev 0.10 0.07 0.12 
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Table A2-2 – Data inverse analysis of WSTs on VC-E-RM, SCC1-E-RM, and SCC2-E-RM 
 Specimen n° VC-E-RM SCC1-E-RM SCC2-E-RM 
a1 [mm
-1
] 
1 31.75 44.67 25.16 
2 - 30.53 - 
3 22.76 46.39 48.12 
4 17.21 21.30 38.25 
5 25.70 - 18.16 
6 19.49 54.99 39.80 
7 - 26.30 29.67 
8 19.00 43.29 16.53 
9 18.70 27.51 - 
10 21.45 56.14 26.63 
11 23.50 57.24 23.42 
12 - 35.50 56.50 
Average 22.17 40.35 32.22 
Stdev 4.48 12.87 13.10 
a2 [mm
-1
] 
1 11.08 12.04 7.76 
2 - 11.67 - 
3 7.87 12.17 10.38 
4 9.40 7.89 8.31 
5 3.91 - 1.26 
6 9.04 7.30 10.99 
7 - 7.54 10.32 
8 5.62 7.85 2.33 
9 3.40 8.06 - 
10 6.11 7.21 5.58 
11 6.29 7.27 4.61 
12 - 10.18 9.49 
Average 6.97 9.02 7.10 
Stdev 2.57 2.06 3.48 
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Table A2-2 – Data inverse analysis of WSTs on VC-E-RM, SCC1-E-RM, and SCC2-E-RM 
(continued) 
 Specimen n° VC-E-RM SCC1-E-RM SCC2-E-RM 
b2 [-] 
1 0.74 0.69 0.57 
2 - 0.70 - 
3 0.60 0.65 0.62 
4 0.66 0.58 0.56 
5 0.46 - 0.12 
6 0.71 0.59 0.75 
7 - 0.50 0.67 
8 0.50 0.55 0.26 
9 0.36 0.59 - 
10 0.59 0.57 0.42 
11 0.60 0.54 0.41 
12 - 0.60 0.65 
Average 0.58 0.60 0.50 
Stdev 0.12 0.06 0.20 
ft,calc [MPa] 
1 4.62 5.57 4.14 
2 - 5.01 - 
3 4.72 5.32 5.04 
4 4.33 3.76 4.97 
5 4.90 - 3.99 
6 4.34 4.42 5.27 
7 - 4.24 5.05 
8 5.30 5.29 3.66 
9 4.77 4.69 - 
10 3.90 4.74 3.93 
11 4.73 4.72 4.09 
12 - 5.14 4.41 
Average 4.62 4.81 4.46 
Stdev 0.40 0.53 0.57 
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Table A2-2 – Data inverse analysis of WSTs on VC-E-RM, SCC1-E-RM, and SCC2-E-RM 
(continued) 
 Specimen n° VC-E-RM SCC1-E-RM SCC2-E-RM 
Ecalc [MPa] 
1 38,409 51,998 45,169 
2 - 46,053 - 
3 30,363 45,909 44,728 
4 35,568 43,427 45,382 
5 33,252 - 55,904 
6 36,329 46,847 49,221 
7 - 52,040 47,821 
8 38,701 53,520 51,835 
9 33,312 43,993 - 
10 29,913 51,784 43,131 
11 31,128 52,558 44,603 
12 - 40,316 46,689 
Average 34,108 48,040 47,448 
Stdev 3,327 4,510 3,919 
GF,calc [N/m] 
1 123 118 109 
2 - 116 - 
3 134 101 102 
4 132 105 109 
5 163 - 114 
6 137 114 140 
7 - 98 125 
8 166 116 123 
9 155 122 - 
10 133 116 94 
11 158 104 112 
12 - 107 103 
Average 145 111 113 
Stdev 16 8 13 
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Table A2-2 – Data inverse analysis of WSTs on VC-E-RM, SCC1-E-RM, and SCC2-E-RM 
(continued) 
 Specimen n° VC-E-RM SCC1-E-RM SCC2-E-RM 
Gf,calc [N/m] 
1 73 62 82 
2 - 82 - 
3 104 57 52 
4 126 88 65 
5 95 - 110 
6 111 40 66 
7 - 81 85 
8 139 61 111 
9 128 85 - 
10 91 42 74 
11 101 41 87 
12 - 72 39 
Average 107 65 77 
Stdev 21 18 23 
lch,calc [mm] 
1 221 198 288 
2 - 213 - 
3 183 164 179 
4 250 323 200 
5 226 - 399 
6 265 273 248 
7 - 285 233 
8 229 221 476 
9 226 243 - 
10 261 266 263 
11 220 246 299 
12 - 164 247 
Average 231 236 283 
Stdev 25 50 91 
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Table A2-2 – Data inverse analysis of WSTs on VC-E-RM, SCC1-E-RM, and SCC2-E-RM 
(continued) 
 Specimen n° VC-E-RM SCC1-E-RM SCC2-E-RM 
ΔF [%] 
1 3.23 3.57 2.30 
2 - 2.42 - 
3 1.70 3.10 2.72 
4 1.70 3.24 2.49 
5 2.72 - 2.99 
6 1.46 2.33 1.62 
7 - 2.00 1.61 
8 1.40 3.66 2.13 
9 2.24 2.61 - 
10 1.67 1.99 2.79 
11 1.73 1.84 3.22 
12 - 1.59 2.59 
Average 1.98 2.58 2.45 
Stdev 0.62 0.72 0.54 
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Table A2-3 – Results 3PBTs on VC-C-SM and SCC-C-SM 
 Specimen n° VC-C-SM SCC-C-SM 
Fv,max [kN] 
1 6.078 5.099 
2 5.864 5.931 
3 6.823 5.853 
4 5.559 5.289 
5 7.087 6.187 
6 6.411 5.054 
7 6.943 5.941 
8 6.919 6.297 
Average 6.461 5.706 
Stdev 0.571 0.489 
GF [N/m] 
1 216 185 
2 212 222 
3 250 209 
4 201 204 
5 226 193 
6 237 176 
7 212 208 
8 203 255 
Average 220 207 
Stdev 17 25 
 
 
 
 
 
 
 
348 Appendices 
Table A2-3 – Results 3PBTs on VC-C-SM and SCC-C-SM (continued) 
 Specimen n° VC-C-SM SCC-C-SM 
lch [mm] 
1 396 288 
2 387 347 
3 458 326 
4 369 319 
5 414 301 
6 435 274 
7 389 325 
8 371 398 
Average 402 322 
Stdev 31 38 
KIc [10
6
 N/m
3/2
] 
1 2.90 2.74 
2 2.86 3.00 
3 3.11 2.91 
4 2.79 2.88 
5 2.96 2.80 
6 3.03 2.67 
7 2.87 2.91 
8 2.80 3.22 
Average 2.92 2.89 
Stdev 0.11 0.17 
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Table A2-4 – Data inverse analysis of 3PBTs on VC-C-SM and SCC-C-SM 
 Specimen n° VC-C-SM SCC-C-SM 
a1 [mm
-1
] 
1 19.34 65.74 
2 10.24 87.03 
3 36.77 55.57 
4 42.60 90.93 
5 20.34 55.37 
6 21.73 93.32 
Average 25.17 74.66 
Stdev 12.09 17.79 
a2 [mm
-1
] 
1 2.80 4.10 
2 1.35 4.02 
3 4.97 4.69 
4 3.19 4.42 
5 1.56 4.03 
6 4.66 5.72 
Average 3.09 4.49 
Stdev 1.52 0.66 
b2 [-] 
1 0.46 0.44 
2 0.27 0.39 
3 0.55 0.39 
4 0.40 0.34 
5 0.30 0.38 
6 0.55 0.42 
Average 0.42 0.39 
Stdev 0.12 0.04 
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Table A2-4 – Data inverse analysis of 3PBTs on VC-C-SM and SCC-C-SM (continued) 
 Specimen n° VC-C-SM SCC-C-SM 
ft,calc [MPa] 
1 4.16 5.52 
2 3.63 6.65 
3 4.89 6.20 
4 5.30 7.39 
5 4.87 6.71 
6 4.13 7.19 
Average 4.50 6.61 
Stdev 0.62 0.68 
Ecalc [MPa] 
1 31,359 45,476 
2 29,553 49,648 
3 30,408 48,540 
4 28,694 48,560 
5 30,379 43,548 
6 30,171 47,763 
Average 30,094 47,256 
Stdev 899 2,291 
GF,calc [N/m] 
1 195 142 
2 206 138 
3 166 124 
4 160 113 
5 206 147 
6 157 125 
Average 182 132 
Stdev 23 13 
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Table A2-4 – Data inverse analysis of 3PBTs on VC-C-SM and SCC-C-SM (continued) 
 Specimen n° VC-C-SM SCC-C-SM 
Gf,calc [N/m] 
1 108 42 
2 177 38 
3 66 56 
4 62 41 
5 120 61 
6 95 38 
Average 105 46 
Stdev 42 10 
lch,calc [mm] 
1 353 212 
2 462 155 
3 211 156 
4 163 100 
5 264 142 
6 278 116 
Average 288 147 
Stdev 107 39 
ΔF [%] 
1 2.40 2.69 
2 2.28 1.95 
3 1.70 3.11 
4 1.24 2.36 
5 1.85 2.80 
6 1.99 2.74 
Average 1.91 2.61 
Stdev 0.42 0.40 
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Table A2-5 – Results 3PBTs on VC-D-RM and SCC-D-RM 
 Specimen n° VC-D-RM SCC-D-RM 
Fv,max [kN] 
1 6.973 6.606 
2 6.816 6.517 
3 7.188 6.944 
4 6.441 6.616 
5 6.932 - 
6 6.932 - 
7 6.625 - 
Average 6.844 6.671 
Stdev 0.245 0.188 
GF [N/m] 
1 235 200 
2 222 191 
3 233 191 
4 209 222 
5 241 - 
6 262 - 
7 247 - 
Average 236 201 
Stdev 17 15 
lch [mm] 
1 694 606 
2 654 579 
3 686 579 
4 617 675 
5 712 - 
6 774 - 
7 728 - 
Average 695 610 
Stdev 51 45 
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Table A2-5 – Results 3PBTs on VC-D-RM and SCC-D-RM (continued) 
 Specimen n° VC-D-RM SCC-D-RM 
lch [mm] 
1 694 606 
2 654 579 
3 686 579 
4 617 675 
5 712 - 
6 774 - 
7 728 - 
Average 695 610 
Stdev 51 45 
KIc [10
6
 N/m
3/2
] 
1 3.00 2.57 
2 2.91 2.51 
3 2.98 2.51 
4 2.83 2.71 
5 3.04 - 
6 3.17 - 
7 3.07 - 
Average 3.00 2.58 
Stdev 0.11 0.09 
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Table A2-6 – Data inverse analysis of 3PBTs on VC-D-RM and SCC-D-RM 
 Specimen n° VC-D-RM SCC-D-RM 
a1 [mm
-1
] 
1 28.91 75.58 
2 - 46.60 
3 - - 
4 - - 
5 31.39 - 
6 18.91 - 
7 29.21 - 
Average 27.11 61.09 
Stdev 5.57 20.49 
a2 [mm
-1
] 
1 0.98 0.53 
2 - 0.34 
3 - - 
4 - - 
5 0.26 - 
6 0.78 - 
7 0.86 - 
Average 0.72 0.43 
Stdev 0.32 0.14 
b2 [-] 
1 0.24 0.14 
2 - 0.11 
3 - - 
4 - - 
5 0.11 - 
6 0.24 - 
7 0.23 - 
Average 0.20 0.12 
Stdev 0.06 0.02 
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Table A2-6 – Data inverse analysis of 3PBTs on VC-D-RM and SCC-D-RM (continued) 
 Specimen n° VC-D-RM SCC-D-RM 
ft,calc [MPa] 
1 4.87 6.03 
2 - 5.47 
3 - - 
4 - - 
5 4.90 - 
6 4.35 - 
7 4.88 - 
Average 4.75 5.75 
Stdev 0.27 0.39 
Ecalc [MPa] 
1 40,674 34,799 
2 - 33,372 
3 - - 
4 - - 
5 41,972 - 
6 43,690 - 
7 33,817 - 
Average 40,038 34,086 
Stdev 4,328 1,009 
GF,calc [N/m] 
1 193 141 
2 - 140 
3 - - 
4 - - 
5 171 - 
6 226 - 
7 196 - 
Average 196 141 
Stdev 22 1 
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Table A2-6 – Data inverse analysis of 3PBTs on VC-D-RM and SCC-D-RM (continued) 
 Specimen n° VC-D-RM SCC-D-RM 
Gf,calc [N/m] 
1 84 40 
2 - 59 
3 - - 
4 - - 
5 78 - 
6 115 - 
7 83 - 
Average 90 49 
Stdev 17 13 
lch,calc [mm] 
1 330 135 
2 - 157 
3 - - 
4 - - 
5 300 - 
6 521 - 
7 278 - 
Average 357 146 
Stdev 111 15 
ΔF [%] 
1 3.50 4.64 
2 - 8.36 
3 - - 
4 - - 
5 9.85 - 
6 3.90 - 
7 8.13 - 
Average 6.34 6.50 
Stdev 3.14 2.63 
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Table A2-7 – Results 3PBTs on VC-E-RM, SCC1-E-RM, and SCC2-E-RM 
 Specimen n° VC-E-RM SCC1-E-RM SCC2-E-RM 
Fv,max [kN] 
1 5.848 6.381 6.090 
2 5.508 5.680 5.355 
3 7.225 7.090 6.385 
4 6.468 - 6.887 
5 5.820 6.964 5.724 
6 5.770 8.198 6.054 
7 6.093 7.744 6.681 
8 6.023 7.721 5.534 
9 6.037 - 6.558 
10 6.158 7.408 - 
11 6.677 6.592 5.819 
12 5.673 5.620 6.249 
Average 6.109 6.940 6.121 
Stdev 0.480 0.872 0.486 
CMOD at Fv,max [mm] 
1 0.058 0.027 0.041 
2 0.051 0.040 0.050 
3 0.060 0.020 0.043 
4 0.040 - 0.056 
5 0.044 0.021 0.051 
6 0.048 0.034 0.056 
7 0.050 0.025 0.043 
8 0.075 0.038 0.077 
9 0.044 - 0.035 
10 0.044 0.023 - 
11 0.054 0.021 0.040 
12 0.045 0.038 0.056 
Average 0.051 0.029 0.050 
Stdev 0.010 0.008 0.012 
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Table A2-7 – Results 3PBTs on VC-E-RM, SCC1-E-RM, and SCC2-E-RM (continued) 
 Specimen n° VC-E-RM SCC1-E-RM SCC2-E-RM 
GF [N/m] 
1 197 176 201 
2 167 151 173 
3 224 164 178 
4 195 - 237 
5 204 138 217 
6 174 267 263 
7 207 160 178 
8 211 158 162 
9 176 - 181 
10 164 153 - 
11 209 127 195 
12 160 144 230 
Average 191 164 201 
Stdev 22 39 32 
lch [mm] 
1 485 521 535 
2 410 447 461 
3 553 485 476 
4 481 - 633 
5 503 411 579 
6 429 791 702 
7 510 474 474 
8 520 470 433 
9 434 - 482 
10 404 454 - 
11 514 376 521 
12 393 428 614 
Average 470 486 537 
Stdev 53 115 85 
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Table A2-7 – Results 3PBTs on VC-E-RM, SCC1-E-RM, and SCC2-E-RM (continued) 
 Specimen n° VC-E-RM SCC1-E-RM SCC2-E-RM 
KIc [10
6
 N/m
3/2
] 
1 2.75 2.59 2.66 
2 2.53 2.40 2.47 
3 2.94 2.50 2.51 
4 2.74 - 2.89 
5 2.80 2.30 2.77 
6 2.59 3.19 3.05 
7 2.82 2.47 2.51 
8 2.85 2.46 2.39 
9 2.60 - 2.52 
10 2.51 2.42 - 
11 2.83 2.20 2.62 
12 2.48 2.34 2.85 
Average 2.70 2.48 2.66 
Stdev 0.15 0.27 0.21 
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Table A2-8 – Data inverse analysis of 3PBTs on VC-E-RM, SCC1-E-RM, and SCC2-E-RM 
 Specimen n° VC-E-RM SCC1-E-RM SCC2-E-RM 
a1 [mm
-1
] 
1 - 65.74 33.98 
2 18.18 - 38.87 
3 21.11 87.03 30.63 
4 37.87 - 8.04 
5 19.34 55.57 22.02 
6 32.27 - - 
7 - 90.93 22.49 
8 10.24 55.37 31.65 
9 36.77 - - 
10 42.60 93.32 - 
11 20.34 117.13 10.45 
12 21.73 - 12.87 
Average 26.04 80.73 23.44 
Stdev 10.54 22.83 11.12 
a2 [mm
-1
] 
1 - 4.10 3.64 
2 1.47 - 6.66 
3 2.54 4.02 4.90 
4 3.49 - 1.34 
5 2.80 4.69 4.61 
6 3.53 - - 
7 - 4.42 6.42 
8 1.35 4.03 9.10 
9 4.97 - - 
10 3.19 5.72 - 
11 1.56 4.60 1.71 
12 4.66 - 2.27 
Average 2.96 4.51 4.52 
Stdev 1.27 0.60 2.58 
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Table A2-8 – Data inverse analysis of 3PBTs on VC-E-RM, SCC1-E-RM, and SCC2-E-RM 
(continued) 
 Specimen n° VC-E-RM SCC1-E-RM SCC2-E-RM 
b2 [-] 
1 - 0.44 0.52 
2 0.28 - 0.73 
3 0.40 0.39 0.56 
4 0.45 - 0.17 
5 0.46 0.39 0.65 
6 0.46 - - 
7 - 0.34 0.65 
8 0.27 0.38 0.81 
9 0.55 - - 
10 0.40 0.42 - 
11 0.30 0.36 0.32 
12 0.55 - 0.41 
Average 0.41 0.39 0.54 
Stdev 0.10 0.03 0.21 
ft,calc [MPa] 
1 - 5.52 4.41 
2 3.87 - 4.02 
3 5.36 6.65 4.71 
4 5.29 - 3.52 
5 4.16 6.20 3.80 
6 4.59 - - 
7 - 7.39 4.18 
8 3.63 6.71 3.75 
9 4.89 - - 
10 5.30 7.19 - 
11 4.87 6.97 2.92 
12 4.13 - 3.58 
Average 4.61 6.66 3.88 
Stdev 0.63 0.63 0.53 
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Table A2-8 – Data inverse analysis of 3PBTs on VC-E-RM, SCC1-E-RM, and SCC2-E-RM 
(continued) 
 Specimen n° VC-E-RM SCC1-E-RM SCC2-E-RM 
Ecalc [MPa] 
1 - 45,476 37,585 
2 29,627 - 31,526 
3 29,379 49,648 36,328 
4 32,646 - 47,957 
5 31,359 48,540 37,035 
6 28,172 - - 
7 - 48,560 44,981 
8 29,553 43,548 34,920 
9 30,408 - - 
10 28,694 47,763 - 
11 30,379 40,841 56,353 
12 30,171 - 40,278 
Average 30,039 46,339 40,774 
Stdev 1,289 3,202 7,713 
GF,calc [N/m] 
1 - 142 178 
2 160 - 164 
3 219 138 168 
4 178 - 219 
5 195 124 189 
6 161 - - 
7 - 113 153 
8 206 147 138 
9 166 - - 
10 160 125 - 
11 206 113 165 
12 157 - 193 
Average 181 129 174 
Stdev 24 14 24 
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Table A2-8 – Data inverse analysis of 3PBTs on VC-E-RM, SCC1-E-RM, and SCC2-E-RM 
(continued) 
 Specimen n° VC-E-RM SCC1-E-RM SCC2-E-RM 
Gf,calc [N/m] 
1 - 42 65 
2 106 - 52 
3 127 38 77 
4 70 - 219 
5 108 56 86 
6 71 - - 
7 - 41 93 
8 177 61 59 
9 66 - - 
10 62 38 - 
11 120 30 140 
12 95 - 139 
Average 100 44 103 
Stdev 36 11 54 
lch,calc [mm] 
1 - 212 344 
2 318 - 320 
3 224 155 275 
4 208 - 848 
5 353 156 484 
6 216 - - 
7 - 100 394 
8 462 142 344 
9 211 - - 
10 163 116 - 
11 264 95 1,086 
12 278 - 608 
Average 270 140 523 
Stdev 88 41 277 
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Table A2-8 – Data inverse analysis of 3PBTs on VC-E-RM, SCC1-E-RM, and SCC2-E-RM 
(continued) 
 Specimen n° VC-E-RM SCC1-E-RM SCC2-E-RM 
ΔF [%] 
1 - 2.69 2.46 
2 2.38 - 4.38 
3 1.39 1.95 3.68 
4 2.61 - 3.77 
5 2.40 3.11 2.42 
6 1.54 - - 
7 - 2.36 3.60 
8 2.28 2.80 3.42 
9 1.70 - - 
10 1.24 2.74 - 
11 1.85 3.38 3.93 
12 1.99 - 2.29 
Average 1.94 2.72 3.33 
Stdev 0.47 0.47 0.75 
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Table A2-9 – Fracture parameters from 3PBTs on VC-E-RM, SCC1-E-RM, and SCC2-E-RM  
 Specimen n° VC-E-RM SCC1-E-RM SCC2-E-RM 
Fv,max [kN] 
1 2.485 1.874 2.066 
2 2.802 2.344 2.515 
3 2.956 1.916 1.863 
4 3.297 2.213 2.389 
5 - 1.519 2.602 
Average 2.885 1.973 2.287 
Stdev 0.337 0.322 0.312 
GF,exp [N/m] 
1 555 287 460 
2 536 453 549 
3 551 258 277 
4 502 430 384 
5 - 329 432 
Average 536 352 420 
Stdev 24 86 100 
KIc Hillerborg 
[10
6
 N/m
3/2
] 
1 4.62 3.31 4.03 
2 4.54 4.16 4.40 
3 4.60 3.14 3.13 
4 4.39 4.05 3.68 
5 - 3.54 3.90 
Average 4.54 3.64 3.83 
Stdev 0.10 0.45 0.47 
KIc Anderson 
[10
6
 N/m
3/2
] 
- 1.78 1.23 1.43 
KIc RILEM 
[10
6
 N/m
3/2
] 
1 6.24 7.46 1.79 
2 7.48 5.71 2.90 
3 3.80 2.67 2.13 
4 5.00 2.48 3.72 
5 - 1.75 6.00 
Average 5.63 4.02 3.31 
Stdev 1.59 2.45 1.68 
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 3 Parametric study  
In order to investigate the influence of several parameters on the shape of the 
softening curve and the corresponding load-CMOD curve, forward analysis, 
based on the computation code of the inverse analysis (described in Chapter 2, 
Section 8.2), was conducted. In a first study, the parameters a1, a2, and b2 (see 
Figure A3-1a) were alternately varied, while the other remained constant. Using 
these different values as an input to the forward analysis code, variable locations 
of the initial line, the tail or the nod of the σ-w curve were obtained, resulting in 
diverse load-CMOD curves. Assuming the slightly different bilinear softening 
curve of Figure A3-1b (FIB, 2010), compared to Figure A3-1a, the effect of 
altering the tensile strength ft and the fracture energy GF could be examined as 
well, due to their relation with parameters a1, a2, and b2 (see Eq. A3-1, Eq. A3-2, 
and Eq. A3-3). 
 
6$ = /.c	                   (A3-1) 
6 = /.	Y                   (A3-2) 
Å = $ X^                  (A3-3) 
 
 
 
Figure A3-1 – Bilinear softening curve for inverse analysis:  
a) according to (Ostergaard, 2003) –  b) according to  (FIB, 2010) 
 
 
a b 
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3.1 Parameter a1 
The parameter a1 represents the slope of the first line in the bilinear softening 
curve (see Figure A3-1a). Variant values were chosen, while the other input 
parameters remained constant. An overview of these input values, as well as the 
results of the forward calculation, are given in Table A3-1. 
 
Table A3-1 – Input and results of forward analysis for varying values of a1 
Input       
a1 [mm
-1
] 10.00 20.00 30.00 50.00 100.00 200.00 
a2 [mm
-1
] 4.00 4.00 4.00 4.00 4.00 4.00 
b2 [-] 0.40 0.40 0.40 0.40 0.40 0.40 
ft [MPa] 3.80 3.80 3.80 3.80 3.80 3.80 
E [MPa] 40000 40000 40000 40000 40000 40000 
Results       
GF1 * [N/m] 201 128 109 97 88 84 
GF2 ** [N/m] 190 119 102 91 83 79 
Gf [N/m] 190 95 63 38 19 10 
lchc [mm] 526 329 283 252 230 220 
Gf /GF2 [%] 100 80 62 42 23 12 
       *fracture energy based on the surface under the load-CMOD curve 
       **fracture energy based on the surface under the entire softening curve 
 
Figure A3-2 shows the softening curves for varying values of a1, from which it is 
clear that the larger the value of a1, the steeper the slope of the first line of the 
curve, or the more the nod of both lines shifts to the left. As a result, the initial, 
as well as the total fracture energy becomes smaller (see Table A3-1). Also the 
characteristic length decreases, and thus the brittleness increases with increasing 
a1. No influence is noticed on the final crack width. 
The load-CMOD curves, corresponding to the different a1 values, are depicted in 
Figure A3-3. An effect on the peak load and the shape of the descending branch 
is present: the top of the curve moves leftwards and downwards as the value of 
a1 increases. Consequently, the fracture energy GF1 in Table A3-1 diminishes. 
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Figure A3-2 – Softening curves for varying values of a1  
 
 
Figure A3-3 – Load-CMOD curves for varying values of a1  
 
3.2 Parameter a2 
The influence of varying the parameter a2, which represents the slope of the 
second line in the bilinear softening curve, is clarified in Table A3-2. The 
corresponding σ-w curves and load-CMOD graphs are shown in Figure A3-4 and 
Figure A3-5, respectively. It can be seen that the larger the value of a2, the 
steeper the slope of the second line of the softening curve, or the more the nod 
of both lines shifts downwards and, to a lesser extent, to the right. As a direct 
consequence, the initial fracture energy Gf is unchanged (see Table A3-2). The 
total fracture energy GF2, however, decreases towards the value of the initial 
energy, because the final crack width gradually decreases. Also the characteristic 
length decreases, and thus the brittleness increases with increasing value of a2.  
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Table A3-2 – Input and results of forward analysis for varying values of a2 
Input        
a1 [mm
-1
] 30.00 30.00 30.00 30.00 30.00 30.00 30.00 
a2 [mm
-1
] 0.10 1.00 2.00 4.00 6.00 8.00 11.00 
b2 [-] 0.40 0.40 0.40 0.40 0.40 0.40 0.40 
ft [MPa] 3.80 3.80 3.80 3.80 3.80 3.80 3.80 
E [MPa] 40000 40000 40000 40000 40000 40000 40000 
Results        
GF1 * [N/m] 348 259 175 109 86 75 69 
GF2 ** [N/m] 3063 328 176 102 79 69 64 
Gf [N/m] 63 63 63 63 63 63 63 
lch [mm] 8484 907 489 283 219 191 176 
Gf /GF2 [%] 2 19 36 62 80 92 99 
*fracture energy based on the surface under the load-CMOD curve 
**fracture energy based on the surface under the entire softening curve 
 
 
Figure A3-4 – Softening curves for varying values of a2  
 
The load-CMOD curves reveal an alteration in the position of the tail: the larger 
a2, the lower the descending branch is situated, resulting in decreasing GF1 
values. The shape of the tail and the location of the curve’s top stay unmodified. 
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Figure A3-5 – Load-CMOD curves for varying values of a2  
 
3.3 Parameter b2 
Parameter b2 equals the ordinate value of the intersection point with the second 
line of the bilinear softening curve. The different values, which were selected, 
along with the other, constant input parameter values, are given in Table A3-3. 
Also the results of the forward analysis can be found there. Figure A3-6 depicts 
the diverse σ-w curves, and Figure A3-7 shows the corresponding load-CMOD 
curves. Clearly, the slope of both lines of the softening curve is not affected by 
varying the value of b2. Hence, the initial fracture energy remains identical (see 
Table A3-3). The position of the second line, however, does change: as b2 
increases, it moves upwards, thereby increasing the final crack width value. The 
nod subsequently shifts towards a linear softening diagram, which is also visible 
in the increasing GF2 value. The characteristic length enlarges, as well, with 
increasing value of b2. 
From the load-CMOD curves in Figure A3-7 a variation in the location of the top 
of the curve and in the shape of the descending branch can be noticed: the top of 
the curve moves upward and to the right, as the value of b2 increases. 
Consequently, the fracture energy GF1 in Table A3-3 increases. It is stated in 
(Ostergaard, 2003) that for fibre-reinforced concrete the value of b2 must be 
kept smaller than (or equal to) 0.5 for the inverse analysis method to produce 
good results. For larger values, the determination of the parameters a1 and ft are 
said to be poor, because in the initial step of the cracked phase only a few 
observations are done, leading to problems regarding the optimization 
algorithm. It appears that in case of normal, plain concrete the limit value is 0.7, 
because for larger values, the tensile strength increases, which is set constant. 
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Figure A3-6 – Softening curves for varying values of b2  
 
 
Figure A3-7 – Load-CMOD curves for varying values of b2  
 
Table A3-3 – Input and results of forward analysis for varying values of b2 
Input       
a1 [mm
-1
] 30.00 30.00 30.00 30.00 30.00 30.00 
a2 [mm
-1
] 4.00 4.00 4.00 4.00 4.00 4.00 
b2 [-] 0.15 0.40 0.60 0.70 0.80 0.98 
ft [MPa] 3.80 3.80 3.80 3.80 3.80 3.80 
E [MPa] 40000 40000 40000 40000 40000 40000 
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Table A3-3 – Input and results of forward analysis for varying values of b2 (continued) 
Results       
GF1 * [N/m] 69 109 187 238 296 414 
GF2 ** [N/m] 63 102 183 239 307 456 
Gf [N/m] 63 63 63 63 63 63 
lch [mm] 176 283 506 663 850 1264 
Gf /GF2 [%] 100 62 35 26 21 14 
       *fracture energy based on the surface under the load-CMOD curve 
       **fracture energy based on the surface under the entire softening curve 
 
3.4 Parameter GF 
In order to investigate the effect of a varying total fracture energy, a different 
form of the σ-w curve (see Figure A3-1b) was used. Because of the relation of the 
fracture energy GF2 with the parameters a1 and a2 (see Eq. A3-1 and Eq. A3-2), 
their values also change, when GF2 is altered. The input values, as well as the 
results, are listed in Table A3-4. The obtained σ-w curves and the corresponding 
load-CMOD graphs are shown in Figure A3-8 and Figure A3-9, respectively. From 
the first figure, a decrease in the slope of both lines of the softening curve can be 
observed, as the total fracture energy increases, thereby displacing the nod of 
the bilinear curve and the final crack width to the right. The value of b2, however, 
remains constant (see also Table A3-4). The initial energy release Gf, on the other 
hand, increases with increasing total fracture energy, so that the ratio Gf/GF2 is 
left unchanged. The characteristic length lch increases too, denoting a decrease in 
brittleness. The position of the top and the tail of the load-CMOD curve in  
Figure A3-9 shifts upwards and to the right, when GF2 is enlarged. Consequently, 
also the value of GF1 in Table A3-4 increases. 
 
Table A3-4 – Input and results of forward analysis for varying values of GF 
Input       
a1 [mm
-1
] 30.40 20.27 15.20 12.16 10.13 8.69 
a2 [mm
-1
] 1.90 1.27 0.95 0.76 0.63 0.54 
b2 [-] 0.25 0.25 0.25 0.25 0.25 0.25 
ft [MPa] 3.80 3.80 3.80 3.80 3.80 3.80 
E [MPa] 40000 40000 40000 40000 40000 40000 
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Table A3-4 – Input and results of forward analysis for varying values of GF (continued) 
Results       
GF1 * [N/m] 106 153 196 233 265 293 
GF2 ** [N/m] 100 150 200 250 300 350 
Gf [N/m] 63 94 125 156 188 219 
lch [mm] 277 416 554 693 831 970 
Gf /GF2 [%] 63 63 63 63 63 63 
       *fracture energy based on the surface under the load-CMOD curve 
       **fracture energy based on the surface under the entire softening curve 
 
 
Figure A3-8 – Softening curves for varying values of GF  
 
 
Figure A3-9 – Load-CMOD curves for varying values of GF  
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3.5 Parameter ft 
At last, the influence of the tensile strength ft is studied. By applying diverse 
values for ft, the parameters a1 and a2 vary, as well, due to the relationships of 
Eq. A3-1 and Eq. A3-2. The values of the different input parameters can be found 
in Table A3-5, which also contains the resulting fracture parameters.  
Figure A3-10 displays the corresponding σ-w curves. As the tensile strength 
increases, the slope of both lines becomes steeper. The nod slightly moves 
downwards and to the right, with the value of b2 remaining unchanged and the 
final crack width being enlarged. This is not surprising, since the total fracture 
energy GF2 must be kept constant (see Table A3-5). Also the initial fracture 
energy Gf does not vary, resulting in an equal Gf/GF2 ratio. The characteristic 
length does alter: it grows larger with increasing tensile strength. As to the load-
CMOD curves of Figure A3-11, only the peak load is affected by the variation of ft. 
As the tensile strength is higher, the top displaces upwards. The influence on the 
descending branch of the curve is minimal. 
 
Table A3-5 – Input and results of forward analysis for varying values of ft 
Input      
a1 [mm
-1
] 12.80 14.40 15.20 16.80 17.60 
a2 [mm
-1
] 0.80 0.90 0.95 1.05 1.10 
b2 [-] 0.25 0.25 0.25 0.25 0.25 
fctm [MPa] 3.20 3.60 3.80 4.20 4.40 
E [MPa] 40000 40000 40000 40000 40000 
Results      
GF1 * [N/m] 189 194 196 199 200 
GF2 ** [N/m] 200 200 200 200 200 
Gf [N/m] 125 125 125 125 125 
lch [mm] 781 617 554 454 413 
Gf /GF2 [%] 63 63 63 63 63 
                    *fracture energy based on the surface under the load-CMOD curve 
                    **fracture energy based on the surface under the entire softening curve 
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Figure A3-10 – Softening curves for varying values of ft  
 
 
Figure A3-11 – Load-CMOD curves for varying values of ft  
 
3.6 Conclusions 
Altering the value of the parameters, which describe the softening behaviour of 
concrete, leads to changes in the load-CMOD curve. By conducting forward 
analysis, based on the computation code of the inverse analysis, the exact 
influence of the parameters a1, a2, b2, GF, and ft on the softening curve and the 
corresponding load-CMOD curve has been studied. The most relevant 
conclusions are summarized below. 
First, it is found that the value of parameter a1 (representing the slope of the first 
line of the bilinear softening curve) influences the peak load and the 
corresponding CMOD value of the load-CMOD curve. Also the shape of the 
descending tail is altered. Consequently, with increasing value of a1, the initial 
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fracture energy Gf, as well as the total fracture energy GF, and the characteristic 
length lch decrease.  
Varying the slope of the second line of the softening curve (noted as a2), on the 
other hand, only affects the position of the tail of the load-CMOD curve. As a 
result, Gf remains constant, while GF and lch decrease as the value of a2 increases. 
Then, different values for parameter b2 (which is the intersection point of the 
second line of the softening curve with the vertical load-axis) seem to cause a 
variation in the location of the top of the load-CMOD curve and in the shape of 
the descending branch. The larger the value of b2, the larger GF and lch. Gf 
remains unchanged. 
When the tensile strength ft is increased, the slope of the two lines of the 
softening curve becomes steeper (i.e. parameters a1 and a2 increase), whereas 
parameter b2 is unaffected. The corresponding load-CMOD curves show little 
difference; only the top shifts upwards as the value of ft is enlarged. With the 
total (and the initial) fracture energy kept constant, the characteristic length 
increases with increasing ft. 
Finally, the value of GF is demonstrated to affect nearly other parameters (except 
parameter b2 and ft, which is intentionally kept constant). As the total fracture 
energy GF is enlarged, Gf and lch increase, while a1 and a2 decrease. Regarding the 
load-CMOD curve, it is noticed that the top and the tail move upward and to the 
right as GF increases. 
As a concluding remark, the author would like to emphasize that this parametric 
study needs to be viewed pure theoretically. This means that the different values 
of the investigated parameters are chosen arbitrarily (without taking into 
account any practical limits) for investigating the influence on the shape of the 
softening curve and the corresponding load-CMOD curve. In practice, the values 
of the different parameters depend on the properties of the concrete mixture, as 
it can be seen from the literature overview in Appendix 1. 
  
 4 Material parameters used in ABAQUS 
 
Table A4-1 – ABAQUS input: Compressive behaviour VC-D-RM 
η Yield stress 
σc [MPa] 
Inelastic strain 
εc,in [-] 
Damage 
parameter 
D [-] 
Inelastic strain 
εc,in [-] 
 0 0 0 0 
 19.568 0 0 0 
0.3 24.012 0.09 0 0.09 
0.4 30.379 0.17 0 0.17 
0.5 35.872 0.26 0 0.26 
0.6 40.456 0.38 0 0.38 
0.7 44.093 0.53 0 0.53 
0.8 46.745 0.70 0 0.70 
0.9 48.369 0.89 0 0.89 
1.0 48.920 1.12 0 1.12 
1.1 48.353 1.38 0.012 1.38 
1.2 46.616 1.66 0.047 1.66 
1.3 43.659 1.98 0.108 1.98 
1.4 39.426 2.33 0.194 2.33 
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Table A4-2 – ABAQUS input: Tensile behaviour VC-D-RM 
w/w1 
[-] 
Yield stress 
σct [MPa] 
Displacement 
w [mm] 
Damage 
parameter 
D [-] 
Displacement 
w [mm] 
0 0 0 0 0 
0 4.34 0 0 0 
0.2 3.65 0,0068 0.160 0,0068 
0.4 2.95 0,0136 0.320 0,0136 
0.6 2.26 0,0203 0.480 0,0203 
0.8 1.56 0,0271 0.640 0,0271 
1.0 0.87 0,0339 0.800 0,0339 
2.0 0.65 0,0678 0.850 0,0678 
3.0 0.43 0,1016 0.900 0,1016 
4.0 0.22 0,1355 0.950 0,1355 
5.0 0 0,1694 1.00 0,1694 
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Table A4-3 – ABAQUS input: Compressive behaviour SCC-D-RM 
η Yield stress 
σc [MPa] 
Inelastic strain 
εc,in [-] 
Damage 
parameter 
D [-] 
Inelastic strain 
εc,in [-] 
 0 0 0 0 
 21.332 0 0 0 
0.3 22.122 0.06 0 0.06 
0.4 28.814 0.11 0 0.11 
0.5 35.038 0.17 0 0.17 
0.6 40.682 0.24 0 0.24 
0.7 45.594 0.34 0 0.34 
0.8 49.563 0.46 0 0.46 
0.9 52.288 0.62 0 0.62 
1.0 53.330 0.84 0 0.84 
1.1 52.008 1.12 0.025 1.12 
1.2 47.223 1.51 0.115 1.51 
1.3 37.065 2.07 0.305 2.07 
1.4 17.906 2.89 0.664 2.89 
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Table A4-4 – ABAQUS input: Tensile behaviour SCC-D-RM 
w/w1 
[-] 
Yield stress 
σct [MPa] 
Displacement 
w [mm] 
Damage 
parameter 
D [-] 
Displacement 
w [mm] 
0 0 0 0 0 
0 4.53 0 0 0 
0.2 3.80 0,0066 0.160 0,0066 
0.4 3.08 0,0132 0.320 0,0132 
0.6 2.35 0,0198 0.480 0,0198 
0.8 1.63 0,0264 0.640 0,0264 
1.0 0.91 0,0330 0.800 0,0330 
2.0 0.68 0,0660 0.850 0,0660 
3.0 0.45 0,0990 0.900 0,0990 
4.0 0.23 0,1319 0.950 0,1319 
5.0 0 0,1649 1.00 0,1649 
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Table A4-5 – ABAQUS input: Compressive behaviour VC-E-RM 
η Yield stress 
σc [MPa] 
Inelastic strain 
εc,in [-] 
Damage 
parameter 
D [-] 
Inelastic strain 
εc,in [-] 
 0 0 0 0 
 27.280 0 0 0 
0.3 28.390 0.04 0 0.04 
0.4 36.960 0.08 0 0.08 
0.5 44.920 0.13 0 0.13 
0.6 52.127 0.20 0 0.20 
0.7 58.385 0.30 0 0.30 
0.8 63.430 0.43 0 0.43 
0.9 66.884 0.60 0 0.60 
1.0 68.200 0.83 0 0.83 
1.1 66.542 1.13 0.024 1.13 
1.2 60.575 1.54 0.112 1.54 
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Table A4-6 – ABAQUS input: Tensile behaviour VC-E-RM 
w/w1 
[-] 
Yield stress 
σct [MPa] 
Displacement 
w [mm] 
Damage 
parameter 
D [-] 
Displacement 
w [mm] 
0 0 0 0 0 
0 5.12 0 0 0 
0.2 4.30 0.0061 0.160 0.0061 
0.4 3.48 0.0122 0.320 0.0122 
0.6 2.66 0.0183 0.480 0.0183 
0.8 1.84 0.0244 0.640 0.0244 
1.0 1.02 0.0305 0.800 0.0305 
2.0 0.77 0.0610 0.850 0.0610 
3.0 0.51 0.0915 0.900 0.0915 
4.0 0.26 0.1219 0.950 0.1219 
5.0 0 0.1524 1.000 0.1524 
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Table A4-7 – ABAQUS input: Compressive behaviour SCC1-E-RM 
η Yield stress 
σc [MPa] 
Inelastic strain 
εc,in [-] 
Damage 
parameter 
D [-] 
Inelastic strain 
εc,in [-] 
 0 0 0 0 
 30.400 0 0 0 
0.4 29.795 0.03 0 0.03 
0.5 39.092 0.05 0 0.05 
0.6 47.920 0.09 0 0.09 
0.7 56.129 0.15 0 0.15 
0.8 63.502 0.22 0 0.22 
0.9 69.701 0.33 0 0.33 
1.0 74.182 0.48 0 0.48 
1.1 76.000 0.71 0.035 0.71 
1.2 73.367 1.04 0.179 1.04 
1.3 62.424 1.60 0.565 1.60 
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Table A4-8 – ABAQUS input: Tensile behaviour SCC1-E-RM 
w/w1 
[-] 
Yield stress 
σct [MPa] 
Displacement 
w [mm] 
Damage 
parameter 
D [-] 
Displacement 
w [mm] 
0 0 0 0 0 
0 5.41 0 0 0 
0.2 4.54 0.0059 0.160 0.0059 
0.4 3.68 0.0118 0.320 0.0118 
0.6 2.81 0.0177 0.480 0.0177 
0.8 1.95 0.0236 0.640 0.0236 
1.0 1.08 0.0294 0.800 0.0294 
2.0 0.81 0.0589 0.850 0.0589 
3.0 0.54 0.0883 0.900 0.0883 
4.0 0.27 0.1179 0.950 0.1179 
5.0 0 0.1472 1.00 0.1472 
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Table A4-9 – ABAQUS input: Compressive behaviour SCC2-E-RM 
η Yield stress 
σc [MPa] 
Inelastic strain 
εc,in [-] 
Damage 
parameter 
D [-] 
Inelastic strain 
εc,in [-] 
 0 0 0 0 
 32.720 0 0 0 
0.4 37.579 0.02 0 0.02 
0.5 46.688 0.03 0 0.03 
0.6 55.566 0.05 0 0.05 
0.7 64.076 0.07 0 0.07 
0.8 71.941 0.12 0 0.12 
0.9 78.506 0.21 0 0.21 
1.0 81.800 0.38 0 0.38 
1.1 71.740 0.94 0.123 0.94 
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Table A4-10 – ABAQUS input: Tensile behaviour SCC2-E-RM 
w/w1 
[-] 
Yield stress 
σct [MPa] 
Displacement 
w [mm] 
Damage 
parameter 
D [-] 
Displacement 
w [mm] 
0 0 0 0 0 
0 5.61 0 0 0 
0.2 4.71 0.0058 0.160 0.0058 
0.4 3.81 0.0115 0.320 0.0115 
0.6 2.92 0.0173 0.480 0.0173 
0.8 2.02 0.0230 0.640 0.0230 
1.0 1.12 0.0288 0.800 0.0288 
2.0 0.84 0.0575 0.850 0.0575 
3.0 0.56 0.0863 0.900 0.0863 
4.0 0.28 0.1151 0.950 0.1151 
5.0 0 0.1438 1.00 0.1438 
 
  
 
 
  
 
 
